
Math 4680, Topics in Logic and Computation, Winter 2012

Answers to Homework 4

For problems 1(a)-(f) and 2(v): prove the left-to-right implication, using
your choice of Prawitz style or Fitch style natural deduction.

Problem 1(a) Fitch style:

1 Q→ ∀xP (x)

2 u Q→ ∀xP (x) R, 1

3 Q

4 Q→ ∀xP (x) R, 2

5 ∀xP (x) →E, 3, 4

6 P (u) ∀E, 5

7 Q→ P (u) →I, 3–6

8 ∀x(Q→ P (x)) ∀I, 2–7

Prawitz style:
Q→ ∀xP (x) [Q]1

∀xP (x)
P (u)

(∀E)

Q→ P (u)
(→I)1

∀x(Q→ P (x))
(∀I)

(→E)
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Problem 1(b) Fitch style:

1 ¬∃xP (x)

2 u ¬∃xP (x) R, 1

3 P (u)

4 ∃xP (x) ∃I, 3

5 ¬∃xP (x) R, 2

6 ⊥ ¬E, 4, 5

7 ¬P (u) ¬I, 3–6

8 ∀y¬P (y) ∀I, 3–7

Prawitz style:

¬∃xP (x)

[P (u)]1
∃xP (x)

(∃I)

⊥
(¬E)

¬P (u)
(¬ I)1

∀y ¬P (y)
(∀I)
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Problem 1(c) Fitch style:

1 ∀xP (x)∧ ∀xQ(x)

2 u ∀xP (x)∧ ∀xQ(x) R, 1

3 ∀xP (x) ∧E, 2

4 ∀xQ(x) ∧E, 2

5 P (u) ∀E, 3

6 Q(u) ∀E, 4

7 P (u)∧Q(u) ∧I, 5, 6

8 ∀x(P (x)∧Q(x)) ∀I, 2–7

Prawitz style:

∀xP (x)∧ ∀xQ(x)

∀x.P (x)
(∧E)

P (u)
(∀E)

∀xP (x)∧ ∀xQ(x)

∀x.Q(x)
(∧E)

Q(u)
(∀E)

P (u)∧Q(u)
(∧I)

∀x(P (x)∧Q(x))
(∀I)
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Problem 1(d) Fitch style:

1 ∀xP (x)∨ ∀xQ(x)

2 ∀xP (x)

3 u ∀xP (x) R, 2

4 P (u) ∀E, 3

5 P (u)∨Q(u) ∨I, 4

6 ∀x(P (x)∨Q(x)) ∀I, 3–5

7 ∀xQ(x)

8 v ∀xQ(x) R, 7

9 Q(v) ∀E, 8

10 P (v)∨Q(v) ∨I, 9

11 ∀x(P (x)∨Q(x)) ∀I, 8–10

12 ∀x(P (x)∨Q(x)) ∨E, 1, 2–6, 7–11

Prawitz style:

∀xP (x)∨ ∀xQ(x)

[∀xP (x)]1

P (u)
(∀E)

P (u)∨Q(u)
(∨I)

∀x(P (x)∨Q(x))
(∀I)

[∀xQ(x)]2

Q(v)
(∀E)

P (v)∨Q(v)
(∨I)

∀x(P (x)∨Q(x))
(∀I)

∀x(P (x)∨Q(x))
(∨E)1,2
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Problem 1(e) Fitch style:

1 ∃x∀y P (x, y)

2 v ∃x∀y P (x, y) R, 1

3 u ∀y P (u, y)

4 P (u, v) ∀E, 3

5 ∃xP (x, v) ∃I, 4

6 ∃xP (x, v) ∃E, 2, 3–5

7 ∀y∃xP (x, y) ∀I, 2–6

Prawitz style:

∃x∀y P (x, y)

[∀y P (u, y)]1
P (u, v)

(∀E)

∃xP (x, v)
(∃I)

∃xP (x, v)
(∃E)1

∀y∃xP (x, y)
(∀I)

Problem 1(f) Fitch style:

1 ∃x∀y P (x, y)

2 u ∀y P (u, y)

3 P (u, u) ∀E, 2

4 ∃z P (z, z) ∃I, 3

5 ∃z P (z, z) ∃E, 1, 2–5
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Prawitz style:

∃x∀y P (x, y)

[∀y P (u, y)]1

P (u, u)
(∀E)

∃z P (z, z)
(∃I)

∃z P (z, z)
(∃E)1

Problem 2(v) Fitch style:

1 ¬ ∀xP (x)

2 ¬∃y ¬P (y)

3 u ¬P (u)

4 ∃y ¬P (y) ∃I, 3

5 ¬ ∃y ¬P (y) R, 2

6 ⊥ ¬E, 4, 5

7 P (u) C, 3–6

8 ∀xP (x) ∀I, 3–7

9 ¬∀xP (x) R, 1

10 ⊥ ¬E, 8, 9

11 ∃y ¬P (y) C, 2–10

Prawitz style:

¬ ∀xP (x)

[¬ ∃y ¬P (y)]2

[¬P (u)]1

∃y ¬P (y)
(∃I)

⊥
(¬E)

P (u)
(contra)1

∀xP (x)
(∀I)

⊥
(¬E)

∃y ¬P (y)
(contra)2
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Problem 3(d) Informally: P (x) = x is a cat,Q(x) = x is a dog. If everyone
is a cat or a dog, this does not imply that everyone is a cat or everyone is a
dog.

Formally: Consider a structureA with |A| = {c, d}, and withP (c) = T ,
P (d) = F , Q(c) = T , andQ(d) = F . ThenA |= ∀x(P (x) ∨ Q(x)) but
A 6|= ∀xP (x)∨ ∀xQ(x).

Problem 3(j) Consider a structureA with |A| = {c, d} with A(c) = T ,
A(d) = F , B(c) = T , andB(d) = F . Then∃x¬A(x) is true, therefore
A |= ∃x ¬B(x)→ ∃x ¬A(x). On the other hand, sinceA(c) = T and
B(c) = F , we haveA 6|= A(c)→B(c), thereforeA 6|= ∀x (A(x)→B(x)).

Problem 3(l) Consider a structureA with |A| = {1, 2} andP (1, 1, 1) = T

andP (1, 2, 2) = T , andP (x, y, z) = F in all other cases. ThenA |=
∃x∀y ∃z P (x, y, z), because we can takex = 1, and then for everyy, we
can takez = y. On the other hand,A 6|= ∃x∀y P (x, y, x), because neither
x = 1 norx = 2 satisfies this formula.

Problem p.114 #1 Let A be a fixed non-trivial group, and letT = {σ |
A |= σ} be the theory ofA. Recall that the language of groups has a
constant symbole (unit), a binary function symbol· (multiplication), and
a unary function symbol(−)−1 (inverse), as well as equality. Consider
the sentenceϕ(x) = (x 6= e). Then clearly∃x.ϕ(x) ∈ T , becauseA
is non-trivial (i.e., has at least two elements, one of whichis not e). On
the other hand, there exists no constant symbolc of the language such that
ϕ(c) ∈ T : the only constant symbol of the language ise, andϕ(e) is the
sentencee 6= e, which is false inA, hence not inT .

Problem p.114 #2 Let {Ti}i∈I be a family of theories linearly ordered by
inclusion. This means that for alli, j ∈ I, eitherTi ⊆ Tj or Tj ⊆ Ti. Let
T =

⋃
i∈I Ti. We wish to show thatT is a theory. Indeed, assume thatϕ

is a sentence withT ⊢ ϕ. Since each derivation uses only finitely many
hypotheses, there exists some finite set of sentencesσ1, . . . , σn ∈ T such
that σ1, . . . , σn ⊢ ϕ. Let i1, . . . , in such thatσ1 ∈ Ti1 , . . . , σn ∈ Tin .
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Because{Ti}i∈I is linearly ordered, there exists somei ∈ {i1, . . . , in}
such thatTi1 , . . . , Tin ⊆ Ti. Then we haveσ1, . . . , σn ∈ Ti. SinceTi is
a theory, andσ1, . . . , σn ⊢ ϕ, we haveϕ ∈ Ti. It follows thatϕ ∈ T .
ThereforeT is a theory.

Next, we must show thatT extendsTi, i.e.,Ti ⊆ T for all i ∈ I. But this
holds by definition sinceT =

⋃
i∈I Ti.

Finally, we must show that if eachTi is consistent, then so isT . But if Ti

is consistent, then⊥ 6∈ Ti. Since this holds for alli ∈ I, we have⊥ 6∈ T

by definition of union. HenceT is consistent.
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