On the reflection
and the coreflection
of categories over abase
IN discrete fibrations
Claudio Pisani

Various aspects
of two “dual” formulas



We begin by illustrating the formulas
N the two-valued context.



Consider an equivalence relation on aset X

X~y Iff they areinthe same square




Some subsets P of X are closed with respect to ~

xeP and x~vy — yeP




Some other subsets P of X are not closed




So we have the inclusion

1 PX — PX

of closed partsin all the parts of X.

Such an inclusion has both left and right adjoints
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Any subset P of X (only outline drawn)
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Any subset P of X
has a“best” inner approximation

(its coreflection)
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Any subset P of X

has a“best” inner approximation P

and a “best” outer one

Iy

(its reflection)




Note in particular that the reflection of a point
X Isthe sguare of Xx:

|




For the coreflection we have the formula:
xeP & xCP
that is, apoint isin the coreflection of P iff

Its square isincluded in P.




“Dually”, for the reflection we have the formula:

xeP <« xMP

that is, apoint isin the reflection of P iff
Its square “meets’ P (they have non void intersection)



Now let’s drop the symmetry condition:

Instead of an equivalence relation, consider an
arbitrary poset.



For example, on apart X of the plane consider
the following order:

y<x Iff yisexactly below x



Some subsets P of X arelower sets, that IS
donward closed:

xeP and yv<x =3 yeP




... some subsets P of X areupper sets, that is
upward closed:

xelP and x<y =5 yeP




Some other subsets P of X are not upper nor lower sets.



So we have the inclusions

i:PX —PX i PX - PX

of lower and upper partsin all the parts of X.

Such inclusions have both left and right adjoints
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Let’'s consider the reflection and coreflection

In lower sets

(the case of upper setsis of course specular)



Any subset P of X (only outline drawn)
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Any subset P of X (only outline drawn)
has a“best” inner approximation | P |




Any subset P of X (only outline drawn)
has a“best” inner approximation P |
and a“best” outer one | | P




Note in particular that the lower and upper
reflections of apoint x are:




For the coreflection, we have the formula:
xeP|] & |[xCP
that is, apoint isin the lower coreflection of P iff

Its lower reflection isincluded in P.



“Dually”, for the reflection we have the formula:

xelP & IxMP
that is, apoint isin the lower reflection of P iff

Its upper reflection meets P.



In order to pass to the set-valued context, we need to look more
closaly to the “meets’ operator M :

let X be abounded poset (that iswith topT and bottom | )

andlet 2 = {true,false} be thetruth values poset.

We have the following chain of adjoint functors
(poset morphisms)

AT AT, X — 2

where  [(true) =T nd  I['(false) = L



Iy and T, arethe“nonvoid” and “full” predicates:

I'x isfdse iff x< 1

[.x Istrue Iff T < x

S0, if X Isalso ameet semilattice, we have the following
obvious definition of the “meets” predicate:

xMy < Ii(xAy)




Now, let's jump from the two-valued into the set-valued
context, replacing posets with categories:

Which is the correspective of the meets operator?

For many categories X, there are analogous adjoint functors

IhHI" 471, : X — Set

the “components’, the “discrete” and the “points’ functors.

Note that they are uniquely determined, since 1", isforced
to be the functor represented by the terminal object of X:

L, = X(1, =)



Typicaly, if

graphs, we have:

g

IS the category of (directed irreflexive)

[AIT* 4T, : G — Set

The components and the points of agraph are given by the
coequalizer and the equalizer of the domain and codomain

maps, respectively.

In general, for any presheaf category, I', and T
give the limit and the colimit respectively.



This graph has three components and two points.




If X has products, we can generalize naturally the “meets’
operator to the set-valued setting, obtaining a“ten” functor:

xhy < Ti(xAYy) two-valued

ten(x,y) =I(x X y) set-valued

that has a dual role with respect to the hom functor of X.

Note e.g. that if X Iscartesian closed, then

hom(x,y) = T, (y*)
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Among the graphs there are the evol utive sets, or
endomappings, or discrete dynamic systems:

exactly an arrow out from each node



... and the “anti-evolutive’ sets.




So we have the inclusions

i: GG j:?c—ﬂj

of endomappings in all the graphs, as evolutive or
anti-evolutive sets respectively.

Such inclusions have both left and right adjoints

[(=) 4i 4N e~ 1.9 4=

What about the formulas?




Therole of the points of the plane is now played by the
dot graph D, whose reflections are the chain and the anti-chain:

D

B e T e




Now, the formulas for the coreflection and the reflection of the parts
of aposet in upper parts, have the following correspective for those of
graphs in endomappings:

x € P _ elements of G|
iff coreflection bijection
xCP hom(1D, G)
xelP _ eementsof |G~
Iff reflection bijection
Ix MP ten(|D, G)

the actions being given by the shift of the chain and the

anti-chain respectively.



Let’'s see what these formulas give in two
typical cases of non functional graphs.

o >e A no arrows out from the node
on the right

two arrows out from
the lower node
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hom(1D,A) = ¢ The graph A has no chains, so its

coreflection is the void endomap.
* > domains deleted

Itsreflection isgiven by | ten(|D, A) | that isby the
components of the product with the anti-chain:

% . - . 3

A R \\\ w

® . 9 | . 3 P
o< < o< @ errmnunn

S0, the reflection of A in endomappings isthe chain
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The graph B coreflection BT

Q there are four chains g.) ()
7" L) | 1D =B in 3
> ® 7
— hom(1D, B) ’ ,/
domains separated

reflection 13
$

—

codomains collapsed




L et’s turn to our main concern:

categories over a base category X.

We have the inclusions of full subcategories

i:i’%Cat/X j:f%Cat/X

of discrete fibrations and discrete op-fibrations in all
categories over X.



Also in this case we have functors

I 41" 4 T,:Cat/X — Set

Givenacategory |2 : P — X | over X, its

points are the sections of p, while its components

are those of the “total category” P.
So we have the ten functor

ten = I(— x —) : Cat/X x Cat/X — Set




It iswell known that there are equivalences of categories

<= T O ; &
X ~ Set™” X ~ SetX

One can easily prove that, modul o these equivalences, the
ten functor extends the usual tensor product of set functors
(hence the name):

2+ Set™ "% Set™ — Set

ten : Cat/X x Cat/X — Set




We are looking for |eft and right adjoints
M=) a4 (=) T=) 13— =

of the inclusion of df’'s and dof’s.

Therole of the points of the plane in the poset case is now
played by the objects of X:
any object x of X, considered as a category over X

x:1— X

hasreflections | IXx = X/x | and | Ix = x/X

the categories of objects over and under x, which under the
above equivelence correspond to the representable functors

X(—,K) X(x,—)




Proof: the Y oneda Lemma.

X —% A

Ix— A

Both represent the objects over x of the
df A, that isthe elements of Ax .



Now, the formulas for the coreflection and the reflection of the
parts of aposet in upper parts, have the following correspective
for those of categories over a base in discrete opfibrations.

x e Pl . coreflection (PT)x o
I bijection

=P hom(]x, P)

xelP reflection (TP)x .
I bijection

IxhP ten(]x, P)

which give the elements of the discrete fiber over x.



Observing that

Xix ¥ P = Pjx

we find

(TP)x = ten(|x,P) =T(X/x x P)=T(P/x)

which isthe well known formula (Paré, Lawvere, ...),
expressing the reflection in dof’s with the components of P/x.



The proof that these formulas give indeed the desired right
and left adjoints are staightforward and in a sense “dual’.
Asfar as| know, there are no published works about
coreflexivity in df’s.

Another question iswhy the formulas have that form.

Perhaps surprisingly, the almost obvious proofs for the
two-valued context (posets) fairly generalize to the
present set-valued context, not only for the coreflection
but also for the reflection.

So for awhile we get back to posets.



Asiswell-known, right adjoints are easily analized with
figures, and so their form is often readly determined.

Remarkably, there is an anal ogous deduction for
the reflection formula:

x € Pl x €P
xC Pl x M P .
x CPT Ix h P
IxCP % mp
P MD A NP for any lower set A

|P mD AMNP and any upper set D




Though these are easily checked, we need to be explicit
to have aproof valid in the set-valued context as well:

P MD F false
[''(P N D) F false
PND C I'(false)
PNnDC0
PC D=0
P C D
|PC =D =
IPND C ()
[P MD + false

We only haveto justify the marked step:
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The classical complement (inPX ) of alower set




/

The classical complement (inPX ) of alower set

IS an upper set (and vice versa).



The derivation of the coreflection formulain the

two-valued context straightforwardly extends to the
set-valued context (e.g. categories over a base and
df’s, but also graphs and evolutive sets).

coreflection
x € P (PT)x
x C Pl hom(x, PT)
x C P7 hom( |x, PT)

x C P hom(Tx, P)



More interestingly, also the derivation of the
reflection formula extendsto the set-valued
context;

reflection
- =yil = (1P)x
xmib ten(x, 1P)
lx M TP ., ten(|x, TP)**
[x MP ten(|x, P)

and the proof of the two marked steps is the “same”
as the two-vaued one:



P hD F false
['(P M D) false
PND C I'(false)
PNDC
PC D=0
P C -D
|P C =D
IPNDC0
[P MD I false

ten(P.D) — S
r1(P X D) — S
PxD—TI%S

— (F“%)
« P
P (D)8

|PxD—1I"S

ten(|P,D) — S




Thefunctor | -D = (I'*—)P : Set — Cat/X

whichisright adjointto ten(D, —) : Cat/X — Set
ten(D, —) - =D

deserves to be called the negation or complement of D.

If D isadof, its complement isvalued in df’s,
and conversaly.

It isclassical, that is the strong contraposition law holds:

—A — —B A and B both df's
B _ A or both dof’s




The meets operator allows a natural definition of atom
In any (bounded) poset X:

X<y

foranyyin X

x My

That is, x Isan element “so small” that it is
Included in any element that it meets.

But also*big enough” to meet any element in
which it isincluded (the bottom isincluded in
any element, but doesn’'t meet them).



In the set-valued context, given a category X with components

' 41" 41, : X — Set

an object x is hom(x, y) natural iny
an atom Iff

ten(x, v)

E.g., in the category of graphs, the dot graph is an atom.

Indeed, for any other graph y, both sets represent the
nodes of y (multiplying by the dot graph has the effect
of deleting arrows).



In the case of categories over a base

hom(x,P)| and | ten(x,P)

are the set of objects and of components of the fiber
Px over X, respectively.

But these coincide if the fiber is discrete.



S0 the objects x of the base category X are atomsin the
weaker sense that the bijection

hom(x, P)
ten(x, P)

holds for discrete fibrations (or opfibrations) P.

Are there other atoms?

Y es. any idempotent arrow in X is an atom!



Indeed, given any idempotent arrow in X
e: X — X considered as a category over X

e:e— X and any df A over X

hom(e, A) fixed points of the endomap Ae

ten(e, A) = componentsof the endomap Ae

and these coincide for idempotent mappings.

Q o Y
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What are the reflections of an idempotent ¢ : v — v

(le)x

such that

iIstheset of arrows f:x — y

egi =i

?

If esplits, |e isisomorphicto therepresentable |y

Ingenerad, |e isaretract of the representable |y

which splits the idempotent

e:ly —ly in

So the reflections of idempotents generate the

Chaucy completion of X.

Set™"”



Giventwo idempotents e : x — x|and|e’ : v — ¥

hom( e, |e')

hom(e, |e')

elementsof (|e')x fixedby (|e)e

f:x—v suchthat foe=f and e of=f

That is, the Cauchy completion of X is
equivalent to the Karoubi envelope of X.



All this, and much more, can be found In
the preprint:

Bipolar spaces

avalablein arXiv

where we try capture the scope of the above formalism.



