
Cohomology without projectives

Diana Ferreira Rodelo

and

Dominique Bourn

drodelo@ualg.pt

Universidade do Algarve, Portugal

CT2006, Cohomology without projectives – p. 0/17



From abelian cats with enough projectives ...

A // k //B h // //C A
{

abelian

w. enough

projectives

CT2006, Cohomology without projectives – p. 1/17



From abelian cats with enough projectives ...

A // k //B h // //C A
{

abelian

w. enough

projectives

�� �O
�O
�O

AbHom(X, A) // //Hom(X, B) //Hom(X, C)

rrdddddddddddddddddddddddd

Ext(X, A) //Ext(X, B) //Ext(X, C)

· · · · · · · · ·

Extn(X, A) //Extn(X, B) //Extn(X, C)

rrdddddddddddddddddddddd

Extn+1(X, A) //Extn+1(X, B) //Extn+1(X, C) · · ·

CT2006, Cohomology without projectives – p. 1/17



From abelian cats with enough projectives ...

A // k //B h // //C A
{

abelian

w. enough

projectives

�� �O
�O
�O

AbHom(X, A) // //Hom(X, B) //Hom(X, C)

rrdddddddddddddddddddddddd

Ext(X, A) //Ext(X, B) //Ext(X, C)

· · · · · · · · ·

Extn(X, A) //Extn(X, B) //Extn(X, C)

rrdddddddddddddddddddddd

Extn+1(X, A) //Extn+1(X, B) //Extn+1(X, C) · · ·

AIM

CT2006, Cohomology without projectives – p. 1/17



From abelian cats with enough projectives ...

A // k //B h // //C Ab(C)

{
not exact, 0

w. enough

projectives

�� �O
�O
�O

AbHom(X, A) // //Hom(X, B) //Hom(X, C)

rrdddddddddddddddddddddddd

Ext(X, A) //Ext(X, B) //Ext(X, C)

· · · · · · · · ·

Extn(X, A) //Extn(X, B) //Extn(X, C)

rrdddddddddddddddddddddd

Extn+1(X, A) //Extn+1(X, B) //Extn+1(X, C) · · ·

AIM
@�

XXXXXX������

CT2006, Cohomology without projectives – p. 1/17



... to effectively regular naturally Mal’cev cats

CT2006, Cohomology without projectives – p. 2/17



... to effectively regular naturally Mal’cev cats

A

projectives

abelian

CT2006, Cohomology without projectives – p. 2/17



... to effectively regular naturally Mal’cev cats

A

projectives

abelian = exact

+

additive ( 0 )

CT2006, Cohomology without projectives – p. 2/17



... to effectively regular naturally Mal’cev cats

A

projectives

abelian = exact

+

additive ( 0 )

C

CT2006, Cohomology without projectives – p. 2/17



... to effectively regular naturally Mal’cev cats

A

projectives

abelian = exact

+

additive ( 0 )

−→

C

exact ( Ab(C) abelian )

CT2006, Cohomology without projectives – p. 2/17



... to effectively regular naturally Mal’cev cats

A

projectives

abelian = exact

+

additive ( 0 )

−→

C

exact ( Ab(C) abelian )

Barr: torsors → 6-term e.s.

CT2006, Cohomology without projectives – p. 2/17
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Barr: torsors → 6-term e.s.

Duskin
Glenn : simplicial objs → l.e.s.

Bourn: i. n-groupoids → l.e.s.

Bourn
R. : direction → l.e.s.
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Effectively regular naturally Mal’cev cats

A/Y , Mal(Gp/C), Mal(RLie/A), ( topological / Hausdorff )
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Effectively regular naturally Mal’cev cats
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preserves ×, ∃ pbs, regular epis (regular)

��� reflects isos (d−1(A) groupoid)
HHH · · ·
J

J
J

JJ cofibration ⇒ (d−1(A), ⊗) sym. & closed

Π0(d
−1(A)) ∈ AbH1

C(A) =

1st cohomology group
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First cohomology group

Exs: H1
C(A)

d = K : (A/Y )#
//A

× G ×X H // //

u
����

Y

B
b

// //Y

A × A // //

+ ����
A // //

A × A

+

��
A⊗= Baer sum

H1
A/Y (A) = Ext(Y, A) ( AbTop, AbHaus )

H1
Mal(Gp/C)(Aφ) = Opext(C, A, φ)

RLie

H1
Mal(GpTop/C)(Aφ) = TOpext(C, A, φ)
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E(A)= Π0(PLO(A)), A-torsors
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C(A)

E exact (e.r.), A ∈ Ab(E)

H1
E(A)= Π0(PLO(A)), A-torsors

l

aut. Mal’cev ops w/ direction AH1
AutM(E)(A)= Π0(d

−1(A)),
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 alternative description of H1

 same 6-term e.s.
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6-term e.s. // longer e.s.
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Level 2

6-term e.s.
i. groupoids // longer e.s.

Lawvere condition: reflexive graphs = i. groupoids

Grd(C)

X1 : X1
//
//X0

oo

CT2006, Cohomology without projectives – p. 10/17



Level 2

6-term e.s.
i. groupoids // longer e.s.

Lawvere condition: reflexive graphs = i. groupoids

()0 : Grd(C) → C

X1 : X1
//
//X0

oo X0
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Level 2

–Grd(C#)
d1→ Grd(Ab(C))

X1
//
//X0

oo d(X1)
//
//d(X0)oo
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Level 2

–Grd(C#)
d1→ Grd(Ab(C))

X1
//
//X0

oo d(X1)
//
//d(X0)oo

x
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Level 2

–Grd(C#)
d1→ Grd(Ab(C))

X1
//
//X0

oo d(X1)
//
//d(X0)oo

x

y

y
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Level 2

–Grd(C#)
d1→ Grd(Ab(C))

X1
//
//X0

oo d(X1)
//
//d(X0)oo

x

y

y Grd(C) e.r.n.M
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Level 2

Grd(C#)
d
→ Grd(Ab(C))

X1
//
//X0

oo d(X1)
//
//d(X0)oo

x

y

y Grd(C) e.r.n.M
Grd
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Level 2

Grd(C#)
d
→ Grd(Ab(C))

kernel
→ Ab(C)

X1
//
//X0

oo d(X1)
//
//d(X0)oo A

x

y

y

Grd

// //

��

d(X1)

��
1 //d(X0)×d(X0)
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Level 2

Grd(C#)
d
→ Grd(Ab(C))

kernel
→ Ab(C)

X1
//
//X0

oo d(X1)
//
//d(X0)oo A

x

y

y

Grd

// //

��

d(X1)

��
1 //d(X0)×d(X0)

����

aspherical

Asp Asp
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Level 2

Grd(C#)
d
→ Grd(Ab(C))

kernel
→ Ab(C)

X1
//
//X0

oo d(X1)
//
//d(X0)oo A

x

y

y

Grd

// //

��

d(X1)

��
1 //d(X0)×d(X0)

����

aspherical

Asp Asp

d1

!!

1-dimensional direction
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Properties ofd1

Asp(C)
()0

wwnnnnnnnnn d1

))RRRRRRRRR

C# Ab(C)
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Properties ofd1

Asp(C)
()0

wwnnnnnnnnn d1

))RRRRRRRRR

C# Ab(C)

()0, d1 preserve ×, ∃ pbs
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Properties ofd1

Asp(C)
()0

wwnnnnnnnnn d1

))RRRRRRRRR

C# Ab(C)

()0, d1 preserve ×, ∃ pbs

()0 fibration, d1 cofibration
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Properties ofd1

Asp(C)
()0

wwnnnnnnnnn d1

))RRRRRRRRR

C# Ab(C)

()0, d1 preserve ×, ∃ pbs

()0 fibration, d1 cofibration

()0-cartesian iff d1-invertible
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Asp(C)
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))RRRRRRRRR

C# Ab(C)

()0, d1 preserve ×, ∃ pbs

()0 fibration, d1 cofibration
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CT2006, Cohomology without projectives – p. 11/17



Properties ofd1

Asp(C)
()0

wwnnnnnnnnn d1

))RRRRRRRRR

C# Ab(C)

()0, d1 preserve ×, ∃ pbs

()0 fibration, d1 cofibration

()0-cartesian iff d1-invertible

d1-cocartesian iff ()0-invertible · · ·

Π0(d
−1
1 (A)) ∈ Ab
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Properties ofd1

Asp(C)
()0

wwnnnnnnnnn d1

))RRRRRRRRR

C# Ab(C)

()0, d1 preserve ×, ∃ pbs

()0 fibration, d1 cofibration

()0-cartesian iff d1-invertible

d1-cocartesian iff ()0-invertible · · ·

Π0(d
−1
1 (A)) ∈ AbH2

C(A) =

2nd cohomology group
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Second cohomology group

Exs: H1
C(A)

H1
A/Y (A) = Ext(Y, A) ( AbTop, AbHaus )

H1
Mal(Gp/C)(Aφ) = Opext (C, A, φ)

H1
Mal(GpTop/C)(Aφ) = TOpext (C, A, φ)
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

H2
Mal(GpTop/C)(Aφ) = TOpext2(C, A, φ)
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp Grd(Gp) ∼ XMod
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C

hhhhhhhhhhhh((((((((((((
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C

hhhhhhhhhhhh((((((((((((

?

Mal(Gp/C) e.r.n.M.
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C

hhhhhhhhhhhh((((((((((((

?

Mal(Gp/C) e.r.n.M.

Asp(Mal(Gp/C)) ∼

X1 : X1
//
//

  A
AA

AA
X0

oo

δ~~~~}}
}}

}

C
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C

hhhhhhhhhhhh((((((((((((

?

Mal(Gp/C) e.r.n.M.

Asp(Mal(Gp/C)) ∼

X1 : X1
//
//

  A
AA

AA
X0

oo

δ~~~~}}
}}

}

C

exact sequences

B1

ModC
    A

AA
AA

//X0
δ // //C

B
>>

>>}}}}

A // //
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C

hhhhhhhhhhhh((((((((((((

?

Mal(Gp/C) e.r.n.M.

Asp(Mal(Gp/C)) ∼

X1 : X1
//
//

  A
AA

AA
X0

oo

δ~~~~}}
}}

}

C

exact sequences

B1

ModC
    A

AA
AA

//X0
δ // //C

B
>>

>>}}}}

A // //

d1 ��
Aφ
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C

hhhhhhhhhhhh((((((((((((

?

Mal(Gp/C) e.r.n.M.

Asp(Mal(Gp/C)) ∼

X1 : X1
//
//

  A
AA

AA
X0

oo

δ~~~~}}
}}

}

C

exact sequences

B1

ModC
    A

AA
AA

//X0
δ // //C

B
>>

>>}}}}

Aφ
// //

d1 ��
Aφ
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Second cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

Gp/C Grd(Gp) ∼ XMod Asp(Gp/C) ∼ 2-XModC

A // //C
XMod

//G // //C

hhhhhhhhhhhh((((((((((((

?

Mal(Gp/C)

Asp(Mal(Gp/C)) ∼

X1 : X1
//
//

  A
AA

AA
X0

oo

δ~~~~}}
}}

}

C

exact sequences

B1

ModC
    A

AA
AA

//X0
δ // //C

B
>>

>>}}}}

Aφ
// //

d1 ��
Aφ

, RLie, · · ·
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Level 1 vs level2

d reflects isos ⇒ d−1(A) groupoid
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Level 1 vs level2

d reflects isos ⇒ d−1(A) groupoid

⇒ connected = isomorphic
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Level 1 vs level2

d reflects isos ⇒ d−1(A) groupoid

⇒ connected = isomorphic

d1-invertible ⇔ ()0-cartesian
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Level 1 vs level2

d reflects isos ⇒ d−1(A) groupoid

⇒ connected = isomorphic

d1-invertible ⇔ ()0-cartesian

⇒ connected 6= isomorphic
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Level 1 vs level2

d reflects isos ⇒ d−1(A) groupoid

⇒ connected = isomorphic

d1-invertible ⇔ ()0-cartesian

⇒ connected 6= isomorphic

X connected to Y :

X Y
����
��
��

��0
00

00
0 · · ·

����
��
��

��0
00

00
0

· · ·
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Level 1 vs level2

d reflects isos ⇒ d−1(A) groupoid

⇒ connected = isomorphic

d1-invertible ⇔ ()0-cartesian

⇒ connected 6= isomorphic

X connected to Y :

X Y
����
��
��

��0
00

00
0 · · ·

����
��
��

��0
00

00
0

· · ·
ggOOOOOOOOOOOO

77oooooooooooo

∄ pbs

> levels
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Level n + 1

6-term e.s.
i. g. // 9-term e.s.
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Level n + 1

6-term e.s.
i. g. // 9-term e.s.

i. n−groupoids // l.e.s
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Level n + 1

6-term e.s.
i. g. // 9-term e.s.

i. n−groupoids // l.e.s

Lawvere condition: reflexive graphs = i. groupoids
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Level n + 1

6-term e.s.
i. g. // 9-term e.s.

i. n−groupoids // l.e.s

Lawvere condition: reflexive graphs = i. groupoids

n − Grd(C)

Xn : Xn
//
//Xn−1 · · · X1

oo //
//X0

oo
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Level n + 1

6-term e.s.
i. g. // 9-term e.s.

i. n−groupoids // l.e.s

Lawvere condition: reflexive graphs = i. groupoids

()n−1 : n − Grd(C) → (n − 1) − Grd(C)

Xn : Xn
//
//Xn−1 · · · X1

oo //
//X0

oo Xn−1

︸ ︷︷ ︸

� 44
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Level n + 1

–n − Grd(C#)
dn→ n − Grd(Ab(C))

Xn d(Xn)
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Level n + 1

–n − Grd(C#)
dn→ n − Grd(Ab(C))

Xn d(Xn)

x

y

y
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Level n + 1

–n − Grd(C#)
dn→ n − Grd(Ab(C))

Xn d(Xn)

x

y

y n-Grd(C) e.r.n.M
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Level n + 1

n − Grd(C#)
d
→ n − Grd(Ab(C))

Xn d(Xn)

x

y

y n-Grd(C) e.r.n.M
n Grd-
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Level n + 1

n − Grd(C#)
d
→ n − Grd(Ab(C))

kernel
→ Ab(C)

Xn d(Xn) A

x

y

y

n Grd-

// //

��

d(Xn)

��
1 //d(X≏

n−1)
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Level n + 1

n − Grd(C#)
d
→ n − Grd(Ab(C))

kernel
→ Ab(C)

Xn d(Xn) A

x

y

y

n Grd-

// //

��

d(Xn)

��
1 //d(X≏

n−1)
����

aspherical

n − Asp n − Asp
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Level n + 1

n − Grd(C#)
d
→ n − Grd(Ab(C))

kernel
→ Ab(C)

Xn d(Xn) A

x

y

y

n Grd-

// //

��

d(Xn)

��
1 //d(X≏

n−1)
����

aspherical

n − Asp n − Asp

dn

!!

n-dimensional direction
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Properties ofdn

Asp(C)
() 0

wwnnnnnnnnn d 1

))RRRRRRRRR

C# Ab(C)
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Properties ofdn

Asp(C)
()n−1

wwnnnnnnnnn dn

))RRRRRRRRR

Ab(C)

n-

(n − 1)-Asp(C)
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Properties ofdn

Asp(C)
()n−1

wwnnnnnnnnn dn

))RRRRRRRRR

Ab(C)

n-

(n − 1)-Asp(C)

()n−1, dn preserve ×, ∃ pbs

CT2006, Cohomology without projectives – p. 15/17



Properties ofdn

Asp(C)
()n−1

wwnnnnnnnnn dn

))RRRRRRRRR

Ab(C)

n-

(n − 1)-Asp(C)

()n−1, dn preserve ×, ∃ pbs

()n−1 fibration, dn cofibration
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Properties ofdn

Asp(C)
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wwnnnnnnnnn dn
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Ab(C)

n-

(n − 1)-Asp(C)

()n−1, dn preserve ×, ∃ pbs
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()n−1-cartesian iff dn-invertible
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Properties ofdn

Asp(C)
()n−1

wwnnnnnnnnn dn

))RRRRRRRRR

Ab(C)

n-

(n − 1)-Asp(C)

()n−1, dn preserve ×, ∃ pbs

()n−1 fibration, dn cofibration

()n−1-cartesian iff dn-invertible

dn-cocartesian iff ()n−1-invertible · · ·
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Properties ofdn

Asp(C)
()n−1

wwnnnnnnnnn dn

))RRRRRRRRR

Ab(C)

n-

(n − 1)-Asp(C)

()n−1, dn preserve ×, ∃ pbs

()n−1 fibration, dn cofibration

()n−1-cartesian iff dn-invertible

dn-cocartesian iff ()n−1-invertible · · ·

Π0(d
−1
n (A)) ∈ Ab
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Properties ofdn

Asp(C)
()n−1

wwnnnnnnnnn dn

))RRRRRRRRR

Ab(C)

n-

(n − 1)-Asp(C)

()n−1, dn preserve ×, ∃ pbs

()n−1 fibration, dn cofibration

()n−1-cartesian iff dn-invertible

dn-cocartesian iff ()n−1-invertible · · ·

Π0(d
−1
n (A)) ∈ AbHn+1

C (A) =

(n + 1)-th cohomology group
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(n + 1)-th cohomology group

Exs: H2
C(A)

H2
A/Y (A) = Ext2(Y, A) ( AbTop, AbHaus )

H2
Mal(Gp/C)(Aφ) = Opext2(C, A, φ)

H2
Mal(GpTop/C)(Aφ) = TOpext2(C, A, φ)
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(n + 1)-th cohomology group

Exs: Hn+1
C (A)

Hn+1
A/Y (A) = Extn+1(Y, A) ( AbTop, AbHaus )

Hn+1
Mal(Gp/C)(Aφ) = Opextn+1(C, A, φ)

Hn+1
Mal(GpTop/C)(Aφ) = TOpextn+1(C, A, φ)
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(n + 1)-th cohomology group

Exs: Hn+1
C (A)

Hn+1
A/Y (A) = Extn+1(Y, A) ( AbTop, AbHaus )

Hn+1
Mal(Gp/C)(Aφ) = Opextn+1(C, A, φ)

Asp(Mal(Gp/C)) ∼

X1
//
//

��;
;;

; X0
oo

δ����
��

C

exact sequences

B1

ModC
�� ��;

;;
;

//X0
δ // //C

B
AA
AA���

A //
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(n + 1)-th cohomology group

Exs: Hn+1
C (A)

Hn+1
A/Y (A) = Extn+1(Y, A) ( AbTop, AbHaus )

Hn+1
Mal(Gp/C)(Aφ) = Opextn+1(C, A, φ)

Asp(Mal(Gp/C)) ∼ exact sequences

B1

ModC
�� ��;

;;
;

//X0
δ // //C

B
AA
AA���

n-

Xn
//
//

&&LLLLLLLL · · ·
//
//oo X0

oo

δyyyyrrrrrrrr

C

A // //Bn−1
// · · ·
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(n + 1)-th cohomology group

Exs: Hn+1
C (A)

Hn+1
A/Y (A) = Extn+1(Y, A) ( AbTop, AbHaus )

Hn+1
Mal(Gp/C)(Aφ) = Opextn+1(C, A, φ)

Asp(Mal(Gp/C)) ∼ exact sequences
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ModC
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;;
;
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δ // //C

B
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Aφ
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(n + 1)-th cohomology group

Exs: Hn+1
C (A)

Hn+1
A/Y (A) = Extn+1(Y, A) ( AbTop, AbHaus )

Hn+1
Mal(Gp/C)(Aφ) = Opextn+1(C, A, φ)

Asp(Mal(Gp/C)) ∼ exact sequences

B1

ModC
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;;
;
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δ // //C

B
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(n + 1)-th cohomology group

Exs: Hn+1
C (A)

Hn+1
A/Y (A) = Extn+1(Y, A) ( AbTop, AbHaus )

Hn+1
Mal(Gp/C)(Aφ) = Opextn+1(C, A, φ)

Asp(Mal(Gp/C)) ∼ exact sequences

B1

ModC
�� ��;

;;
;

//X0
δ // //C

B
AA
AA���

n-

Xn
//
//

&&LLLLLLLL · · ·
//
//oo X0

oo

δyyyyrrrrrrrr

C

Aφ
// //Bn−1

// · · ·

dn ��
Aφ

RLie, · · ·
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The long exact sequence

A // k //B h // //C Ab(C)

���O
�O
�O

AbH0
C(A) // //H0

C(B) //H0
C(C)

rrdddddddddddddddddddddddddddddddddd

H1
C(A) //H1

C(B) //H1
C(C)

· · · · · · · · ·

Hn
C(A) // //Hn

C(B) //Hn
C(C)

δn
dddddddddddddddd

rrdddddddddddddd

Hn+1
C (A) //Hn+1

C (B) //Hn+1
C (C)

C e.r.n.M.

END
CT2006, Cohomology without projectives – p. 17/17



Motivation: Affine Geometry

CT2006, Cohomology without projectives – p. 3/17
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