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Dedekind categories

Definition: A Dedekind categor® is a category satisfying the
following:

1. For all objectA andB the collection® [A, B] is a complete
distributive lattice (complete Heyting algebra). Meet, join, the
Induced ordering, the least and the greatest element are
denoted by1,LI, C, lag, Tag, respectively.

2. There is a monotone operationcalled converse) such that
for all relationsQ : A— B andR: B — C the following holds

(R”=R";Q7, (Q7) =Q.

3. For all relation®): A— B,R: B — CandS: A— Cthe



modular law holds:
Q;RMNSC Q;(RMQT;S).

4. For all relation®R: B— C andS: A — Cthere is a relation
S/R: A— B (called the left residual ddandR) such that for
all Q: A— B the following holds

QRCS «<— QLCS/R



Definition (Matrix category)

Let R be a Dedekind category. The categ@y of matrices with
coefficients fromR is defined by:

1. The class of objects & ' is the collection of all functions
from an arbitrary seft into the class of objects Opjof X..

2. For every paiff : | — Objg,g:J— Obj,; of objects fromR *,
a morphisnR: f — gis a function froml x J into the class of
all morphisms Moy, of ® such thaR(i, j): f(i) — g(j) holds.

3. ForR: f — gandS: g— hcomposition is defined by
(R9)(i,k) := || R(i,1);S(j, k).

jed



4. ForR: f — g conversion defined by
R™(5,1) == (R(, 1))~
5. ForR,S: f — gjoin and meet are defined by

(RUS)(,)) = R(,)US, ),
(RMS)(,)) = R(,))AS(, ).

6. The identity, zero and universal elements are defined by

i veiny ol i
Liiniy) = < (i1)f (i) .175.2

Clriy =z
Atg(i,]) = Leayg(j)s



Some results

Lemma: R " is a Dedekind category.

Corollary: LetL = (L,V,A,0,1) be a complete distributive lattice
with least element O and greatest element 1. Thenan

one-object Dedekind category with identity 1 and composition
(the residual is given by the pseudo-complement). Consequently,
LT is a Dedekind category, called the full categonyefelations.



Lemma: The collection of scalar relations & i.e., the relations
K: A— Awith KC I5 andTaa; k= Kk; Taa, constitutes a complete
distributive lattice.
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Theorem: There is no formula in the language of Dedekind
categories such that for all latticesandL-relationsR: A — B we
have

L" = ¢[R] <= Ris 0-1 crisp



Goguen categories

Definition: A Goguen category; is a Dedekind category with
1Lag # Tag for all objectsA andB together with two operation's
and! satisfying the following:

1. RILRI':A—BforallR: A— B.

2. (1,1) is a Galois correspondence, i.Bl,C S —< RLC S for
allR,S: A— B.

3. (R;S)) =RI™;S forallR: B— AandS: B — C.

4. If o # _Laa is @a nonzero scalar then = Ia.
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4. For all functionsf so thatf (| [M) =[], f(a) for all sets of
scalars and (a)' = f(a) for all scalars the following
equivalence holds

RC a;f(a) < (a\R)'C f(a) for all scalarsn.

o:A—A
o scalar
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Some results

Theorem: Let L be a complete distributive lattice. Then
together with the operations

;

Liff R(xy) 7

' 0
RIxYy)=9¢ ,
\ 0iff R(x,y) =0

)
1iff Rix,y) =1

RI(xy) =3 ,
\ 0iff R(x,y) #1

Is a Goguen category. Furthermore, for a relaftin L™ we have
Rl = Riff RO-1 crisp.



Lemma: For each pair of object& andB the set of scalar elements
onAresp. orB are isomorphic lattices.

Lemma: Let G be a Goguen category aiRtt A — B be a relation.
Then we have

1. U aa(aa\R'=R
a scalar

2. || (0a\R}'=R.

a, SCalar
ap7Lan



Theorem (Pseudo-representation Theorem)Every Goguen
categoryg is isomorphic to the category of antimorphisms
mapping the scalars @ to the crisp relations of;.

Corollary: A Goguen category is representable iff its subcategory
of crisp relations is representable.



Further results/studies of Goguen categories
1. Definability of norm-based operations;

2. Validity of certain formulae in the subcategory of crisp
relations;

3. Applications in computer science, e.g., fuzzy controller;

4. ..



Arrow categories

Definition: An arrow categorydis a Dedekind category with
Tag # lLag for all objectsA andB together with two operation's
and! satisfying the following:

1. RIR' :A— BforallR: A— B.

2. (1,1 is a Galois correspondence.

3. (R:S))! =R ":SlforallR: B— AandS: B — C.
4. (QNRH! = Q' MR! for all Q,R: A— B.

5. If aa # llaa IS @ NnoNn-zero scalar thexi = [[a.



Lemma: For each pair of object& andB the set of scalar elements
onAresp. orB are isomorphic lattices.

Lemma: Let 4 be an arrow category aritl: A — B be a relation.
Then we have

1. U aa(aa\R'CR
a scalar

2. U (aa\R'CR.

a, SCalar
ap7Lan



Example 1:




Example 2:



Arrow categories with cuts

Definition: An arrow category with cutgl is an arrow category so
that
RC || oa(oa\R)!
a scalar
for all relationsR : A — B holds.



Example

=

| I
N\ Z~~ N\

o o O
|10|00
N——— N———
>\
R---—f—o



Thank you for your
attention.




