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Abstract

Independent sets in graph products via Harmonic analysis

Mahya Ghandehari

In this thesis we study the independent sets of K', the weak product of n complete
graphs on r vertices, which are close to be of maximum size. We review the previ-
ously known results. For constant r and arbitrary n, it was known that every such
independent set is close to some independent set of maximum size. We prove that
this statement holds for arbitrary r and n. The proof involves some techniques from
Fourier analysis of Boolean functions on Z'. In fact we show that when most of the
2-norm weight of the Fourier expansion of a Boolean function on Z is concentrated
on the first two levels, then the function can be approximated by a Boolean function
that depends only on one coordinate. A stronger analogue of this has been proven

by Jean Bourgain for Z. We present an expanded version of his proof in this thesis.
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Chapter 1

Introduction

In the paper “Graph products, Fourier analysis and spectral techniques” [1] Alon et.
al. considered the following interesting combinatorial problem: “Assume that at a
given road junction there are n three-position switches that control the red-yellow-
green position of the traffic light. You are told that whenever you change the position
of all the switches then the color of the light changes. Prove that in fact the light is
controlled by only one of the switches.”

The above problem can be viewed as the problem of finding all the possible types
of maximum independent sets in the product of complete graphs, which is studied in
the present thesis. In fact, the configuration space of the switches described above
can be simulated by the weak product of n copies of K3, the complete graph of size

3. Let us begin with some definitions.

Definition 1.0.1 Recall the following notations:

e Given a graph G, the vertex set of G is denoted by V(G), and the set of all
edges of G is denote by E(G).

e For a graph G, define |G| to be the number of vertices of G, i.e.

Gl = [V(G)].
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e For any two vertices u and v of G, by u ~ v we mean that u and v are adjacent

m G.

Definition 1.0.2 A set I is an independent set of the graph G if:

o [ CV(G).

o [fx,y€el thenx ~vy, i.e. no edge of G connects two vertices in I.

Example 1 The set I = {2,4,7} forms an independent set of the graph G shown

below.
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A graph G is a complete graph if any two of its vertices are adjacent. A complete
graph on n vertices is denoted by K. In a complete graph any independent set has

size at most one.

Example 2 The set I = {4} is an independent set of K.
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A maximum independent set of a graph G is an independent set which has the
maximum size. A maximal independent set is an independent set which is not a proper
subset of any other independent set. Note that we study maximum independent sets

in this thesis, and maximal independent sets will not be considered.

Example 3 In the following graph,

4
[ J L

ot

3 @ ® 6

2 @ e 7

L
1

o [, = {1,2} is a mazimal independent set, but not mazimum.
o I, ={2,3,4} is a maximum independent set.

Definition 1.0.3 The weak product of G and H, denoted by G x H, is defined as

follows.

o The Cartesian product of V(G) and V(H) forms the vertex set of G x H:

V(G x H)=V(G) x V(H).

o Let (g1, h1) and (ga, he) be two vertices of G x H. Then

(g1, 1) ~ (g2, h2) iff g1 ~g2in G & hy~ hy in H.

Example 4 Consider the weak product of K3 and Ks:

¢ d (a,d) (b,d) (c,d)
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In this thesis we study the n-fold product of complete graphs on r > 2 vertices,

G=K'=K xK X...xK,.

J/

n
Let r > 2 be an integer. We identify V(K,.) with Z,. It is then obvious that any two
vertices ¢ and j of K, are adjacent iff ¢ # j. Now we can identify the vertices of G
with the elements of Z in the natural way. By the definition of weak product, for

any two vertices (z1,...,z,) and (yi,...,y,) of G,

(@1, xn) ~ (Y1, o) E 20 Fyr, 0 20 # Y.

Let 0 <i<r—1and 1 <j <n be two integers, and I;; be the set of all vertices

of G which have 7 in the j-th coordinate:
Iij:{’UEZ?IUj:Z'}.

Clearly, I;; is an example of a large independent set. Calculate the ratio of this
independent set, we have:

’[z]‘ . T’n_l . 1

|G o
It is easy to show that this is the maximum ratio that an independent set can attain,
and [;; is a maximum independent set of G (See [1]). In fact, for r > 2, these sets are

the only maximum independent sets of G, as Greenwell and Lovész showed in [26].

Theorem 1.0.4 (See [1]) Let G = K, and assume r > 3. Let I be an independent
set with |I| = |G|/r. Then there ezists a coordinatei € {1,...,n} and k € {0,...,r—
1} such that

I=Av:v =k}

Remark. Theorem 1.0.4 is not necessarily true for » = 2. Note that for any n, the
graph G = K& is the union of 2"~! disjoint edges. As an example, the graph G = K3

is presented below.
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The set I = {(0,0,0),(1,0,0),(0,1,0),(0,0,1)} is obviously a maximum independent
set in G, but the elements of I have no coordinate in common. It is easy to see
that G = K3 has 16 maximum independent sets (choose exactly one vertex from each

edge). However, it has only 8 maximum independent sets of the form I = {v : v; = k},

fori=1,2,3and k= 1,2.

Remark. Using Theorem 1.0.4, it is not hard to see that for » > 3 and n > 3, one
can find some independent set in K’ which does not extend to a maximum one. To
see an example, let I = {(1,1,1),(2,2,1),(1,2,2)}. Obviously, I is an independent
set in K3 which does not extend to a maximum independent set.

Recently, Alon et. al. [1] proved a stability version of Theorem 1.0.4. They
showed that for constant » > 3 and arbitrary n, if I is an independent set of size close
to the maximum size in the graph K, then [ is close to some maximum independent
set. This is stated formally in Theorem 3.0.7. We generalize their result to arbitrary
r and n in Theorem 4.1.1.

The proof of Theorem 4.1.1 as well as Theorem 3.0.7 is based on Fourier analysis
on the group Z!'. Fourier analysis has shown to be very useful in the study of some
combinatorial structures. In recent years, this method has made significant contri-
butions in combinatorics and computer science. For more examples, one can refer
to an essay by Jean Bourgain [13] in a recent commemorative volume on “What can
Combinatorics and Harmonic Analysis contribute to each other?”. Timothy Gowers’
solution [25] to the Erdés-Turan problem of arithmetic progressions, to which Endre
Szemerédi had given a combinatorial solution before [45, 46], is an important instance

that Bourgain mentions in his essay.
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These methods are also playing an increasing role is the study of Boolean func-
tions which began with Kahn, Kalai, and Linial’s paper “The Influence of Variables on
Boolean Functions” [29]. This topic is significantly important in theoretical computer
science as well as economics (e.g., social choice) and statistical physics (e.g., percola-
tion, spin glasses). One can refer to [1, 2, 3, 5, 8, 14, 20, 23, 29, 34, 36, 38, 48, 39| to
see some examples.

Friedgut’s [20] proof for the long lasting open problem of the existence of a sharp

threshold for certain properties of random graphs is also based on Fourier analysis.

Recently many interesting nonembeddability results have been proven based on
Fourier analysis on {0, 1}"™ and R™. Indeed, the proofs of results in [17, 43, 41, 33,

37, 32] all have Fourier analytic components.

Finally we should mention its significant role in the theory of lower bounds in

approximation algorithms, especially in the near optimal inapproximability results of

Johan Hastad [27].

Perhaps one reason for the effectiveness of Fourier methods in combinatorics is
a general philosophy mentioned by Bourgain in [14] which claims that if f defines
a property of “high complexity”, then the support of its Fourier expansion has to
be “spread out”. Taking f to be the characteristic function of a combinatorial set
enables us to use this rule of thumb to study combinatorial objects. Lemma 4.2.1,

which we prove in Chapter 4, supports this philosophy.

This thesis is organized as follows. In Chapter 2 we review the basics of Fourier
analysis on Abelian groups. Some useful inequalities in L, spaces have been stated.
We finish the chapter by a brief discussion on hyper-contractive inequalities. Chap-
ter 3 reviews the proof in [1] for the stability version of Theorem 1.0.4 (Theorem
3.0.7). Chapter 4 contains our new results which generalize Theorem 3.0.7. Chap-
ter 5 provides an expanded version of a paper of Jean Bourgain [14] where he proved

a very strong analogue of Lemma 4.2.1 for Z7. Finally Chapter 6 contains concluding
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remarks and a discussion about open problems and some ideas about future work.



Chapter 2

Background

In this chapter we describe the necessary background. We also introduce some nota-
tions and provide some tools for the following chapters.

Sections 2.1 and 2.2 review the basics of Fourier analysis on Abelian groups.
Section 2.3 contains some useful inequalities in L, spaces. Section 2.4 is devoted to
a brief discussion on hyper-contractive inequalities which play a crucial role in the

proofs presented in this thesis.

2.1 Fourier analysis on Z!

Let r > 2and G ={0,1,...,r — 1} = Z". For any S € G, let |S| = |{i : S; # 0}|
denote the number of nonzero coordinates of S. Let 0 = (0,0,...,0), and for each
1<i<nlete =(0,...,1,...,0) be the unit vector with 1 at the i-th coordinate
and zero everywhere else. For 0 < k < n, we define the “k-th level” of {0,...,r —1}"

to be the set of all S such that |S| = k.

Obviously G is an Abelian group. However, we can also think of GG as a probability

space equipped with the uniform (product) measure y, i.e. pu(S) = ﬁ for every S € G.

Let f,g: G — C. We then define:
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b fG f(x)d‘r - ZxGG f<I>M<I> - ﬁ ZmGG f(l‘)

o (f:9) = i Lue [@)g(a).
o 17l = (J |f(@)ra)

Let us now find an orthonormal basis for the space of all complex-valued functions

on G. For any S € G, we define ug : G — C to be

27i(S,T)

us(T)y=e"r |

where T' € G and (S,T) = >""" | S;T; (mod 7).
The functions ug are called characters of G. The following properties of characters

are well-known and easy to prove.

e The set of characters forms a group under the operation of pointwise multipli-

cation.

e The mapping S — ug is a homomorphism from G to the group of characters.

Since for any R € G, we have:

2wi(S,R) 2mi(T,R) 27i(S+T,R)
(usur)(R) =us(R)ur(R) =e + e r =e¢e - = ugir(R),
and
2mi(—T,R) —27i(T,R) . o
ur(R)=e + =e = (u")(R) =1ur(R).

e Recall that the sum of the roots of unity is 0. So we have:

L Y requs(T) =0, for S #0.

2. ﬁ ZTeG ug(T) = 1, since ug = 1.
e The set of characters is an orthonormal basis:

1. (us,ur) =01if S #T.
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2. <US,US> = 1.
e ug(T) is a function of {T; : S; # 0}.

As stated above, the set of all functions ug forms an orthonormal basis for the

space of all functions f : G — C. Therefore any such f has a unique expansion of

the form f =) ¢ . F(S)ug, where

F(S) = (f,us) = |G|Zf Jus(T)

TeG

From orthogonality it can be easily seen that

15 =D 1F(S)P, (2.1)

sea
and

9)=>_F(9)3(S)

SeCG

where the first equality is referred to as Parseval’s identity. Let f>* = =25k S ( Jug

(similarly f<F = D 1s|<k f(S)uS) and f=F = 15|k f(S)uS. We occasionally refer to
=% as the k-th level of Fourier expansion of f. Note that for any function f, f(ﬁ) is

the expectation of f, and || f='||3 is the variance of f.

2.2 Walsh expansion

Denote {1,2,...,n} by [n].

Definition 2.2.1 (Biased Walsh-Products). Let 0 < p < 1. For every i € [n],

we define the i-th p-biased Rademacher function r; : P([n]) — R by

Z iga

\/ p

For every set ) # S C [n], its corresponding p-biased Walsh-product is defined by

TS:HTi'

€S

ri(z) =

Also let ry = 1.
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Note that every element of P([n]) can be identified with a vector in Z% in the
natural way. So we can restate Definition 2.2.1 as the following. Let 0 < p < 1. For

every i € [n], we define the i-th p-biased Rademacher function r; : Z — R by

1—p Xz - 0
ri(X) =
X, =1
for every X = (X1,...,X,) € Z}.
The corresponding p-biased Walsh-product of S, S = (51,...,S5,) € Z%, is now

defined by

rs = H’I"i.

S;=1

Let p be the p-biased measure on Z%, which is defined as:

u(T) = p"(1 —p)" 1",

for any T' € ZY, i.e. every coordinate of T is 1 with probability p, and is 0 with
probability 1 — p. We also define the integration with respect to the measure u:

fau(S) =) f(S)n(S).

Zy Sezs
It is easy to see that the set of the p-biased Walsh-products forms an orthonormal
basis for L*(Z%,du), the L?-space of all real valued functions on Z3 with
113 = [ \7Pdn = 3 15(5)(s).

Z3 Sezs

Therefore any function f : Z7 — R can be written as a linear combination f =

~

> sezg | (S)rg, called the Walsh expansion of f, where

~

fs)=(f.rs) = | flaprs@ydu(z).

If p= %, using the above argument, we get an orthonormal basis for the space of all

functions f : Z5 — R with the uniform measure.
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2.3 Some inequalities in L, spaces

In this section we list a few elementary inequalities in L,, spaces.

Theorem 2.3.1 (Holder) If p and q are nonnegative extended real numbers (i.e.

p,q € R=9U {o0}) such that%—I—% =1, and if f€ L, and g € L,, then fg € Ly and

/ Fal < 119l

Corollary 2.3.2 Let p,q,v > 1 and 0 < 8 < 1 be such that % = % + =0 Then for

r

each h € L, N L, we have

1Rlly < NIRIGIRI.

Proof. Let p; = q% and g1 = (A{Tm> so we have p% + qil = 1. Using Holder inequality
for f = h? and g = h?"~9 we have:

q9 q(1-0)

Janm o) < ( / (]h]qa)fc;)p ( [0 h,q(l_g))m) r
e (oo (oo™
Therefore we have:
(o)< () ()

The next theorem is also known as generalized Minkowski inequality. One can

Hence

1-6
T

refer to [28] to see the proof.

Theorem 2.3.3 (See [28]) Let (My, My, 1) and (Ms, Ma, pi2) be two o-finite mea-

sure spaces. If f is a measurable function on My x My and 0 < g < r < 0o, then

1 F 1| 2gamdun) [ Lo (Modpin) < NN 2 (3sdpen) || Lo (11 o) -
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2.4 Hyper-contractive inequalities

Let Z% be the probability space equipped with the p-biased measure. Recall that the
Bonami-Beckner operator 7,, 0 < p < 1, is a linear operator on the space of functions

7% — R defined by

where y is a p-correlated copy of z, i.e. at each point x, T,[f](x) is the expected value
of f when a (1 — p)-fraction of the coordinates in x are randomly re-assigned (we
say that a (1 — p)-noise is applied to x). This is equivalent to saying that T,[f](z),
at each point x, is the expected value of f when each coordinate is chosen with the
probability 1 — p, and the chosen coordinate is randomly re-assigned.

Now let f : Z7 — R be a function, and consider its Walsh expansion f =

> sezg | (S)rs. Obviously T, is a linear operator since expectation is linear. There-

fore,

T =T F(S)rs) = > F(S)T,lrs).

Sezp Sezp

Hence it only remains to evaluate T, on the biased Walsh-products, as shown in the

following lemma.
Lemma 2.4.1 T,[rg] = plSlrg

Proof. Let us first consider the case where |S| = 1. Without loss of generality we
can assume that rg = r1. Let X € Zj such that X; = 0. Thus ri(X) =, /75 Now

using the definition of T,, we get:

T =y [T =t - - [ = [

Using the same argument for X € Z§ with X; = 1, we conclude that T,[rs] = prg
when [S| = 1. Tt is also easy to see that T)p[rs] = [[g._, Tp[r:] since r; and r; are

independent when i # j. Therefore

Tolrs] = [ pri = #¥'rs.
S;=1
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u
Recall that f : Z5 — R is a function with the Walsh expansion f = sezy f(S )rs.

Now using Lemma 2.4.1, we have:
Tl =Y P9 F(S)rs. (2.2)

Sezp

Using Lemma 5 of [12], it can be easily proved that this operator is contractive with
respect to any p-norm, p > 1. However, the Bonami-Beckner inequality is powerful
since it shows that this operator remains contractive from L, to L, for certain values
of p and ¢ with ¢ > p. This is the reason it is often referred to as a hyper-contractive
inequality. The inequality was originally proved by Bonami in 1970 [9] and then
independently by Beckner in 1973 [6]. It was first used to analyze discrete problems
in a paper by Kahn, Kalai and Linial [29] where they considered the influence of
variables on Boolean functions. The inequality is also very important in the study of
combinatorics of {0,1}™ [15, 16, 20|, percolation and random graphs [47, 22, 8, 21]

and many other applications [7, 2, 44, 4, 19, 31, 42].

Theorem 2.4.2 (Bonami-Beckner) Let Z3 be a measure space endowed with the

uniform measure. Let f: 75 — R and ¢ > p > 1. Then

_1)1/2
1T, lly < 1 fllp for all 0 < p < B

The dual version of Theorem 2.4.2 can be formulated as Theorem 2.4.3. The first

part of this theorem has been presented in Lemma 2.1 of [1].

Theorem 2.4.3 Let f : Z5 — R be a function that is a linear combination of the

{ur : |T| < k}. Then for p > 2,

£l < (Vo = DFIf 112

and for 1 < p < 2,

11ls = (2 = D*[1£l2-
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Proof. First assume that p > 2. By Theorem 2.4.2, assuming p = ,/ﬁ we have

N, f1llp < Ifll2. Note that for every T € Z7,
ur(S) = eFED = (-1)OT = rr(5),

holds for every S € Z5. Therefore up = rp in the case of the uniform measure on Z5.
Thus since f is a linear combination of the {ur : |T| < k} and p < 1, by (2.2) we

have [|Z,[fll, > o[/l So we have:

PNl < 1112

which yields the claim.
For the case 1 < p < 2, the same argument with p = y/p — 1 implies the claim. m
Theorem 2.4.3 tells us that if a function f is a linear combination of the {ur : |T'| <
k}, then all the p-norms (p > 1) of f are equivalent up to constants depending only on
p and k and not on the function. This can even be generalized to 0 < p < 1. However

these should not be called norms since they do not satisfy the triangle inequality.

Theorem 2.4.4 Let f : Z5 — R=2% be a function that is a linear combination of the

{ur : |T| < k}. Then for p <1,

_k(4-p)
Ifllp = B=p) 2

Proof. Fix some p; > 1. By applying the Holder inequality (Lemma 2.3.1) to
f2=fr a f , we have

/f2§(/|f|p) ([ % ) . 2.9

P > 2, by Theorem 2.4.3

2p1— ) 2p1 P 291 — g
([1n) ™ < (2 2) g, 24

Smce
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Combining (2.3) and (2.4) we get

pr—p+1\ " T g m "
1~ ! - !
(o) = ()"
p1—
or
1 _k(QZ;—p)
P1—Dp
= 151l < 171,
Substituting p; = 2 implies the result. |

The Bonami-Beckner inequality admits a reversed form which was first proved by
Christer Borell [10] in 1982. The reversed form studies the case where ¢ < p < 1,
while the norms in the original inequality are all at least 1. We refer the reader to

[40] for a proof of Theorem 2.4.5.

Theorem 2.4.5 (Reverse Bonami-Beckner) Let f : Z3 — R=" and ¢ < p < 1.

Then

_\1/2
HTPqu 2 Hpr fOT’ a“ O S P é 8_31/2'

There are different generalizations of Theorem 2.4.2. We finish this chapter with

stating a version dealing with functions on Z7, which has been proved in [1].

Theorem 2.4.6 [1] For every r > 2 there exists C' > 0 such that the following holds.
Let G = Z} be a probability space equipped with the uniform measure, and f : G — C
be a function whose Fourier expansion is concentrated on the first k + 1 levels, that

is, [ is a linear combination of the {ur : |T| < k}. Then

1£lla < C*[I fl2-



Chapter 3

Stability of independent sets

In this chapter we present some results concerning the maximum or nearly maximum
independent sets of G = K. The results and proofs presented here are from a paper
by Alon et. al. [1].

As stated in Theorem 1.0.4, the sets [;; = {z € Z] : x; = j}, for 1 <i < n and
0 <j <r—1, are the only maximum independent sets of K" for » > 3. A stability

version of Theorem 1.0.4 has been proved in [1]:

Theorem 3.0.7 [1] For every r > 3, there exists a constant M = M(r) such that
for any € > 0 the following is true. Let G = K' and J be an independent set of G
1

such that % = %(1 — €). Then there exists an independent set I with % = . such

|JAT|

that ]

< Me,
'

In Theorem 3.0.7, “A” denotes the symmetric difference. Theorem 3.0.7 asserts
that any independent set J of G which is close to be of maximum size is close to some
set [;;, i.e. J is close to being determined by one vertex.

The proof of Theorem 3.0.7 uses some Fourier analysis methods. We present this
proof in Section 3.1. There are a few lemmas regarding Boolean functions on Z7
which are the key lemmas in the proof of the theorem. In Section 3.2 we review the

proofs of these lemmas.

17
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3.1 Proof of Theorem 3.0.7

Let r > 3 be an integer and G' = K'. We identify the vertices of GG with the elements
of Z7 as shown in Chapter 1. Throughout this chapter, we think of Z7' as a probability
space with the uniform product measure, denoted by pu, i.e.

1
wu(S) = €] for every S € G.

Let I be an independent set in GG. Let f be the characteristic function of I, i.e. f

is a Boolean function on Z!' such that

1 zel
flx) =
0 z¢1

The function f has the following properties:

e a= Il = [ f(@)dz = J(O)

~

o a=|Ifll3 = Xsez /(S

o Yoz TSP () =0

Where « is defined to be the ratio of I, a = u(I) = % The first equality is obvious.

The second one can be easily shown using Parseval’s identity. We will later present
the proof of the third equality in Lemma 3.1.1. Assuming these facts, we get:

SIFS)P =a-a (3.1)

S#0

N 2 —1 il 2
Sifse () = (32)
S#0
Now we get valuable information on the Fourier expansion of f using (3.1) and

(3.2). We consider the following distribution to interpret this information. Let 7" be

a random variable which takes values in G\0 with

~

A

o — o?
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Let

X:X(T):( ! )m'

r—1
Calculating E(X) and using (3.2), we have

—L\FFSP _ - —a
E(X)_Z(r—l) a—a?2 a-a2 1-a

S#£0

It is important to note that for all 7', X (T') > =%. Also equality X (7) = =% holds
if and only if |T'| = 1. We now break our analysis into three cases: o > 1/r, a =1/r
and a = % A simple argument shows that the first case cannot happen. One can
then use Lemmas 3.2.1 and 3.2.2, discussed in Section 3.2, to analyze the second and

third cases.

Case 1:

Let o > 1/r. Since % is a decreasing function, we have E(X) = =% < =L

However, note that E(X) > =% since X(T') > =% for all T. Therefore the assump-

tion o > 1/r yields a contradiction. Hence if [ is an independent set then pu(1) < 1/r.

Case 2:

Let @ = 1/r. Then E(X) = =% = =L Moreover, since X(T) > =% for all T,

E(X) = = implies that X = =L Now recalling X(T) = =L iff |T| = 1, we

conclude that for all S of size bigger than one, the following holds:

~

pefr = 5] = LOIE g

o — o?

-~

Hence f(S) = 0 for all S of size bigger than one. Therefore f has all its Fourier
expansion concentrated on the first two levels, which implies that f is constant or
depends only on one coordinate (see Lemma 3.2.1). Obviously f is not a constant
function, because it is the characteristic function of an independent set. Therefore it

depends only on one coordinate, and it must be the characteristic function of I;; for
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some ¢ and j. Thus we have just given another proof for Theorem 1.0.4.

Case 3:

Finally we consider the case a = %, where « is slightly less than 1/r. We then have

—1+e€ —1
>

E(X) = .
() r—1+c¢ r—1

-1

—, its minimal value, from which we will conclude that

So E(X) is very close to
most of the Fourier expansion of f is concentrated on the first two levels.

Recall that for all S of size bigger than one, we have

X(8) > G :11)3 > r_—11' (3.3)

Now let Y =Y(T) = X(T) + 1. It is easy to verify the following properties of Y
1. Y >0.

— 1 —l+4e 1 _ er
2. E(Y) = E(X) + 5 = =5 + 71 = oo

3. Y(T) > 0 iff X(T) > =L iff |T| > 1.

4 1Y >0 then Y > o=hy + L = 122

=1 = o0

Now by Markov’s inequality, we get

(r—1)3
PrlY > 0] < E(Y 3.4
Y > 0] <B(Y) 5 (34)
Using (3.4) and the second property of Y together with » > 3, we have
—1)?
Prly >0/ < — =" o (3.5)

€—|—T—1. r—2

The conclusion of (3.5) is that for each € > 0 and for every independent set I with

o = p(l) = =5 we have

1 2€
Z(2e) < ==
~(20 <=,

SIS =(a—a?) Y Pr[T = 58] = (a—a*)Pr[Y > 0] <

[S|>1 [S|>1
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where f is the characteristic function of I.

We have just shown that most of the Fourier expansion of f is concentrated on
the first two levels. Now we deduce Theorem 3.0.7 from Lemma 3.2.2, which says
that there exists some Boolean function g that depends on at most one coordinate

such that

2K)29 _ Me
(a—a? =5 " 7

where M is a function of r. Note that we assume € to satisfy || f||3 —

If —gll3 <

(2K)(2¢)
(a—a?=2)(r)

> 0.
This assumption disallows the uninteresting cases, since if € is not small enough then
g = 0 is also a possibility.

We now continue with the proof of Lemma 3.1.1, which has been used in proving

Theorem 3.0.7.

Lemma 3.1.1 [1] Let I C Z be an independent set in G, and let f : Z' — {0,1}
be its characteristic function, i.e. f(x) =1 iff x € I. Then,

S iE () =0

Sezn

Proof. First define D = (Z,\{0})" and d = | D|. It is then obvious that two vertices

u,v € Z are adjacent iff u —v € D. Now define
o f.(x)= f(x+ ) for any 7 € D.

hd A(f) - éZTeD fr'

Note that A(f) acts as an averaging operator which replaces f(z) by the average of

f on the neighbors of . We now need to prove the following claims:
Claim 3.1.2 (f, A(f)) = 0.

Proof. Let z € Z}. Recall that for any 7 € D, x and = + 7 are adjacent in G. So

for every x € Z7, since I is an independent set, we have:

fr(x)f(z) = 0.
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Therefore
<f7 fT> = O' (3-6)

Recalling the definition of A(f), we have:

(FAP) =g S 1) = 5 3 ) =0

T€D T€ED

m
Now we compute the Fourier coefficients of f, and A(f) in terms of the Fourier

coefficients of f.

~

Claim 3.1.3 [,(S) = f(S)u-(S).
Proof. Using the definition of the Fourier expansion of f,, we have:

7(s) = / Jr (@) ua(@)d = / f(x + ryus(@)dz

7 IS

Claim 3.1.4 A(f)(S) = [(S) (=)

Proof. Let w = e>/". Recall that D = (Z,\{0})" and d = |D| = (r — 1)". By

Claim 3.1.3,
ADS) = G 1E) = 3 S F(8) = 57(8) Y uel)

reD j=1 k=1 5:8;=0 3:5;#0

since the sum of the roots of unity is 0. Finally we get:

)

~

. R NG
S f S - ey = sy (2)
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which completes the proof of Claim 3.1.4. |
Back to the proof of Lemma 3.1.1, we can now use Claim 3.1.4 and Claim 3.1.2,

and we have

0= (f, A(f))

_ R N
SANE = ISR ()

3.2 Proofs of Lemmas 3.2.1 and 3.2.2

In this section we prove some lemmas which have been used in the proof of Theorem

3.0.7 in Section 3.1.

Lemma 3.2.1 [1] Let f : Z — {0,1} be such that all its Fourier expansion is

concentrated on the first two levels:

~

S| > 1= f(S)=0.

Then f is either constant or depends on precisely one coordinate.

Proof. The Fourier expansion of f is concentrated on the first two levels, therefore

o~ o~ -~

f is of the form f = f(0)+ ZT:‘T‘:I f(T). Denoting ag = f(0), the function f can

be written as

Moreover f = f2, since f is a Boolean function. Let us now compare the coefficients
27Ti5j1k 271'1'Sj2l 27riSj1k 27riSj2l

ofe== e~ in f and f2. If j; # j, then the coefficients of e+ e+ in f and

f* are 0 and 2aj;, xa;,, respectively, and by the uniqueness of the Fourier expansion,
we get

@ ktjp0 = 0 whenever ji # jo.
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It is now obvious that there exists one coordinate, say j;, such that for all k£ and j,

J # Ji, we have a;; = 0. Therefore f is of the form

2miSik

r—1
f(S) = Qo + Zake r
k=1

Lemma 3.2.2 [1] Let r > 2 and let C = C(r) be the constant from Theorem 2.4.6.
Let K =2+ 32C®. Then for any € > 0 the following holds. Let f : Z" — {0,1} be a
function such that Pr[f = 1] = « and furthermore assume that

Y ISP =e

15]>1
Then there exists a Boolean function g : Z' — {0,1} which depends on at most one

coordinate such that

2K

2
1f=gllz < PP

Remark. Note that f is a Boolean function, and we assume that Z' is a probability

space endowed with the uniform measure. Therefore we have

o~ __

a=Pr[f=1]= an(S)dS:f( )

and
o= / F(8)ds = [ 1£(S)PdS =[£I
zn Zy
Hence
o—o?—e=fIZ=1FOP =D FSP =D 7P
|S|>1 |S|=1

which implies that € < a — a?.

Remark. In the above theorem, we can assume that ¢ < ﬁ, where C' is the

constant from Theorem 2.4.6. Note that if € > ﬁ then taking K = 2 + 32C® leads
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to a trivial Ke-approximation of f. This is because Ke > 1 and for any function
g:Z" — {0,1}, obviously || f —g[|3 < 1.

Proof of Lemma 3.2.2. Let fs =, F(T)ur and f, = > T F(T)ur, where
S represents small and L stands for large.

The lemma is trivial when fg is assumed to be a Boolean function. Indeed, if fg
is Boolean then it depends on at most one coordinate by Lemma 3.2.1. Hence we can
take g to be fs and we are done. To prove the lemma in the general case, we will
first show that fg is close to being Boolean. We can then easily conclude the desired
result.

Define h = fZ — fs. It is obvious that h = 0 iff fg is Boolean. Thus we can
consider h as a measure that determines how far fg is from being Boolean. In order

to show that fg is close to being Boolean, we will prove that the 2-norm of A is small,

as stated in the following lemma.

Lemma 3.2.3 [1] Let C be the constant from Theorem 2.4.6 and let X = 32C8. Then
E([h]*) < e,

~

where 37 g1 [F(S)* = € and € < 1.

We postpone the proof of Lemma 3.2.3, and present its important corollary first.

Corollary 3.2.4 [1] There exists 1 < j < n such that for the function ¢', defined as

<
—_

-~ o~ 27rikmj

g(x) = f0)+ ) flkejle 7, (3.7)

e
Il

it is true that ||g' — f||3 < e (1 - m) -

Assuming Corollary 3.2.4, Lemma 3.2.2 can be easily proven. Indeed, let maj;[f](y) :

Z" — {0, 1} be the function taking values of 0 or 1 according to the majority value of
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f(x) over all {x € Z7 : x; = y,}. It is easy to see that if g : Z' — {0, 1} is a Boolean

function which depends only on the j-th coordinate, then

1f = maj,[f]1Z < [If — gll3- (3.8)

Let ¢” be the function obtained by rounding ¢’ to the nearest number in {0,1}. Hence
I1f = g"l13 < 4llf - g'll5- (3.9)

Now using (3.8) and (3.9), we get:

2K

. 2 /12
I = maj; (71l < 4llf = 13 < —5—«

which completes the proof of Lemma 3.2.2. |

Now it only remains to prove Corollary 3.2.4 and Lemma 3.2.3. We will first
present the proof of the corollary assuming Lemma 3.2.3. We then finish the section

with the review of the proof of this lemma.

o~ __

Proof of Corollary 3.2.4. Let go = f(0). For 1 <i <mn, let g; = S1_1 ]?(kei).
Recall that f = go+ g1 + g2 + - - . + gn. Denote a; = ||gs||2 = 32521 | £ (ke;)[2. Without

loss of generality we can assume that ||g1||3 > ||g2]]2 > ... > ||gall3-

~

Let us first compute E(S) on the second level. Let ¢ # j. Then, since f(.S) is 0 on

the second level, we have:

~ ~ ~

h(klei + kzej) = fg(klez + erj) — .]?,\5'(1{3161' + k‘2€j) = 2f(]€161) (]{726]'). (310)

Since E(|h|*) = [|hll3 = Y rezn |/f;(T)|27 we can get a lower bound for E(|h|?) by

summing only over 17s of the second level (i.e. T = kye; + koe; for i,j € [n] with
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i # 7). Therefore using (3.10), we have

Sag = | |f<k:ei>|2] [imkemz]

1<j 1<j Lk=
r

. Z — |/f;(]€61 + k'63)|
= 2 1
i<j k=1k'=1
E(|h|?
< EUhF) (3.11)
4
We now use Lemma 3.2.3 together with (3.11), and we get:
A
Zaiaj < 1 (3.12)

i<j
Hence,
2
Zai < Zcﬂ + ée <ar Y a;+ ios. (3.13)
i STt LTy

According to the remark followed by Lemma 3.2.2, we also have > a; = a —

o? — €. Now by dividing both sides of (3.13) by >", a; = a — a* — €, we get:

A
>a—a?—e|lld+—-"
a; >« a? €(+2(04—a2—e))’

which means that ||¢'||3 = a1 +a? > a—e(1+ m) Finally, using the definition

of ¢’, we have:

If=dlz = IIf1z =g
= a—|gl3
A
< 14 ——m——
- ( +2(a—a2—e)>€’
which implies the corollary. ]

Proof of Lemma 3.2.3. We first show that & is smaller than O(y/€) on a relatively
big subset of the domain. We then use a hyper-contractive argument to show that it

cannot be much larger on the rest, which implies the lemma.
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Let k = 2C*. Define set Z = {x € Z" : |fr(x)| < ky/e}, and let Z = Z" — Z be

the complement of Z. Then,
e Pr [z € Z] > 1—1/k?% Since if Pr [z € Z] < 1—1/k? then Pr, [z € Z] > 1/k?,
which implies that

— ek?
7ol = B(fL]?) > Pr.fz € Z]k%e > TR

But this is a contradiction, since || f7]|3 < e.

e For the values of x, x € Z, h(x) is bounded by 2k+/e. To see this, recall that

fs = f — fr and that f? — f = 0. Therefore,

h=(fs)>—fs=(f—fo)? = (f— fo) = fi + fu(1 = 2f).

Now, for every x € Z,

h(@)] < [fE@)] + [fu(@)]]1 —2f(2)]
< |fo(@)]* + | fo(2)]
< 2[fr(2)|

2kr/. (3.14)

IN

1

Here we have used our assumption that € < ;=

which is equivalent to saying

that ky/e < 1.

According to the bound obtained above, E(|h]?) can be much larger than € only if
this expectation is built mostly from the values of x in Z, where h gets values much
larger than y/e. However, using the hyper-contractive argument (2.4.6), we show that
this is impossible. This is “intuitively because having only low Fourier frequencies
means |h| is fairly “concentrated” around its expectation”, as stated in [1].

Denote X = E(|h|?) and Y = E(|h|*). Let also p = Pr,[z ¢ Z] < . Since in

the probability spaces p-norm increases as p increases, for every function h, X < VY
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holds. Now recall that h = (fs)? — fs. Therefore the Fourier support of h is on the
first three levels, i.e. h is a linear combination of the {ur : |T| < 2}. So Theorem

2.4.6 implies that VY < C*X. Thus,

X = E(P)

= (1-pE(r)]’|z € Z) + pE(|h(x)]*|x ¢ Z)

< (1 -p)ak’e + pVE(h(x)[']z ¢ 2)

Y 1
< dkPe+p, | = < dk?e 4+ /pCiX < 4k%e + 5X, (3.15)
p
where we used p < 75 = 155 for the last inequality. Thus, X < 8k%e = 32C%. n



Chapter 4

Large independent sets

In this chapter we present our new results [24] which contain a stronger version of

Theorem 3.0.7 (Theorem 4.1.1).

4.1 Introduction

Theorem 3.0.7 asserts that any independent set which is close to being of maximum
size is close to being determined by one coordinate. We will later show that the
best function M (r) that can be obtained from the proof of [1] is Q(r®). When r is a

constant, for every constant § > 0 one can choose € to be a sufficiently small constant

so that % < g. But when r tends to infinity, to obtain any nontrivial result from
Theorem 3.0.7, € must be less than ﬁ = O(r~%) which is not a constant. The main

result of this chapter is to show that in Theorem 3.0.7, M does not need to be a
function of r. Note that this major improvement makes Theorem 3.0.7 as powerful

for large values of r as for constant r. We formalize this in the following theorem.

Theorem 4.1.1 Let G = K", r > 20 and e < 107°. Suppose that J is an independent

set of G such that % = %(1 —€). Then there exists an independent set I with % = %

such that % < 40
T

30
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Remark. Note that for € > 1079, we have the trivial bound % < 2x71n0957 where [
is an arbitrary independent set. We also assumed that r > 20, for technical reasons.
However, one can use Theorem 3.0.7 when r < 20, as M (r) is a constant for those
values of 7.

Let I be a maximum independent set of G = K', and J be an independent set
of G such that J Z I. So there exists some (aq,...,a,) € Z" which belongs to J and
does not belong to /. Since [/ is a maximum independent set, by Theorem 1.0.4, there
exist i € {1,...,n}and k € {0,...,r—1} such that [ = {v : v; = k}. So we conclude
that a; # k. Now taking all the elements of the form (b,...,k,...,b,), which have
k in the i-th coordinate and satisfy b; # a; for every j # ¢, it is then obvious that all
these elements belong to I\ J. Therefore:

\J] o =1
o =

So we obtain the following as a corollary of Theorem 4.1.1.

Corollary 4.1.2 Let G = K, r > 20 and € < ¢ where ¢ = min(107?, (1 —2)"~1)/40.
Let J be an independent set of G such that % = %(1 —€). Then there exists an

independent set I with % = % such that J C 1.

Note that if in Corollary 4.1.2, r > ¢/n for some constant ¢/, then one can take ¢
to be a constant that does not depend on n.

The proof of Theorem 4.1.1 is based on Fourier analysis on the group Z! (as was
Theorem 3.0.7). In order to prove Theorem 4.1.1 we show that a Boolean function
which has most of its 2-norm weight concentrated on the first two levels of its Fourier
expansion is close to being determined by one coordinate. Thus Lemma 4.2.1 which
formulates this, might be of independent interest in the direction of extending results
of [23, 14, 34] from Z} to ZI".

The following version of Bennett’s inequality which can be easily obtained from

the one stated in [11] will be used in the proof of Lemma 4.2.1 below.
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Theorem 4.1.3 (Bennett’s Inequality) Let X, ..., X,, be independent real-valued

random variables with zero mean, and assume that X; < ¢ with probability one. Let

o’ = Z Var[X,].
i=1

Then for any t > 0,

0'2 C
Pr[d X > ] < e =),

where h(u) = (1 +w)In(l 4+ u) — u for u > 0.

4.2 Main results

Before starting the proof of Theorem 4.1.1, we show that the function M (r) in [1]
is of order Q(r®). According to the proof given in [1], M(r) = ©(r?6~®) where &

is such that for every f : Z" — C, || T5f]ls+ < ||f||2 holds and T} is the Bonami-

Beckner operator defined as Tsf = 3 65/ f(S)us. Consider the one dimensional case,

2mi(kXj)

n=1. Let f(k)=""1e + . Then we have ||Tsf||4 = 6*(r — 1)(r*> — 3r 4+ 3) and

j=1
| fI|3 = r—1, which implies that 6*(r —1)(r*—=3r+3) <r—1. So 678 > (r?—3r+3)2.

In [14, 23, 34] results of the following type have been proven. Let f be a Boolean
function on Z% and f>* is sufficiently small for some constant k, then f is close to
being determined by a few number of coordinates. The following result which is the

key lemma in the proof of Theorem 4.1.1 is a result of this type for Z.

Lemma 4.2.1 Let f : Z" — C be a Boolean function such that |f=*|2 < % and

r

1 f>1% <€, where € < % and r > 20. Then denoting by 1 < ig < n the index such

1087

that Z;} |f(jei0)|2 is maximized, we have

2

< be.

2

Hf — (?(6) + ij f(jem)ujeio)

j=1
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Remark. Lemma 4.2.1 shows that f is close to a function which depends only on
the io-th coordinate. We do not know if the condition || f=![|3 < % is a weakness of

our proof or it is essential. The condition € < is not a major weakness, since for

108

€> we have the trivial bound of (10% + 1)e.

108 )

We postpone the proof of Lemma 4.2.1 until Section 4.2.1. We now give the proof
of Theorem 4.1.1, assuming Lemma 4.2.1.

Proof of Theorem 4.1.1. Let J be an independent set of G such that “é" L(1—e).

Let f be the characteristic function of J. Then according to the proof of Theorem
3.0.7, we have

1713 =D 1F(S))? <

|S|>1

Since

1F=HE < WF12 = uld) <

ﬁl»—l

by Lemma 4.2.1, there exists a function ¢ : Z' — C which depends on one coordinate
and || f — g[|3 < 1. By rounding g to the nearest of 0 or 1, we get a Boolean function

g1 which depends on one coordinate, and since f is Boolean

40€
Hf 91“2 < 4Hf - Hz < T

4.2.1 Proof of Lemma 4.2.1

The proof of Lemma 4.2.1 shares similar ideas with the proof of Theorem 8 in [34];
however, dealing with (complex) Fourier expansions on Z!" instead of (real) generalized
Walsh expansions on Z% required new ideas.

For every complex number z, let d(z, {0,1}) = min(|z|, |z — 1|) denote its distance

from the nearest element in {0,1}. For any function f, denote f(S)us by Fs for

convenience. For 1 <i <mn, let g; = ZT ! 1 Fje,, and define gy = f(ﬁ) For0<i<mn
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let a; = ||g;|l2- Without loss of generality assume that a; > ay > ... > a,. To obtain

n

If = (g0 + g)l3 =D af +IIF7"15 < e,

=2
we will first show that ay is small (Claim 4.2.2). This will allow us to apply a
concentration theorem and conclude that Y1, a? is very small (Claim 4.2.3).

First note that
n
_ 1
177 = Y <
i=1

which implies that a3 < 5. Now since ||g2|3 < 5, for every 0 <z <7 — 1,

|g2(2)| < V/1/2. (4.1)
Claim 4.2.2 a3 < 2000e.
Proof. Consider an arbitrary assignment dy,0d3,...,0, to x1,x3,...,z,, and let

Since for every 0 < x5 <1 — 1,

d(lv {07 1}) < |92(x2)| + d(l + 92(I2)7 {07 1}>7

we have
1d(1, {0, 1)1I5 < 2(llg2ll3 + [1d(I + g2, {0, 1})]]3),

or equivalently

d(1,{0,1})* < 2(a3 + [|d(I + g2, {0, 1})I[2)- (4.2)
Note that
I1d(£=*, {0, 1H13 < 2(ld(f, {0, INIZ + 1F7112) < 2e.
Therefore we can find an assignment 4y, ds, . .., d,, such that

ld(l + g2, {0, 1})I[2 < 2e. (4.3)
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By (4.2) for any such assignment, we have d(I,{0,1})* < 1 4 4e < 1/16, which

implies either |I| < 1 or [l —1] < 1.

T
Define \ = - \{514. Now (4.1) implies that for any 0 < zo <7 — 1,

24

Case 1: If |I| < 1, then |(I 4+ go(z2)) — 1| > Al + go(z2)|.

Case 2: If [l — 1| < 1, then |l 4 ga(22)| = A[(I+ g2(x2)) — 1].

Let A = {xy € Z; : [l + ga(x2)| < [l + ga(x2) — 1]} and denote its complement
by A. Representing ||d(l + g2, {0,1})||? as a sum of two integrals over A and A, and
using (4.1), in Cases 1 and 2 one can show that

2

(1 0.1V[2 > A2llgnll2 > —22_.
a1+ g2 {0,111 > Vgall3 > -2

Note that the assumption a3 > 2000e will imply ||d(l + g2,{0,1})||3 > 2¢ which

contradicts (4.3). Thus a3 < 2000e. ]

Claim 4.2.3 Y7, a? < 4e.

)

Proof. Let 2 < m <n be the minimum index which satisfies

n

Za? < 10%e. (4.4)
Denote I = {m,...,n}, and for every y € Z™ ! let fl*[y} be a function of Zr~"*!

(with uniform measure p') defined as

fig (@) = =y Ua).

Obviously
/Ild(f}"[y}(x)’ {0, 11124/ (dy) = [ld(f=",{0, 1})I[3 < 2e.

Hence for some y, ||d(f7;,(2),{0,1})[|5 < 2¢. Let b= F0) + S gi(yi). Then

fig(x) =b+ Z gi(x;).
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=m %

Applying Lemma 4.2.4 below to f]*[y] for ¢ = 2¢ shows that > a? < 4e. This will

imply that m = 2, as a3 < 2000¢ and m was the minimum index satisfying (4.4),

which completes the proof. |

Lemma 4.2.4 Let f : ZI' — C be a function satisfying > = 0. Let ||d(f,{0,1})||3 <

/

¢, and suppose that || f||2 < 10%€¢' and ¢ < -3

o8- Then we have

1FH)5 < 2¢€.
Proof. Suppose that f =b+ > . | g;, where b = f(ﬁ) and ¢g; = Z;;i Fj.,. We have

(b, {0, 1113 < 2(Id(f, {0, 1}z + I.f — bl3) < 20002¢€".

Without loss of generality assume that d(b,1) < +/20002¢" which implies that

Re(b) > 2/3. (4.5)
We have
If =15 = [ld(f, {0, 1})]3 = /(If — 1> = |f|*)¢da,
where
1 Re(f(z i
oy | 1 Rl <
0 otherwise
So
If =15 = lld(f, {0, 1)l = /(1 — 2Re(f)){dz. (4.6)

The next step is to show that (4.6) is less than ¢’. Note that Re(f) = Re(b) +
>or  Re(g;), and [ Re(g;) = 0. Moreover

[ Reta? = IRe(a)3 < ol

So

IRe(g)I < 3 llgill3 < 10%¢
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from which follows that for every =z,
IRe(g;(2))] < V104re < V2 x 1072 =c.

Applying Theorem 4.1.3 with X; = —Re(g;), we get

—10%¢ — ’
Pr} Re(g,) < ] < e HA070e/), (4.7)
Note that A(u) > uln(%), for u > e; which implies that for ¢ > £ > 10%¢'/c,
Pr[> " Re(g) < —f] < e ¢ 007 e/ee), (48)

Now

(4.6) = /t TPl — 2Re(f) > 1] = /t T [Re(b) + 3 Re(g) < %] |

=0 =0

Substituting (4.5) we get

(4.6) < /too Pr {Z Re(g:) < % _ ﬂ < 2[0 Pr 3" Re(g) < 1]

=0 =1/6
Now by (4.8)
(46) S 2 /OO 6% 1n(104ee//tc) S 2 /OO (]. — 1n(10465'/tc>> e%ln(lO“ee’/ta) _
t=1/6 t=1/6 C
_ 26éln(6><104ee’/c) <, (49)

because ¢ < 1078, Finally by (4.9)

LF7HE < I1F = 12 < ({0, 1113 + ¢ < 2¢.



Chapter 5

Fourier spectrum of Boolean

functions

In this chapter we provide an expanded version of a paper of Jean Bourgain [14] where

he proved a very strong analogue of Lemma 4.2.1 for Z7.

5.1 Fourier spectrum of Boolean functions

As Jean Bourgain says “There is a general philosophy which claims that if f defines a
property of “high complexity”, then supp]?, the support of the Fourier expansion, has
to be “spread out”.” The result shown in this chapter is one more illustration of this
phenomenon. For a real function f on Z% let f =" f(S )rs be its Walsh expansion.
Now if f is not essentially determined by a few variables, then the tail distribution
of fsatisﬁes a lower bound, i.e. for every e > 0 there exists c. such that

S ISP > e

1S|>k
holds for all fixed k. A precise formulation of the above statement appears in The-
orem 5.1.1. This estimate expresses to what extent ]? may be fully concentrated on

~

coefficients f(S) of low weight |S|. It is worth to note that Theorem 5.1.1 is basically

38
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sharp, as shown in Corollary 5.1.4.

For any subset A C ZY, let x4 denote the characteristic function of A. We also
write some inequalities in the form of “a < b” by which we mean that there exists
some ¢ such that a < be holds.

The main result of this chapter is the following.

Theorem 5.1.1 Let f = xa, A CZY. Let k > 0 be an integer and v > 0 a fized

constant. Assume
STUFS)PF(S)] <747} > 42 (5.1)

Then for every € > 0, there exists the lower bound cek27¢ such that

SIS = ek (5.2)

|S|>k

Remark. Suppose f is a function that satisfies (5.1), i.e. the summation of all
relatively small Fourier coefficients of f is large. Therefore f must have a large number
of nonzero Fourier coefficients, which means that f is of high complexity.
Proof. We may assume that

SIS < Lo (5.3)

100

|S|>k
since if 37404 1F(S)? > 572, it is enough to take ¢, = ;557* and we are done. Fix
0 < k < 1 and define

={ie[L,N]: > If(SI>x}
i€S,|S|<k

Then we have

k|| < ﬁf: Z

i=1 ieS,|S|<k

and since each |fA(S )| contributes at most k times in the sum we get:

Yo DT RSP <k IFS)IP =EIfI3

i=1 ieS,|S|<k
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Recall that f is a Boolean function, which implies that ||f]|3 < 1. So we get

N
Al <> > IFS9P <k,

i=1 i€S,|S|<k
and therefore
’[0’ < /ﬂ]_lk'.
Thus
- R , . 5
S {IFSR: S C I, ISI < kFS)) < 747} < (v 7167 < 2

if we assume

1
k1R « —
(K™F) < 100

Denote

I, = [1,N]\ L.

It follows from (5.1), (5.3), and (5.5) that

~ 1 1 1
Z F(S)I? >72—m72—mV2 > 572-
SNIL#0,|S|<k

Define for ¢t > 0
Pt = Z |f<S) |27
20<|SNI)[<2t+1
so that (5.7) implies that
2
> m>g
0<t<logk

(where log k = log, k).
Next, fix a subset

LCI,

40

(5.4)

Write the variable x € Zév as ¢ = (x1,x2) where x; is the part with coordinates in ;.

For a fixed x5 write f,,(z1) for f(x1,22) and write also Fip(zs) for f;(T) Thus,

fas(w1) = flar,05) = Y Fr(wa)re(a:).

TCh
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Fix 0 < § < 1 and {&}ier, independent {0, 1}-valued selectors of mean 1 — ¢, i.e.
&;’s are independent {0, 1}-valued random variables which take 0 with probability 4.
Define

Iw)={iel:&w) =1}

Fix 5. Since f,, is {0, 1}-valued,

/lfm - fm | dml /|f:c2 Ef(w [fm”dxl (510)
where
Ef(w)[fzz] = Z FT(‘T2)TT’
TCI(w)
and
f — E] [fa:2] = Z FT({L‘Q)’I“T. (511)

TCH,T¢I(w)
Fix 1 < p < 2. Then by applying the Bonami -Beckner inequality (Theorem 2.4.3)

on the function 37, \ 5, Fiy(w2)rgy for fixed x5, we have

1/2

-1z Y [Fa@)P| <l Y Fal)rgl,. (5.12)

ie\I(w) i€l \I(w)

According to Proposition 6 of [12], the orthogonal projection of a function to the

first k levels of its Walsh expansion is bounded in p-norm by C’,’;’. Therefore

I > Fa)raly S lfe = Erwfoll (5.13)
el \I(w)
: o 1-2/p
Using Lemma 2.3.2 for % = =L+ — we get
2 2
| for = Brofaallly < e = Bro ol 77 Wi = Brlfl 17 (5.14)

and by (5.10) we have

1o = Erfeal 17 = 2l fr — Ero[fal 307 (5.15)
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Now by (5.12), (5.13), (5.14) and (5.15) we get

1/2 1/p
1 2
(p-12 | > 1Fp@)? | <2fo-Ewlfll"=2] > |[Fr()P
il \I(w) TCH,TEI(w)
or
p/2
=GPy )| Se-07"2) [1-[awllFrz)?  (5.16)
i€l TCI i€l

Note that |z +y| < |z| + |y|. Raising both sides to the power of r, 0 < r < 1, we get
@+ y" < (2| + [y))" <[]+ [y]",

where the last inequality holds since » < 1. Thus the left hand side of (5.16) is at

least
p/2 p/2
o/ Z|F{z‘}(l’2)|2] — [D_(&W) = (1= 0)| Fp ()
i€l i€l
p/2
> §v Z|F{i}($2)|2] —[D_(G(w) = (1 =) Fap ()P, (5.17)
S i€l
because Y, [Fy(22)]* < || fl|3 < 1 and p/2 < 1. Thus
Py ()P S (- 1) [Z 1= &NFr(x2) ]
il TCh ieT
p/2
+ D (&W) = (1= 8)|Fpay () (5.18)
i€ly

Integrating (5.18) in 25 and w, and using the generalized Minkowski inequality (Lemma

/ / ~ 8)Fyg (a2)
> wir]

To bound the last term, we use the fact that if Xy, Xs,...,X,, are independent

2.3.3) we get

p/2

dwdzs

zGIl

— 0))| Fpay (w2)

ZEIl

random variables with mean 0, then E(|X; +... + X,|) < 2E/X? + X2 +... + X2.

It is not hard to prove this statement using some symmetrization arguments (see [32]).
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We can now conclude that

/

1/2
D (Gilw) = (1= 0)) [ Friy ()| dw < 2/ <Z | Fpay () [*(&i(w) — (1 = 5))2> dw.

i€l i€l
Thus
p/2
/ / — o) Fy(a2)?| dwdas <
1611
1/2 p/2
//( (1—¢&(w |F{i}($2)|4> dwdz, : (5.19)
el
Since
Fa(z)] = | > F(S)rs(z
Sﬂ[li{i}
< Yoo s+l D, F(S)rs),
|S|<k,SNI ={i} |S|>k, SN ={i}

it follows that

|Fra(z)* < (

< 16

> f(S)rs

|S|>k,SNI1={i}

> F(S)rs|

|S|>k,SNI1={i}

Yoo fSrs

|S|<k, SN ={i}

> f(S)rs

[S|<k,SnI={i}

+

4

+ 16

Therefore we have

1/2
<Z|F{}fvz (1—=&(w ))) S

i€l
1/2

(1- fi(w))) <

4

> f(S)rs

|S|>k,SNI1={i}

S Fers| a- w)))

|S|<k,SNI1={i}
1/2

(1- &(W))) =<

1_51 Z

i€ly

Yoo JS)rs) (

|S|<k,SNI1={i}
(ieh

sz

1/2

> f(S)s

|S|>k,SNI={i}

>
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4\ 1/2 2

STY fS)rs 1D FS)rs] (1-&(w)).

ich ||S|<k,SNI;={i} icly ||S|>k,SnIL={i}
Hence
1/2
(Z | Friy (22)|*(1 - &(@)) S
i€l

4\ 1/2 2

SOY F)rs T D HS)rs| (- &(w)).

i€h ||S|<k,SNI;={i} icl ||S|>k,SNH={i}

Integrating both sides in x5 and w, using Jensen’s inequality we get

/(5 .

//Z F(S)rs| dwdms (5.20)

i€l \S|<kSmh {i}

1/2
| Fray(z2) (1 —&-(w))) dwdzs

i€l

2

T Z// F(S)rs| (1= &(w))dwdz,.

i€l |S|>E, Sﬂll {i}

Applying the Bonami-Beckner inequality (Theorem 2.4.3) on (5.20) we obtain

4

3 / Syrs| des =371 S FS)rslld

icl |S|<k:SmIl {} i€l |S|<k,SNI;={i}

<3 TSl

el |S|<k,SnI={i}

Recall that [(1 — &(w))dw = 6. Therefore, from (5.20) we have:

/ / (DF{@-}(@)#O—@(@) " o

o- 1/2

IS S 1P| | s IFePr G2

i€l \|S|<k,SNI1={i} |S|>k
1/2

< Fmax [ S FOP|] +5 S IFS)P

i€ly
|S|<k,ieS |S|>k

IN
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Note that in (5.21) since f is a Boolean function, > . > gick s =i If(9))? <1,
which implies the last inequality. We now use the fact that I; NIy = ), so by definition
of Iy we have
/2
// (Z Fry (a2)*(1 — & (w ))) dodzs < 3612 +5 SO IFSE (522)
i€l |S|>k
Now integrate both sides of (5.18) in z2 and w, then substitute (5.22) and (5.19).

Therefore we get:

//5P/QZ|F{}:r2|d:):2dw < // ) p/?[ 1= [T &I Fr(e2)?| drade
TCIh

i€ly €T
p/2
+ 320> RSP
|S|>k
We also know that £ < 1. Thus,
(51”/2//2\]7{} ) |Pdzodw <
i€lh
p/2 [Z / 1—1_15‘Z dw] [/]FT Tg) d$2:|
TChH i€T
_l’_
(3122 4 723 L (S)PP2.
|S|>k
Recalling |Fiip (22)] = | Xgnr, =i f(S)rS (x2)|, we now use Parseval’s equality to write:

" N TSP S (p— 1)Y= (1 6)S R f(S) P

‘Sﬂ[1|:1 S
p/2
s SIFSR) @R )
|S|>k
Recall that (1 —¢)" > 1 —¢". Now we can estimate
1—(1—=¢)5l < 618N 1 if |SNI)| <k,

<1 otherwise.
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Thus

7 Y RSP £ -0 Y ISnLITE)P

1SN |=1 |SNI3 <k
+ (=172 FS)P (5.24)
|S|>k
p/2
+ PSR | + B
|S|>k

We will now specify the set I; C Ij. Fix 0 < ¢y < logk and let I = I, be
a random subset of I, choosing each element of I independently with probability

107327%. This ensures that if 20 < |SN Ij| < 2" then
Pr[|SNL|=1]>10"% (5.25)

Also
E.[|SN L] =10"%27"% SN 1. (5.26)

Now recalling the definition (5.8) of p; and using (5.25) we have:
Pro = Y. ISP
2to<|SNI|<2tot!

< w0t > IF(S)PPr[|SN I = 1]

2to <|SNI|<2to+!

< 104Z|f )PPr|SN I =1

= 10'Ey | Y If(9)P]. (5.27)
_|Sﬂ[1|=1
and using (5.26) we have:
Es | D ISOLIFSP| = Y FEPELSNL]
|SNIG|<k ] |SmI’|<k
= > f©®)P10-P 27 0S|
|SnI,|<k

< Z Z |J?<S)|210—32t—t0+1

t<logk 2t <|SNIj|<2t+!

= 2x107° )" 2'op, (5.28)

t<logk
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Applying E,, to (5.24) and using (5.27) and (5.28), we get

" py S (p— 1) ( > 2“%) +(—=1)"2 > f(S)P
t<logk |S|>k
p/2

+P 2 SRS+ (3R (5.29)
|S|>k

In order to have the left term in (5.29) larger than the first term on the right, take

6~ (p— 1)p/(2—p) (%) e (5.30)
P Ztglogk 2'py . '
Taking
k=10"" (5.31)

to make the last term in (5.29) negligible, Condition (5.6) is satisfied. Recall that

a+ b < 2max{a,b} < max{a,b}, so (5.29) and (5.30) imply

p/(2=p)
~ ) _ 2t0p
> FS)P Zmin § (p— 1/ | < poobiy’ oo (5:32)
|S|>k Ztglogk pt

Here 0 <ty <logk and 1 < p < 2 are arbitrary.
We distinguish two cases.

Case 1:
> 2tp < V. (5.33)
t<logk

Recalling (5.9), we may take 0 < ¢y < log k such that
2
~

Pto > 7(

logk)’

or equivalently

pio 2 1/ 1og k. (5.34)

Take in (5.32)

p=1+¢/logk. (5.35)
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From (5.33), (5.34) and (5.35),

(5.32) > min((log k) "2k7Y2, (log k)~%) > (log k) ~2k~1/27% > |=1/2=<

(5.36)
for appropriate choice of €.

Case 2:

Z 2t,0t > V.

t<log k
Choose tj s.t.

1 vk
Qtopto > m Z 2tpt >

— 5.37
log &’ (5:37)
t<logk
hence

pro > (logk)~1k=1/2,

(5.38)
Now let p tend to 2 in (5.32). We get for every ¢

(5.32) = min((log k)@ P12 (log k) 2k~1P) > c k™12

(5.39)
Thus (5.2) follows from (5.36) and (5.39). ]
Corollary 5.1.2 Let f = xa, A C {—1,1}" satisfying

Al 14]) > o (5.40)
0 :
Let k be an integer and assume
F(S)? <47kt 5.41
max LF(S)F < (5.41)
Then for every e > 0

SISz ke (5.42)

|S|>k

Proof. From (5.40) we have

1 —

SV
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Now suppose (5.42) does not hold. So for some € > 0 we have
Yo IFSP <k
|S|>k

which implies that

1=y
SRS IFS)] < 4787 > ST RSP >~ ks

1S|<k

Using Theorem 5.1.1 for v = %, we obtain D155k |(]/”\(S)|2 > k12 for every € > 0. m

Suppose that a function f does not satisfy (5.2). Since there are at most ‘i—f
values for S such that |f(S)| > 4=, Theorem 5.1.1 implies that there exists a
function g which depends on at most 4 coordlnates and ||f — g]|3 <~%

A closer look at the proof of Theorem 5.1.1 will lead to a better result. By (5.31)
and (5.4) we have |Iy] < k10*. The analysis of Case 1 and Case 2 in the proof of
Theorem 5.1.1 shows that if f does not satisfy (5.2), then (5.9) is not satisfied. This
together with (5.3) imply

1f = FSrslls <+*
SCIo
Note that g = ngo f(S)TS depends only on the variables in I,. By rounding g to

the nearest element in {0, 1} we obtain the following corollary.

Corollary 5.1.3 Let f : Z5 — {0,1} be a Boolean function, and let k be a positive
integer and €,y > 0 any fized constants. Then there is a constant cc., such that if
> 155k 1F(S)2 < cenk™/>7¢, then there exists a Boolean function h : 7Y — {0,1}

which depends on k10 variables, and for which || f — h|j3 < 7.
Theorem 5.1.1 turns out to be basically sharp.

Theorem 5.1.4 There is a function f which satisfies the following two conditions:

S H{FSP: 1S <y} > 42, (5.43)
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and

SRS~k (5.44)

|S|>k
Proof. Take f to be the “majority function” which we define as the {0, 1}-valued

function
f(e) = Xler+ea+...+en>N/2]

on ZY. Tt is known (see [30]) that in this case

~

N -1
1£(9)]* ~ (k) k=32 for |S| =k > 0.

Hence

and



Chapter 6

Concluding remarks

In this thesis we studied the independent sets of K* which are close to be of maximum
size. We reviewed the proof of the previously known result, Theorem 3.0.7. We
improved that result in Theorem 4.1.1. The proof involves some techniques from

Fourier analysis of Boolean functions on Z;'.

In order to prove Theorem 4.1.1, we studied Boolean functions on Z;' for which
most of the 2-norm weight of the Fourier expansion is concentrated on the first two
levels. Lemma 4.2.1 asserts that every such function can be approximated by a
Boolean function that depends only on one coordinate. One possible generalization of
this lemma would be to show that a Boolean function on Z;' whose Fourier expansion
is concentrated on the first [ levels for some constant [, can be approximated by a
Boolean function that depends on k(l) coordinates, for some function k(7). Analogues

of this for Z# have been proven in [14] and [34].

Consider a graph GG whose vertices are the elements of the symmetric group .S,
and two vertices m and 7’ are adjacent if 7(7) # 7'(7) for every 1 < i < n. For every
1 <i,j < n the set S;; of the vertices 7 satisfying 7 (i) = j forms an independent set
of size (n — 1)!. Recently Cameron and Ku [18] have proved that these sets are the

only maximum independent sets of this graph. Similar results have been proven for

o1



CHAPTER 6. CONCLUDING REMARKS 52
generalizations of this graph in [35]. Cameron and Ku made the following conjecture:

Conjecture 6.0.5 [18] There is a constant ¢ such that every independent set of size

at least ¢(n — 1)! is a subset of an independent set of size (n — 1)\

One might notice the similarity of Conjecture 6.0.5 and Corollary 4.1.2 for r = n.
Despite this similarity we are not aware of any possible way to apply the techniques
used in this paper to the problem. Since .S,, is not Abelian, the methods of the present
thesis fail to apply directly to this problem. So an answer to Conjecture 6.0.5 or its
analogues for the graphs studied in [35] (which do not even have a group structure)

might lead to new techniques.
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