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An optimization problem for the fundamental eigenvalue Ao of the Laplacian in a planar simply-connected domain
that contains N small identically-shaped holes, each of radius ¢ < 1, is considered. The boundary condition on the
domain is assumed to be of Neumann type, and a Dirichlet condition is imposed on the boundary of each of the
holes. As an application, the reciprocal of the fundamental eigenvalue \g is proportional to the expected lifetime for
Brownian motion in a domain with a reflecting boundary that contains NN small traps. For small hole radii ¢, a two-
term asymptotic expansion for Ao is derived in terms of certain properties of the Neumann Green’s function for the
Laplacian. Only the second term in this expansion depends on the locations z;, for i = 1,..., N, of the small holes.
For the unit disk, ring-type configurations of holes are constructed to optimize this term with respect to the hole
locations. The results yield hole configurations that asymptotically optimize Ao. For a class of symmetric dumbbell-
shaped domains containing exactly one hole, it is shown that there is a unique hole location that maximizes Ao. For
an asymmetric dumbbell-shaped domain, it is shown that there can be two hole locations that locally maximize Ao.
This optimization problem is found to be directly related to an oxygen transport problem in skeletal muscle tissue,
and to determining equilibrium locations of spikes to the Gierer-Meinhardt reaction-diffusion model.
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1 Introduction

We consider an optimization problem for the fundamental eigenvalue of the Laplacian in a bounded two-dimensional
domain with a reflecting boundary that is perturbed by the presence of N small holes in the interior of the domain.

The perturbed eigenvalue problem is

Au+du=0, z€Q\Q; / u?de =1, (1.1a)
2\2,

Ohu=0 z€00, (1.1b)

u=0, x€0Q,. (1.1¢)

Here (2 is the unperturbed domain, €2, = Uﬁl g, is a collection of N small interior holes, each of “radius” O(g),
and 0,u is the outward normal derivative of u on 9Q2. We assume that the small holes in Q are non-overlapping
and that Q¢, > 2, a8 = 0,fori=1,...,N.

We let Ag(e) denote the first eigenvalue of (1.1), with corresponding eigenfunction u(z,e). Clearly, Ag(e) — 0
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as € = 0. Our objective is to determine the locations, z; for i = 1,..., N, of the NV holes of a given shape that
maximize this fundamental eigenvalue. Asymptotic expansions for the fundamental eigenvalue of related eigen-
value problems in perforated two and three-dimensional domains, with various boundary conditions on the holes
and outer boundary, are given in [19], [17], [21], [22], [15], and [6] (see also the references therein). Optimization
problems for the fundamental eigenvalue of the Laplacian in planar domains under strong changes in the bound-
ary conditions from Neumann to Dirichlet have been studied in [5] and [4]. Optimization problems regarding
eigenvalues of the Laplacian, leading to various isoperimetric inequalities, have a long history in mathematical
physics. For a recent survey see [11] and the references therein.

A related work on optimizing Laplacian eigenvalues in perforated domains is that of [10]. The problem of [10] is
concerned with optimizing the fundamental Dirichlet eigenvalue A\g4 of the Laplacian in a bounded planar domain
that contains a hole, with w = 0 on the boundary of the hole. The hole, which is not necessarily small, has a
fixed circular shape but its center g can be chosen so as to optimize Agq. Under certain symmetry conditions on
the domain, it was proved in [10] that Aoq is maximized when z¢ is at a certain interior symmetry point of the
domain, and it is minimized when the hole is in contact with the boundary of the domain. Related results for
the case of two holes are also proved in [10]. For a circular hole of radius ¢ < 1 that is centered at some interior

point zg, it is well-known (cf. [17], [21]) that Aoq has the two-term expansion

Aog ~ )\(()?1) + 2w [ug (20)]> + O(V?). (1.2)

Here v = —1/loge, and )‘(()?1) is the fundamental Dirichlet eigenvalue for the unperturbed domain, with corre-

sponding normalized eigenfunction ug(z). For a small hole, it is clear from (1.2) that Agq is maximized for v <« 1

at maximum points of ug(ze). This result also suggests that for a symmetric dumbbell-shaped domain with a thin

neck, for which ug is concentrated in both lobes of the dumbbell, there will in general be at least two locations
where \gqg is maximized.

In contrast to this Dirichlet problem, the problem of optimizing the fundamental eigenvalue Ag of (1.1) is a

little more subtle. For the case of N circular holes, each of radius € < 1, it is well-known (cf. [17], [21]) that

2rNv
Ao(€) ~ % +0?). (1.3)
Here |Q] is the area of Q and v = —1/loge. Since this leading term in A¢(¢) is independent of the locations of the

holes, it gives no information on how to choose an optimal set of hole locations. In [22] it was shown formally that
the expansion of Ag(g) starts with an infinite logarithmic series in €. A hybrid asymptotic-numerical method was
formulated in [21] to sum this entire series for a given set of hole locations zi,...,zy. Although this approach
yields an accurate approximation to Ag, it does not provide an analytical expression for which one can determine
the hole locations that maximize )\g.

In §2 we use the method of matched asymptotic expansions to derive a new analytical result for the next term

in the expansion (1.3) in the form (see Corollary 2.3 below)

2rNv  4rx2p?

Ao(g) ~ o Wp($1,...,$N)+O(V3), (144a)
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where the function p(z1,...,zn) is defined by
N N
p(ml,...,a:N)zz Rm(wj;wj)—}—ZGm(wj;mk) . (1.4b)
j=1 k=1
k#j

Here G, (x; z9) is the Neumann Green’s function, with regular part R, (z; ), satisfying

1

AGp = 1=
1

—6(x —mo), x€; O0nGm =0, €00, (1.50a)

1
Gm(®,x0) = —§10g|$—$0|+Rm($7$0)7 (1.5b)

with [, Gy dz = 0. Therefore, for v <« 1, it follows from (1.4 a) that Ag has a local maximum at a local minimum
point of the function p(z1,...,zN).

As an application of (1.1), we consider, as in §9 of [21], the Brownian motion of a particle in a two-dimensional
domain , with reflecting walls, that contains N small traps Qg, for ¢ = 1,..., N, each of ‘radius’ ¢, for ¢ =
1,...,N. The traps are centered at x;, for ¢ = 1,..., N. If the Brownian particle starts from the point y €
Q\UY, Qg at time ¢ = 0, then the probability density v(z,y,t, <) that the particle is at point z at time ¢ satisfies

the diffusion equation

v=Av, ze€Q\UN, Q¢ ; Opw=0 z€0N, (1.6 a)
v=0, €0, i=1,...,N; v=46z—y), t=0. (1.6 b)

By calculating the solution to (1.6) in terms of an eigenfunction expansion, and by assuming that y is uniformly
distributed over Q\ UN, €., it is easy to show that the probability Py(t,e) that the Brownian particle is in
Q\ UN, Qe, at time ¢ is given by (see equation (9.5) of [21])

Py(t,e) = e EH1 4+ 0®))] . (1.7)

Therefore, the expected lifetime of the Brownian particle is proportional to 1/Ao(¢). In this context, our opti-
mization problem is equivalent to choosing the locations of NV small traps so as to maximally reduce the expected
lifetime of the Brownian particle. No optimization problem of this type was considered in [21].

In §3 we give some results for the optimization of A¢ in a dumbbell-shaped domain that contains one hole
centered at some point zg. From (1.4), local minima of R, (z¢;Zo) correspond to local maxima of A\g. An intriguing
problem is to determine whether there is a unique hole, or trap, location z¢ that maximizes )¢ in an arbitrary,
possibly non-convex, simply-connected domain. For a small hole size, this problem is equivalent to determining
whether or not there is a unique root to VR0 = VR, (Z;20)|z=z, = 0. In the context of determining the
equilibrium location for a one-spike solution to the Gierer-Meinhardt reaction-diffusion model (cf. [7]), it was
proved in [13] that there is a unique root to VR0 = 0 in a class of symmetric dumbbell-shaped domains.
This root is located in the thin neck region separating the two lobes of the dumbbell. Based on this result,
and further numerical evidence, it was conjectured in [13] that the uniqueness of the root to VR0 = 0 holds

more generally for simply-connected domains. In §3, we show that this conjecture is indeed false by constructing a
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family of asymmetric dumbbell-shaped domains for which VR0 = 0 has multiple roots. Hence, for an asymmetric

dumbbell-shaped domain there can be several trap locations that locally maximize Ag.

A key open problem, that we do not address, is to determine general properties of R, (zo;z¢) and V R,,¢ under
various conditions on the domain. In particular, is there a unique root to VR,,0 = 0 in any simply-connected
convex domain? If so, then there must be a unique trap location that maximizes \g in such a domain. In contrast,
many results are available for the regular part Rq(x; o) of the Dirichlet Green’s function G4(z; o), satisfying
AGy = —6(x — zp) in Q, with G4 = 0 on 9. For a survey of such results see [1]. In a planar convex domain,
VRg4o = 0 has a unique root (cf. [3]), and in the class of symmetric dumbbell-shaped domains of [9], which were
also used in [13] and [14], there can be multiple roots to VRgo = 0 (cf. [9]).

In §4 and §5 we optimize )\ for various configurations of identically-shaped holes inside the unit disk. The
advantage of considering the unit disk is that the solution to (1.5) is readily available. In §4.1 we optimize the
function p(x1,...,znx) in (1.4 b) when N identical holes are located symmetrically on a ring of radius r. For this
configuration we can calculate the function p = p(r) explicitly. From this formula it is shown that p(r) has a
unique minimum at some r = r., which depends on N. We then consider a related optimization problem for a
different N-hole pattern consisting of N — 1 identical holes located symmetrically on a ring of radius r and with

one hole located at the center of the unit disk.

In §5 we optimize p for a two-ring pattern in the unit disk that has a total of N identical holes. The generalization
to an m-ring pattern with m > 2 is also analyzed. Numerical results for the optimal configuration of holes when
N = 1,...,25, which are obtained by optimizing p with respect to the ring radii, are given. These results
are compared with numerically computed optimal configurations of holes in the unit disk obtained from the

Optimization toolbox program fminunc of MATLAB.

The results of §4 and §5 for the optimal configurations of holes inside the unit disk that maximize Ay are
qualitatively similar to numerical and experimental results obtained in [16] and [18], respectively, for ground-
state configurations of certain interacting particle systems. These systems are characterized by a balance between
an inter-particle repulsive Coulomb force and a global confinement potential. This potential, typically modeled
by a simple quadratic form, restricts the particles to some confinement cell (cf. [16],[18]). The optimization of p
in (1.4 b) has the same structure in that the decomposition (1.5 b) shows that G, is the sum of a pure Coulomb

singularity and a ‘confinement potential” R,, that is bounded inside (2.

In §6 we show that the problem of minimizing the function p(z1,...,zn) in (1.4) also arises in two other distinct
contexts. The first problem concerns maximizing the average oxygen partial pressure in a two-dimensional cross-
section of muscle tissue that contains N identical capillary cross-sections of small area. A mathematical model for
this problem is given in [20] (see also the references therein). The second problem concerns the determination of
the equilibrium locations of an N-spike solution to the singularly perturbed Gierer-Meinhardt reaction-diffusion
model (cf. [7]) in a bounded two-dimensional domain. In a certain asymptotic regime, the points z1, ...,y where
p(x1,...,zx) has a local minimum correspond to stable equilibrium points for the locations of the spikes. A few

conclusions and open problems are given in §7.
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2 Determining a System for the Fundamental Eigenvalue

We first consider (1.1) for the case of one hole. In [22] it was shown that as € — 0 the first eigenvalue A\ of (1.1)

has the asymptotic expansion:

Ao(€) = Ago + v(€)Ao1 + I/2(E)/\02 + -
Here, v(e) = —1/log(ed) where d is a constant that is determined by the shape of the perturbing hole. For the
unperturbed problem with ¢ = 0, we have Agop = 0. In the O(v) term, A\g; is independent of the position of the
hole at © = xg. Thus, we need higher-order terms to determine the location of the hole that maximizes the first
eigenvalue, A\g. An infinite logarithmic expansion for Ag(¢) has the form

. e 1
dole) =X() +0 (E) Y= i)

In [21] it was shown how to formulate an equation for A*(v).
To calculate A*(v) we use the method of matched asymptotic expansions as in [21]. Near the hole, we identify
an inner (local) region in terms of a local spatial variable y = ¢! (z — o), and where the hole is rescaled so that

Qe = Q. We expand the inner (local) solution as
v(y,e) = Avoc(y) +---, (2.1)
where v(y,e) = u(zg + ey, €). Here, A = A(v) ~ O(1) as € — 0, and v.(y) is the inner (local) solution satisfying
Ay, =0, y&Q; ve =0, y € 00, (2.2a)
vc~10g|y|—logd+l|)y;|g, Yy — 00. (2.2b)

In (2.2b), the constant d and the dipole vector p = (p1, p2) are determined from the shape of the hole.

In the outer (global) region, we expand the solution as
u(z,e) = u*(z,v) + pus(z,v) + -+, (2.3)
where p < (—1/loge)P for any p > 0. Also, we expand the eigenvalue, Ag, as
X(E) =X W)+ pA +---. (2.4)

Substituting (2.3) and (2.4) into (1.1 a)—(1.1 b), we obtain the full problem in a domain punctured by the point

Zo,
Aut +Xu* =0, z€O\{zo};: /(u*)2d;c -1, (2.5 )
Q
duut =0, o €. (2.5b)

The “missing” condition on u* is a singularity condition as * — z¢ that comes from matching u* to the local

solution. Substituting (2.2 b) into (2.1), and expressing the result in global variables, we obtain

- (z — o)

v(y,e) ~ Avlog|z — zo| +A—}—.€A1/p|x_$0|2 +---, y—o0. (2.6)
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Here, we have used that v = —1/log(ed). From (2.6), we see that the matching condition is
u*(z,e) ~Avlog|lz —xo| + A, == 20. (2.7)

This is the singularity behavior for the hybrid solution as  — zo. Comparing the terms in (2.6) and (2.3) at the
next order, we see that u = O(ev).
In the hybrid formulation, we aim to find u*(z,v) and A*(v) satisfying (2.5) and (2.7). To do so, we introduce

the Green’s function, G(z, zg, \*), for the Helmholtz operator, and its regular part, R(x, zg, \*), satisfying
AG+ NG =—6(x —x0), z€Q; o0nG=0, z€d90, (2.84a)
Gz, 50, \*) = —%log|$—wo| + R(z, 70, \*). (2.85)
In terms of this Green’s function, the hybrid solution, v*(z,v), is given by
u*(z,v) = =27 Av G(x,z9, \").
Using (2.8 b), we expand the hybrid solution as x — ¢ to obtain
u*(z,v) ~ Av log |z — z0| — 2 Av R(z0, %0, \*), x— xq. (2.9)

Matching requires that the expressions in (2.7) and (2.9) agree. The log |z — x| terms automatically agree, and
from the remaining terms, we obtain a transcendental equation for A*(v):
1
R(zo, 20, \*) = ——— . 2.10
(20,20, A7) = —5— (2.10)
To obtain the asymptotic behavior for Ag, we need the solution A* of (2.10) that tends to zero as v — 0.
Equation (2.10) can, in general, only be solved numerically as a function of v. Below, we only determine an
expression for A* that is correct to terms of order O(v?). To obtain this expression, we expand the Helmholtz
Green’s function, G(x, g, A*), in terms of A* < 1 as
1
G(.’L’,.’IJ(), /\*) = FGQ(.CE,.CE(]) + Gl(.’IJ,IEo) + )\*GQ(.’E,.CL'()) + - (211)
Substituting (2.11) into (2.8), we get a series of problems for the G;(z,2¢), j = 0,1,2,.... At order O(1/\*),
Gy satisfies AGyp = 0 in Q and 0,,Go = 0 on 912, from which we obtain that Gy is a constant. The higher order

corrections G; for j > 1 satisfy

—6(x — o) — Go, j=1, '
= ; ;= >1. .
A0; { -Gj_1, is1, TEM% oG =0, wed, j2>1 (2.12)

Applying the Divergence Theorem, we obtain that Go = —1/|Q|, where |} is the area of the unperturbed domain

Q. In a similar way, we also get that
/ Gr_1dx =0, k>2. (2.13)
Q

Thus, we have that G;(z,2¢), for each j > 1, satisfies (2.12) and (2.13). In particular, G1(z,2¢) (which we shall
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henceforth call G,,) satisfies
1

AGm:ﬁ—é(x—xo), ze, (2.14 a)
0Gm =0, z€09, (2.14b)
/ Gpdx =0, (2.14¢)
Q
Gz, m0) = —% log |z — zo| + R (2, z0) - (2.14d)

The function G, (x;zo) is called the Neumann Green’s function, or the modified Green’s function, and Ry, (z,zo)
is called the regular part of G, (z, o).

From (2.11), we write the two-term expansion

1
G(z,70,\*) = “n + G (z,20) + O(N). (2.15)
Using (2.14 d) in (2.15), we get that
G(z,z0,\") = “Tp 2 log |z — zo| + R (z,20) + O(X¥). (2.16)
Comparing terms in (2.16) and (2.8 b), we obtain
R(z,z9,\") = _W + Ry (z,z0) + O(AY). (2.17)

Substituting this expression into (2.10), we get the following asymptotic result:

Proposition 2.1:(One Hole) For ¢ — 0, the first eigenvalue Ao of (1.1) has the two-term asymptotic behavior

_ 2mv
9] (14 270 Ry (20, 20))

Ao (e) +0@?). (2.18)

Here v = —1/log(ed), and d is determined from the inner problem (2.2). An infinite order logarithmic expansion

for Ao is given by Ao ~ X*, where X\* is the root of (2.10).

2.1 Multiple Holes

Now, we extend the development above to the case of IV holes. Much of the analysis of §2.1 remains the same,

except now the single hole zg is replaced with z;, for i = 1,..., N. The hybrid formulation for N holes becomes
Au* +Xu* =0, ze€Q\UY, {z:}; /Q(u*)2d$ =1, (2.19a)

Opu* =0, z€0Q, (2.19b)

u* ~ Ay logle —zi|+ A, z—oxmi, i=1,...,N. (2.19¢)

Here, v; = —1/log(ed;), where d; is a shape-dependent parameter for the ith hole. Also, we have N unknowns,
A;, fori=1,..., N, with one normalization condition for u*, This condition effectively sets one relation between

the A;, fori=1,..., N.
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In terms of the Helmholtz Green’s function defined in (2.8), we can write

N
u*(z,v1,...,UN) = —271'2 ApveG(z, g, \°) (2.20)
k=1
N
~ Av;loglx — xi| — 2w AiviR(xs, x5, \*) — 2w Z ApviG(zi, g, NY) (2.21)
k=1
kZi

asx >z, fori=1,... N.
Matching requires that the expressions in (2.19 ¢) and (2.21) agree. The logarithmic terms agree, and from the
remaining terms, we obtain an N x N homogeneous linear system to solve for the A;
N
A; (14 2003 R(mi, 2, A)) + 21 Y A Glas, o, A*) =0, i=1,...,N. (2.22)
ki
A solution exists to (2.22) when the following determinant is zero:
(1 + 271 Rya (V) 212G (XY) e 2mvNGin (A7)
27T1/1G21()\*) (1 + 27TV2R22()\*)) : —0. (223)

27TI/1GN1()\*) 27TI/N_1GN(N,1)()\*) (1 +27TI/NRNN()\*))

Here we have defined R;;(\*) = R(z;, x4, N*), G (N*) = G(zi, 2, \*), for i # k, and v; = —1/log(ed;) for
i =1,...,N. We need the solution \*(v1,...,vn) of (2.23) that tends to zero as v; — 0, for i = 1,..., N.
Equation (2.23) provides an expression for A*(v) that sums all the logarithmic terms in the asymptotic expansion
of Ao().

As with the case for one hole in the domain, we derive an asymptotic formula for \* that has an error of O(v?).
This formula is again determined in terms of the Neumann Green’s function G,, and its regular part R,,, defined

in (2.14). Using (2.11) in (2.23), we obtain a homogeneous linear system to solve for the 4;,i=1,...,N:

N
27y; 1
A [1+ QWViRm(Z'i;ZUz’) - ‘Q|)\Z*:| + 27Tj=zlAjVj [_W + Gm(xi;xj) =0. (224)
J#i
It is convenient to write (2.24) in matrix form as
27
— — 2.2
Ca |Q|/\*BVa, (2.25a)
where V, B, and a, are defined by
vy 0 - 0 1 1 - 1
. Ay
y=| ¢ 0 , g=| 1 1 , a= : (2.25b)
I - - : An
O 0 - wn 1 1 1
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In (2.25 a), the matrix C is defined in terms of the Green’s function matrix G by

C=1+27GV, (2.25¢)
where
R (x1521) Gur(zi;x2) Gn(z1;2N)
Gn(z2;11)  Ry(x2;22) G (z2;23)
G= : : : : . (2.25d)
Gm(zn_1;2N—2) Rpm(zn—1;2nv-1) Gm(zn-1;2N)
Gn(zN;T1) Gn(zN;TN_1) Ry(zn;zN)
Let v, = j:I{lf]f).fNVj' Then, for v, sufficiently small, we can invert C, to obtain that A\* is an eigenvalue of the
matrix eigenvalue problem
Aa = Na, A= ﬁC By. (2.26)

By using this representation of A* we obtain the following result:

Proposition 2.2:(IN Holes) For e — 0, the first eigenvalue Ao of (1.1) has the two-term asymptotic behavior

N N
Xo(e) ~ A%, |Q| Zuj 2m ) > wivk (Gie) | + O(vh,) - (2.27)

j=1 k=1
Here (G),,, are the entries of the matriz G defined in (2.25d).
Proof: We first notice that the matrix BV has rank one, since V is diagonal and B = ege}, where ef = (1,1,...,1).
This implies that .4 has rank one, and so \* is the unique nonzero eigenvalue of A. Hence, A* = TraceA. By using

the structure of A in (2.26), we obtain from a simple calculation that

o ().

Finally, we use the asymptotic inverse C™! ~ I —27GV + - - for v,, < 1 to calculate ¢;jx. Substituting this result
into (2.28) we obtain (2.27). |

€, - (2.28)

As a Corollary to Proposition 2.2, we obtain the following result for N identical holes:
Corollary 2.3:(IN Identical Holes) Suppose that the N holes are identical, in the sense that € = ed; is

independent of j. Then, (2.27) can be written as the two-term expansion

2rNv  4n?1?

Ao(g) ~ A", A* = o Wp(:cl, o) + O(VP), (2.29)
where v = —1/logé&, and the function p(z1,...,zN) is defined by
N N
p@s,--en) =D (G);, = Ne'Ge. (2.30)
j=1 k=1

Here (g)jk are the entries in the matriz G, and e is the unit vector e = N~/2(1,..,1)*. For N circular holes of

radius €, thend; =1 for j=1,...,N, and so € = €.



10 T. Kolokolnikov, M. S. Titcombe, M. J. Ward

In the limit ¥ <« 1, we observe from (2.29) that the eigenvalue Ao(g) is largest for N identical holes, when the
hole locations 1, ..., zn are chosen so as to minimize the function p(z1,...,znN). Since G is a symmetric matrix,
it can be diagonalized as G = SAS?, where S is an orthogonal matrix of eigenvectors s; for j = 1,...,N, and A
is the diagonal matrix of eigenvalues u; for j = 1,..., N. Then, since s; and e are unit vectors, we can write p
in (2.30) as

N
p(x1,.-.,2ZN) = NZ/,L]' cos” ¢; , where cos¢; = s?e. (2.314a)

j=1
Here ¢; represents the angle between s; and e. Since S is an orthogonal matrix and e is a unit vector, the vector
Ste has length one. Hence, the spectral representation of our optimization problem is to minimize p in (2.31 a)

subject to the constraint

N
D cos’ ¢ =1. (2.31b)
i=1

3 One Hole in a Simply Connected Domain

In this section we consider (1.1) for one hole centered at some point zo € 2. We assume that Q is a simply-

connected domain that can be non-convex. From (2.18) of Proposition 2.1, the fundamental eigenvalue satisfies

2y Am2y?

ole) ~ -2 _ET V.
o)~ Tar T e

Ron(wo; 20) + O(V®). (3.1)

Therefore, Ao is maximized when the hole is centered at a point that minimizes R, (zo; o). An interesting question
is to determine whether there is a unique point xo in  that minimizes R, (zo;Zo), and consequently maximizes
Ao in (3.1).

To study this question, we require a formula for VR, (z; zo)|z=z,- By using a complex-variable method, such
a formula was derived in [13] in the context of studying equilibrium spike locations for the Gierer-Meinhardt
reaction-diffusion system. That result, which pertains to certain classes of mappings of the unit disk, is as follows:
Proposition 3.1([Theorem 4.1 of [13]]) Let f(z) be a complex mapping of the unit disk B onto 2, which

satisfies the following conditions:

(i) f is analytic and is invertible on B. Here B is B together with its boundary 0B.
(i) f has only simple poles at the points z1, 22, .., 2k, and [ is bounded at infinity.
(iii) f = g/h where both g and h are analytic on the entire complex plane, with g(z;) # 0.

(iv) f(z) = f(2).

On the image domain Q = f(B), let G,,, and R, be the modified Green’s function and its regular part, respectively,
defined in (2.14). Let R0 and VR, be the value of Ry, and its gradient evaluated ot xo. Then, we have
Vs(zo)
"(20)

VRmo = : (3.2)

<
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where zg € B satisfies xo = f(20), with o € Q, and Vs(2q) is given by

- (5 )
' 75 — —
o L e FE(fe-f2) H7\G=E T 1oz i
0 = 90 \ 112l 27 o) 200 * 210 - B39
Here |Q)|, denoting the area of 1, and 7; are defined by
9(z)f (£) u
T = — Q=—-7) 75. (3.3b)
7T Zh (%) JZI !

In the equation above, and for the rest of this section, we will treat vectors v = (v1,vs) as complex numbers

v1 + ive. Therefore, vw is assumed to be complex multiplication.

(a) The boundary of Q = f(B) (b) p(€) versus &

FIGURE 1. Left figure: The boundary of Q = f(B), with f(z) as given in (3.4), for the values of b as shown. Right: plots
of p(§), defined in (3.5), on 0 < ¢ < 1 for b = 1.05 (heavy solid curve), b = 1.2 (solid curve), b = 1.5 (dotted curve), and
b = 5.0 (widely spaced dots).

For our first example we take the following class of mappings considered in [9] and [13]:

1=z
&)= "5

Here b is real and b > 1. The resulting domain Q = f(B) is shown in Fig. 1(a) for several values of b. Notice that

(3.4)

Q — B as b — oco. In the other limit where e = b— 1 — 0%, Q approaches the union of two circles centered at
(i%, 0), with radius %, which are connected by a narrow channel of length 2¢ + O(g2). It is easy to see that  is
non-convex only when 1 < b < 1+ /2. For this example, it was shown using (3.3) (see §4.1 of [13]) that there is
a unique root to VR0 = 0 for any b > 1, and that this root is located at zy = 0. To show this, the vector field
generated by (3.3) was plotted in Fig. 3 of [13] for points in the first quadrant. For points along the real axis
where 29 = Zo = &, and —1 < £ < 1, a straightforward calculation from (3.3) yields that Vs(z¢) = $88) | where

27
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the even function u(&) is defined by

2 (12 (2 1 p2)\2
M(E)E% b +1) — (&2 +bv?) 1

, (b = DB+ 1)(E+ )€ —1)
G _ena-e) e 10T W+ )02 — )3

Since f(0) = 0, the uniqueness of the root to VR0 = 0 follows provided that u(€) is of one sign for 0 < £ < 1

(3.5)

and for any b > 1. It is easy to show that x(0) > Oforany b> 1, u — 4ocoasé — 17, and g (£) >0on 0 < £ < 1.
Therefore p(€) > 0 on 0 < € < 1, and the uniqueness of the root to VR, = 0 follows. In Fig. 1(b) we plot u(&)
on 0 < £ < 1 for several values of b. Since R,,,0 — +00 as x¢ approaches a point on the boundary of Q from within
(cf. Appendix A of [13]), we conclude that zg is the unique minimum point of R, (zg;zo). Therefore, from (3.1),
2o = 0 is the unique point in 2 that maximizes Ag.

The interpretation of this result, within the context of the Brownian motion problem discussed in §1, is that
the best place to catch a Brownian particle in a symmetric dumbbell-shaped domain is to locate the trap in
the center of the channel connecting the two lobes of the dumbbell. This choice of trap location minimizes the
expected lifetime of the Brownian particle and is preferable to locating the trap in the center of one of the two
lobes of the dumbbell.

In [13] a boundary integral method was used to show the uniqueness of the root to VR0 = 0 for a few other
non-convex domains (see Fig. 7 and Fig. 8 of [13]). Based on this additional numerical evidence, it was conjectured
in [13] that there is always a unique root to VR, = 0 in any simply-connected non-convex domain. Our next
example, based on an asymmetric dumbbell-shaped domain, shows that this conjecture is, in general, false.

Let B be the unit ball, and consider the mapping Q = f(B) generated by

K2z
= a>1, b>1, wk=(a-1)(b+1). 3.6
f(z) C—aGTD (a-1)(b+1) (3.6)
Here « has been chosen so that f(1) = 1. For this example, a lengthy but straightforward calculation using (3.3)
yields
1 b% + 3abzy + Z5 — ba? T T.
Vs(z) = — |—20 4 @ ¥30%t % —ba” | T2 3 (3.7a)

2r [1—1202  (a—Z0)(b+720)(Z5 +ab)| 2/Q]  2|Q|’
where T5 and T3 are given by
k2(z2 + ab)(|20|® — 1)(z0 + abZo)
=+ 2(% 2 p= ) (3.70)
(Z() — a) (Zo + b) (a — Zo)(b + Z(])(]. + bZo)(—l + (lZ())
k2a(l + a®b)(1 — 2azo + a?)
(@+b)(a—1)2(a+1)2(1 + ab)?(a — Zo)(—1 + aZo)
k2b(1 4 ab®)(1 + 2bzy + b2)

T; =

. . 3.7
T aT DB =120+ 12(1 + ab)2(b + Z0)(1 + b70) (8:7¢)
The area of the domain is given by
. 1 3 2 _ 1 2 2 _ 1 2 1 3
) = w2 [A0F @D 12 +ba 1201 + ab) 1)

(a+b)(1 + ab)2(a? — 1)2(b% — 1)?
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T T 5.0 T T
1o} . /

4.0 - 1

Yy 00r B ¥ 3.5 - 8
3.0 -
—0.5 | 4
2.5 -
—1.0 - 4
. ‘ ‘ ‘ . 20 ‘ ‘ . .
1.0 0.5 0.0 0.5 1.0 1.0 0.8 0.6 0.4 0.2 0.0
x Yo
(a) The boundary of Q = f(B) (b)

FIGURE 2. Left figure: The boundary of Q = f(B) for (3.6), where a = 1+¢, b =1+¢7, and € = 0.02. The nested ’circles’
in the left lobe of the dumbbell are for v = 1.0,1.2,1.5,2.0,4.0. The radii of these circles decrease as 7y increases. Right
figure: plot of 4% = H(yo), versus 4o, where H(yo) is given in (3.18). This plot determines the zeroes of VR0 = 0 inside
the right lobe of the dumbbell.

We now choose a and b by
a=14e, b=1+ey, (3.8)

where 0 < € € 1, and v > 1. In the limit € — 0, it is easy to see that Q = f(B) approaches the union of two
circles; a larger circle centered at (1/2,0) of radius 1/2, and a smaller circle centered at (—1/(27),0) of radius
1/(2). Plots of Q are shown in Fig. 2(a) for ¢ = 0.02, and for several values of v. For € — 0%, we have from (3.6)
and (3.7 d) that
m(1+9%)

4v2

We now look for roots of VR0 = 0 where o = f(20) and zg is inside the unit disk. It is clear from (3.6) and
(3.8) that there are two distinguished limits: |z| < 1 and 1 — |2z9| = O(e) for which 2o = O(g) and zy = O(1),

K~ 2¢, | ~ (3.9

respectively.
Assume first that 1 — |29| = O(1). We substitute (3.8) into (3.7) to obtain 75 = O(e?) < 1, and that
1 20 3% + 75 K2 ( 1 1 )
Vs(zp) ~ — + + + . 3.10
(20) 27 ll — 2> (1-23) (z3+1) 16|Qle2 \Zo —1  ~2(z0 + 1) (3:10)

Substituting (3.9) into (3.10), we obtain after a little algebra that

1 2Re(29) 2
Vs(z0) ~ 5 [(1 B (113 + 7= 1] ; (3.11)
where 8 = (y* —1)/(¥* + 1). Setting Vs(20) = 0, we get
R 1+7 _ ,
- _e(g))P =8 (1 s ;g) =5 _ﬂzgf (1 — [7o]* — 4iRe(z0)Tm(z0)) - (3.12)

By taking imaginary parts of (3.12) we get Im(zy) = 0. Then, upon setting zo = £, where |£| < 1 is real, we obtain
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from (3.12) that
2
s € _1 -1
-2 =1
Let v > 1. Then, for 0 < § < 1/2, there is a unique root & to (3.13) inside the unit disk. Notice that £ — 1~ as
B — (1/2)". The root g = f(&o) to VRyo = 0 in § is obtained by letting & — 0 in (3.6) and (3.8). In this way,

we obtain for 1 < v < v/3 that there is a root to VR0 = 0 in Q at the point o = f(&), where

_ 2ep _ 26(’72 — 1) _ i B 1 }
o = V1 — 432 h V1072 =3(y" + 1) o = 28 \/7@21 (3.14)

For v > 1, we have from (3.13) that 0 < 8 < 1. However, from (3.14) we observe that £ ~ 1 when § ~
1/2+ O(g?). Therefore, the analysis leading to (3.14), which assumed that 1 — |z| > O(e), becomes invalid when

(3.13)

B ~ 1/2. To determine if there are any roots of VR0 = 0 when 1/2 < 8 < 1, or equivalently when vy > /3, we
must study the distinguished limit where 1 — |z9| = O(e) in (3.7). For this case, we look for a root of VR0 =0

with z¢ real and

a=14¢e, b=1+7e, z=1—¢p. (3.15)
Substituting (3.15) and (3.9) into (3.7), and letting € — 0, we obtain that
1 [1 1 " 4

~—— 1- 01 3.16

Vo) ~ oz |3+ 1)+ EEG = | @) O (3.160)
1 (Bu+1) 4p (e +3) ]

~ — - 0(1). 3.16b
T | T G e oW (3.168)

Setting Vs(z9) = 0, we obtain a relation between v and u of the form
o Bp+l)(u+1)?
(k—1)(p> +6p+1)

Substituting (3.15) into the mapping (3.6), we obtain a relation between o and pu. Combining this relation with

(3.17)

(3.17), and defining yo by yo = 2z¢ — 1, we get
1 1 2o
wo=5(o+1), Y =H(yo)= —5 -
Yo(y5 — 2)

R P 2
In Fig. 2(b) we plot v2 versus yo on —1 < yo < 0, which corresponds to the interval 0 < z¢g < 1/2. A simple

(3.18)

calculation shows that H(yg) > 0 for —1 < yo < 0. On this range, H(y) has a unique minimum at y = yo., with
H'(y) <0 for =1 < yo < yo. and H (y) > 0 for yo. < yo < 0, where

3 5 27
o= 1=V, soc=1-L2 5 = G = | YT 1565, (3.19)

We summarize our result for the asymmetric dumbbell-shaped domain as follows:
Proposition 3.2 Consider the mapping (3.6) of the unit disk, with a =1+ ¢ and b =1+ &y, where e > 0 and
v > 1. Suppose that 1 < v < v, = 1.59657. Then, for € K 1, there is a unique root to VR0 = 0 in Q0 at the point
zo = f(&) = O(€), where g is given in (3.14). On the range 1.59657 < v < /3, VR0 = 0 has three roots. The
smallest root is xog = O(g), as given by (8.14), and the other two roots xor, and xor, which satisfy ror, < 1— \/3/2
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and zor > 1 —+/3/2, are the solutions of v = H(2zo — 1), where H(yo) is given in (3.18). As v — /3 from
below, the root xor, tends to zero and annihilates the smallest root zo in a saddle-node bifurcation. For v > /3,
VRmo = 0 has a unique root zor, which satisfies v = H(2xg — 1). As v — 0o, we have that o — 1/2.

This result shows that for a slightly asymmetric dumbbell-shaped domain, where 1 < v < 1.59657, the optimum
place to maximize )g in (3.1) is to put the trap in the channel region of the dumbbell, but shifted slightly towards
the side of the largest lobe. For v > 1, where the left lobe of the dumbbell is very small (see Fig. 2(a)) the
optimum place to insert the trap is near the center of the right lobe of the dumbbell. These two limiting results
are certainly plausible in the context of the Brownian motion problem of §1. However, the result of Proposition 3.2
show that the transition between these two regimes has a complicated bifurcation structure for 1.59657 < v < /3,
where A\g has two local maxima and one local minima.

We now give an independent verification of the result of Proposition 3.2 for the roots of VR, = 0 with
o = O(1). This analysis provides an alternative approach to the straightforward, but lengthy, calculation given
above, which was based on the residue formula (3.7).

Consider two non-overlapping domains joined together by a very narrow channel on a sub-scale of size €.
Therefore, the outer problem consists of two domains 27, and Qg joined together at some point y = o. We denote
Vi = Q| and Vg = |Qg| as the areas of 7, and Qg, and we set V = Vi, + Vg. Let G.,,(y;90) be the Neumann
Green’s function for Q = Qy, U Qg U {o}. satisfying

1
AGm:v—(S(y—yo), y € Q; OnGm =0, yedQpuiQpg, (3.20)
with [, G dy = 0. Now let g,,,(y;90) be the Neumann Green’s function for Q, so that
1
Agm = Ve 6(y — o), Y€ Q; Ongm =0, y€r\{o}, (3:21)

with fQR gmdy = 0. We then write G, = g, + u. For y € Qg, we obtain, up to some constant, that

1t
TV VR

Since there is a singularity at the joining point o, we look for a solution to (3.22) in the form u = ag,,(y; o), where

Au y € Qg; Ohu=0, yedr\{o}. (3.22)

a is to be found. A simple calculation using (3.21) and (3.22) determines « as a = =V, /(Vy, + Vg). Therefore,

Gm(y;90) = 9m(y; v0) — (y:0). (3.23)

Vi
Vi + Vg Gm
We define the regular parts R, (y;yo) and 7, (y;yo) of Gy, and g, respectively, as
1 1
Gm(y;yo) = —5-10gly = yol + Rm(yi90) . 9m(y590) = —5—1og |y — ol +7m(y; yo) - (3.24)
Therefore, from (3.23) we get

Vi
- mgm(yy U) . (3-25)

Suppose now that Qg is the unit ball centered at the origin and that yy € Q5. We also assume that €, is joined

R (y;90) = Tm (Y5 y0)

to g at the point o = (—1,0). For the unit disk |y| < 1 the functions 7, (y;y0) and g, (y;0) can be calculated
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explicitly. The results, given below in (4.4 b), yield

1 3 1 1
il 0) = 5 [ 108 oty = 22| S0+ ) = 3| gty ) = 51 [ —2nogly 11~ 5] - s26)

We substitute (3.26) into (3.25) and calculate VRy, (¥;Y0)|y=y, = VRmo to obtain

1 lyol* — 2) Vi, ( 2 )}
VRpyo = — — - . 3.27
7 o [y°<|yo|2—1 Vi + Ve \"° " g +1 (3:27)
Setting VR,,0 = 0, and taking yo to be real, we obtain that
) ()
= - ; 3.28
v (1—3/3 Vo + Ve \%° Yo +1 (3.28)

Now suppose that Vg/Vz = 2. This is precisely the relationship between the two lobes of the dumbbell under
the mapping (3.6) when ¢ < 1. Then, a simple calculation from (3.28) yields that VR0 = 0 when

2—yo
220 3.29
T T w@E—2) (3.29)

This expression is precisely the relationship derived earlier in (3.18) from the residue formula (3.7).

4 Multiple Holes in the Unit Disk: One Ring Configurations

Let © be the unit circle, so that || = m. For this domain, the Neumann Green’s function G, in (2.14) has the
form (cf. [23])

1
Cnw:€) = o (—log|x €~ log

ele] - |§|‘ e +167) +C(©)) (4.1)

for some C(€). To determine C, we multiply (2.14 a) by G (2; ¢ ) and integrate over the unit disk €. Then, upon
using [, Gm (25 €)dz =0, we get

/Q G (@36 ) AGo (2:€) dr = —Gon(£;€) . (4.2)

Integrating (4.2) by parts, and using the Neumann boundary condition for G,, on 9, we obtain

Gm(&:€) = /Q VG (@56 ) - VG (236 de (4.3)

’

This shows the reciprocity relation G (&;€) = Gm (£ ;€). From this relation and (4.1) we obtain C(¢) = C(¢),
so that C(§) = C is independent of £. To determine C, we evaluate (4.1) with source point at £ = 0, and we
integrate G, (z;0) over Q using [, Gm(z;0)dz = 0. Then, since [,log|z|dz = —n/2 and [, |z|* dz = 7/2, we
obtain that C' = —3/4. Therefore, for the unit circle, the Neumann Green’s function G, and its regular part R,,

from (2.14 d) are given explicitly by

Gon(2:) = -~ loglo = €] ~ 1og

2lé] - |§|‘ Ll + 1) - ) (440)

Ron(656) = 5 (1o el -

2_3
|§| + el ) (4.45)
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We now optimize p in (2.30) for certain patterns of identical holes in the unit disk.

4.1 One-Ring Solutions: Identical Holes

To calculate the entries in the matrix G in (2.30), it is very convenient to represent points in the unit disk as
complex numbers. The following simple formula is central to our analysis:

Lemma 4.1: Let N > 0 and n be integers, and i = +/—1. Then, for y > 0, we have

N
H (IE _ yeZWi(jfn)/N) =N _ yN . (45)

Proof: Consider the polynomial ¢(z) = 2 —w, where w = |w|e®®. The N roots for q(z) are z = |w|'/N eH0+2m)/N

for j =1,..., N. This yields the factored polynomial

N
N _jlei? = H (z _ |,w‘1/Nei(0+27rj)/N) ‘ (4.6)
j=1
Now suppose that w > 0 and real, so that we can write |w| = y¥ for y > 0 and § = —27n, where n is an integer.
Then, (4.6) reduces to (4.5). |

Consider a pattern with N identical holes located symmetrically inside the unit disk as

z; =re?™/N =1, N, (Patternl), (4.7)

for some ring radius r > 0, with 0 < r < 1, and N > 1. We will optimize p in (2.30) with respect to r.
With Lemma 4.1 we readily obtain the following result:
Lemma 4.2: Let N > 1 be an integer and let z; for j =1,...,N satisfy (4.7). Then, we have

N
Zlog mj|xk|—$—k‘=log(l—r2N) , (4.8 a)
= ||
N
37 (I ? + |z ?) = 2N02 (4.8)
j:l
Zlogm — x| = log (NrN71) . (4.8 ¢)
J#k

Proof: We first prove (4.8 a). Using z; = re?™/N | we calculate using Lemma 4.1 that

Z log

N
Zlog ‘,,.2627rz]/N 2mk/N‘ — log H ( F22mili— k)/N) =1log (1 _T2N) . (4.9)

Jj=1

zj|zg| —
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The proof of (4.8 b) is immediate since |z;|?> = r%. Finally, we prove (4.8 ¢). We first write that

ilog |z; — zx| = log ﬁ <Te2”ij/N - re2”k/N) = log ﬁ (r - re%i(j_k)/N) . (4.10)
J7h i7k ik
Then, using Lemma, 4.1 we obtain
log - (2 = yeri=) | Z1og M‘ — Jog oM [1+ (%) . (%)Nl] (4.11)
i7k
Using (4.11) with £ = y = r, and substituting the result into (4.10), we readily obtain (4.8 c). [ |

Next, we use Lemma 4.2 to calculate p in (2.30) explicitly. The result is as follows:
Proposition 4.3:(One Ring) Let N > 1 be an integer, and let x; satisfy (4.7). Then, p = p(r) in (2.30) is
given by

1 N2
p=5- [—Nlog(NrN_l) — Nlog (1 —r*N) +r?N? — P’T (4.12)
Y
Proof: We write p in (2.30) as
N N
pzz Rm(a:k;xk)+ZGm(xj;xk) . (4.13)
= 17k
Substituting (4.4) into (4.13), we obtain
N N N N
_1 zp |1 ) 3N
p—%z — > log |x;|zk| o8] +§Z(|$J’| + |z )—T—Zlogle—wk : (4.14)
k=1 j=1 j=1 i=1
i7k
Using the formulae of Lemma 4.2 directly in (4.14) we get (4.12) for p. ]

Next, we optimize p with respect to the ring radius r. Setting p (r) = 0, and recalling (2.29) with |Q| = 7, we
obtain the following main result for a one-ring pattern:

Proposition 4.4:(One Ring) Let Q be the unit disk, N > 1 be an integer, and suppose that the centers x;, for

j=1,...,N, of N identical holes are located symmetrically on a ring of radius r according to (4.7). Then, the
first eigenvalue \o(€) of (1.1) is given asymptotically by

Ao(g) ~ A*, X = 2Nv — 47?p(r) + O(V®). (4.15)

Here v = —1/loge, and p(r) is given in (4.12). The function p(r) has a unique minimum at r = r., where r. is
the root of the transcendental equation
2N
r N-1 9
= —ro. 4.16
1-r2F ~ 2N " (4.16)
For Pattern I, the ring radius r. mazimizes \y(¢) through terms of order v?.

The fact that there is a unique r = r, where p (r) = 0 is seen from (4.16). Since the left-hand side of (4.16) is
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monotonically increasing in 0 < r < 1, while the right-hand side of (4.16) is monotonically decreasing, it follows
that there is a unique 7 = r in 0 < r, < \/(IN — 1)/(2N) where p (r) = 0. A simple calculation then shows that
p () >0, so that 7. does indeed minimize p(r).

Before discussing numerical realizations of this result, we consider a different pattern of N identical holes. We
consider NV — 1 holes symmetrically located on a ring of radius r, with one hole located at the origin. The centers

of the holes satisfy
z;=re? ™/ N-1 " j—1  N—-1; 2ay=0, (PatternII). (4.17)

For this pattern, the following result is obtained in place of Lemma 4.2:
Lemma 4.5: Let N > 1 be an integer, and let z; for j =1,...,N satisfy (4.17). Then, we have

Zlog zjlzr| — o] ‘ log ( rz(N_l)) (1= 06k,N) , (4.18 a)
Z Z (I + lzx|?) = 2N(N = 1)r?, (4.18 D)
k=1 j=1
_ — ( - 1) IOg’f', k= N,
Zlog s =il = { logr +log (N =1)rN=2) | k#N. (418¢)
Hﬁk

Here 6; 1, is the Kronecker symbol, with ép, =1 and §;, =0 if j # k.
Proof: The proof of this result is very similar to that of Lemma 4.2 and is omitted. Notice that special attention

is needed since zny = 0. [ |

By using (4.4), together with the formulae of Lemma 4.5, we obtain the following result for p:
Proposition 4.6:(One Ring and a Center Hole) Let N > 1 be an integer, and let x; satisfy (4.17). Then,
p=p(r) in (2.80) is given by
1
27

—(N =1)log [(N = 1)rN] — (N —1)log (1 - r2(N_1)) +r’N(N —1) - 3N

1 (4.19)

p:

Finally, we optimize p with respect to the ring radius r. Setting p' (r) = 0, we obtain an equation for r = r,
that has a unique root 7., with p" (re) > 0. This leads to the following main result for Pattern II.
Proposition 4.7:(One Ring and a Center Hole) Let Q be the unit disk, N > 1 be an integer, and suppose
that the centers xj, for j =1,...,N of N identical holes satisfy (4.17). Then, the first eigenvalue \o(g) of (1.1) is
given asymptotically by (4.15), where p = p(r) is given by (4.19). This function has a unique minimum at r = r,,

r2N -2 N (1
= S 2. 4.2
1— 282 N—1(2 T) (4.20)

For Pattern II, the ring radius r., satisfying r> < 1/2, mazimizes \o(¢) through terms of order v>.

where r. satisfies

In Table 1 we give numerical results for the optimum ring radius r. and the minimum value p. = p(r.) for both

Patterns I and II. In Fig. 3(a) we plot p versus r for Pattern I, corresponding to 2, 3, and 4, holes on a ring. For
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IN| re | pe | T | pe |
2| 0.4536| -0.3017| 0.5412| -0.1336
3| 0.5516 | -0.5813| 0.6200| -0.4205
4| 0.5986| -0.8893| 0.6584| -0.7677
5| 0.6252| -1.2073| 0.6796| -1.1374
6| 0.6416| -1.5260| 0.6918| -1.5134
7| 0.6528 | -1.8398| 0.6988| -1.8871
8| 0.6604| -2.1451| 0.7026| -2.2538
9| 0.6662| -2.4391| 0.7048| -2.6104
10| 0.6706 | -2.7200| 0.7058| -2.9549

Table 1. Numerical results for the optimum radius r. and the minimum value p. = p(r.). The second and third
columns are for Pattern I where N holes are on a ring. The fourth and fifth columns are for Pattern II, where
N —1 holes are on a ring, and one hole is at the origin.

these values of N, a plot of Ag(e) versus € at the optimum ring radius is shown in Fig. 3(b). A similar plot is
shown in Fig. 4 for Pattern II. From Table 1 we observe that Pattern II gives a smaller value for p than Pattern
I, and hence a larger A\g(g), only when N > 7. In Fig. 5 we plot p versus r for Pattern I consisting of 7 ring holes
and for Pattern II consisting of 6 ring holes and a center hole. The second pattern provides a marginally smaller

value of p at the optimum ring radius.

1.5 - T T 6.0 T T T

~1.0 1 1 1 I 0.0 1 L I I 1 L I I I

0.0 0.2 0.4 0.6 0.8 10 0.00 001 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
r €
(a) p versus r: Pattern I (b) Ao versus e: Pattern I

FIGURE 3. Left figure: plots of p(r), given in (4.12), for N = 2,3,4 holes on a ring. Right figure: plots of Ao versus ¢ in
(4.15) at the optimum ring radius. The labels are N = 2 (heavy solid curve), N = 3 (solid curve), and N = 4 (dotted
curve).

Next, we consider the limit N > 1, with Ne <« 1. For both patterns it is easy to see from (4.16) and (4.20)
that r. — 1/ V2 for N > 1. Hence, for N >> 1, the optimum value 7, = 1 / v/2 is the one for which the holes on
the ring separate the unit disk into two regions each of area A = /2.

The results of Propositions 4.3 and 4.4 for Patterns I and II have a natural interpretation in terms of spectral
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5.0 F BUUTE
40f 4
Ao 30
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0.0
0.0 0.2 0.4 0.6 0.8 10 0.00 0.0l 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
r €
(a) p versus r: Pattern II (b) Ao versus e: Pattern II

FIGURE 4. Left figure: plots of p(r), given in (4.19), for holes on a ring together with a center hole. Right figure: plots
of Ao versus € in (4.15) at the optimum ring radius. The labels are N = 2 (heavy solid curve), N = 3 (solid curve), and
N =4 (dotted curve).

4.0 T T T 1

0.2 0.4 0.6 0.8 1.0

FIGURE 5. Plot of p versus r for 7 holes on a ring (heavy solid curve), and 6 holes on a ring together with a center hole
(dotted curve). Notice that the configuration with a center hole gives a slightly smaller optimum value for p.

properties of the matrix G. Recall that p was given in terms of the eigenvalues and eigenvectors of G in (2.31).
We begin by stating a lemma concerning the spectrum of an arbitrary N x N symmetric and cyclic matrix.

Lemma 4.8:(Cyclic and Symmetric Matrix) Consider the N x N cyclic matriz M defined by

ai as as s an
an ay az - aN—1

M=| av-1 aN @ - an-z | (4.21)
as as aqg - ai

Assume also that M is a symmetric matriz, so that as4+; = an—; for j =0,...,N — 2. Then, the eigenvalues x;
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and the (unnormalized) eigenvectors v; of M, for j =1,...,N, are given by
N—1
2n(j - 1)k) t 2n(j — 1) 2n(j — DIV 1)
Xj = Z Qg+1 COS <7 , v; =\ 1l,cos { ———),---,cos . (4.22)
P N N N

Proof: Let 2V = 1, so that z = €2™/N for j =0,..., N —1. Define v by v’ = (1,2,2%,...,2N71). Then, a direct

calculation shows that Mwv = yv, where

N-1
X= Y arp12". (4.23)
k=0

Then, using the symmetry of the matrix M, so that an_; = asy; for j =0,..., N —2, and the N possible values
for z, we obtain that (4.23) reduces to the expression for x; in (4.22). Since M is symmetric, the eigenvectors are

found by taking the real part of vt = (1,2,22,...,2¥71). [ |

For Pattern I, given by (4.7), it is easy to see that G is a symmetric and cyclic matrix. Therefore, from (4.22),
we conclude that st = N~1/2(1,...,1) is an eigenvector of G for any ring radius . By the orthogonality of the

eigenvectors of G, it follows that the sum in (2.31 a) collapses to the one term
p(x1,...,xN) = Npyg - (4.24)

Here 4 is the eigenvalue of G associated with s;. From (4.22), u; corresponds to x1, and hence

N
751 :Rm(.’L'l;Z'l)-}-ZGm(.’L'l;.’L'j). (425)

=2
Therefore, the optimization procedure for N holes symmetrically placed on a ring is equivalent to determining
the critical ring radius r, that minimizes p; .
To obtain a similar spectral characterization for Pattern II we need the following modification of Lemma 4.8.

Lemma 4.9:(Symmetric and Near Cyclic Matrix) Consider the N x N near-cyclic matriz M defined by

ay a9 ag --- anN_1 o«
aN-—1 a1 az --- 4aN-2 «
aN—2 aN-1 @1 -+ 4aN-3 «
M= (4.26)
Qa
a2 as aq - ai o
a a a e a B
Assume also that M is a symmetric matriz, so that asy; = an—j—1 for j =0,...,N — 3. Then, the eigenvalues
X; and the unnormalized eigenvectors v; of M are given by
1
N_2 omik cos (2mj /(N — 1))
Xj:zakHCOS(N_l)’ v = : , j=1,...,N—=2. (4.27)
k=0 cos (27j(N —2)/(N — 1))

0
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The other two eigenpairs v4 and x4 are given by

X:|:=a’7:|:+é-7 Uﬁtz(la"wla’yi)a (428&)

where v+ and ¢ are defined by

A /2 N-1
_ =8, [€=p" ' _
we-tgBe B w0 L =T (4.285)
Proof: Let 2V ~1 = 1, and define v* = (1, 2,...,2V~2,0). Since Zj.\[;(f azl =a(zN"1-1)/(z—1) =0, we can

proceed as in the proof of Lemma 4.8 to obtain (4.27). To prove (4.28) we let v* = (1,...,1,7) and we calculate
that Mwv = Av, provided that X\ and + satisfy the coupled system

(N -1Da+py= My, C+ay=A. (4.29)
Solving (4.29) for A and v we obtain (4.28). [ |

For Pattern II, where the hole locations satisfy (4.17), it is easy to see that G has the form of the matrix in

Lemma 4.9, where o and 8 are given by

B 1 r?2 3 B 3
CY:G(.'L']';O):% —10gr+5—z , ’BZRm(O;O):_S_r' (4.30)

The eigenvectors v; for j = 1,..., N — 2 in (4.27) are orthogonal to the vector e’ = N='/2(1,...,1). Therefore,
the sum in (2.31 a) collapses the sum of two terms

(V=147 [(N=D+y

(N-1)+% X~ (N-1)++2 (4.31)

p(ﬂ?1,---,ﬂ?N)=X+

Here x+ and wy are given in (4.28 a) and (4.28 b), where ( = Ry, (@1;21) + Zjvz_; Gm(z1; ;). Therefore, the
optimization procedure for a ring with a center hole is spectrally equivalent to minimizing (4.31).

In §9 of [21] (see Fig. 11 of [21]) numerical results were given for the solution A* to (2.23) for two separate
four-hole patterns in the unit disk. The hole locations for these patterns are either z; = 1e™2+D/4 or z; =
Lemi@i+1)/4 for j =0,...,3. From (4.12), the values of pin (4.15) are either p = .1439 or p = —.8295, respectively.
Recall that the solution, \*, to (2.23) provides an approximation to Ag that is asymptotically accurate to all
logarithmic terms. In Fig. 6 we show a reasonably favorable comparison between the two-term result of (4.15)

and the numerical results for A\*, computed in [21], for each of these four-hole patterns.

5 Multiple Holes in the Unit Disk: More General Configurations

A similar analysis can be done for the case of two rings, where K holes are on an inner ring of radius r, and J

holes are on an outer ring of radius p > r, so that

& =re?™HE  p=1.. K; yj:pe2”j/‘]ei¢, ji=1,...,J. (5.1a)
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€

FI1GURE 6. Plots of Ao versus e, computed from the two-term asymptotic result (4.15), for a four-hole pattern with holes
at z; = ie’”(zﬁ'l)/‘l (heavy solid curve) or at z; = %6”(27"'1)/4 (solid curve), for j = 0,...,3. The discrete points are the
numerical results A* of [21], computed from (2.23), that involve summing all the logarithmic terms in Ao.

Here ¢ represents a uniform phase angle between the hole locations on the two rings. Collectively, the hole
locations are arranged according to

— §n n=1,..., K,
m"_{yn_K n=K+1,...,J+K. (5.1b)

Here N = J + K is the total number of holes. For this two-ring configuration, the following lemma allows for an

explicit calculation of the matrix G in (2.30).

Lemma 5.1: Let K > 0 and J > 0 be positive integers, and i = /—1. Then, for y > 0, we have

ﬁ (a: _ ye27rikJ/K) _ (wK/g _ yK/g)g 7 (5.2)

k=1
where g = gcd(J, K) is the greatest common divisor of J and K.
Proof: Consider the polynomial ¢(z) = 2" — w™, with w = |w|e?’, where m and n are relatively prime positive

integers. Then, we can factor the polynomial as
2" — ™ = H (Z _ |w|m/nez’(9+27rk)m/n) . (53)
k=1

Now suppose that J and K are two positive integers. We write these integers as J = gm and K = gn, where m

and n are relatively prime integers and g = ged(J, K). From (5.3), we then obtain

(zK/g _ wJ/g)g _ ﬁ (z _ |w|J/Kei(9+27rk)J/K) . (5.4)

Finally, substituting z = =, w = y*/7 > 0, and = 0, into (5.4), we obtain (5.2). [ |

With Lemma 5.1 we can derive the following result:
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Lemma 5.2: Let N > 1 be an integer and let x; for j =1,...,N satisfy (4.7). Then, we have

Z Z log |z m|2n| — | | =log (1 —r?K) +1log (1 — p*’) + 2glog|(rp)”&/9 — et/ K9/ (5.54a)
m=1n=1
LN
= (|zm [ + |zn|?) = K2r® + KJ(r* + p*) + J?p?, (5.5b)
2 m=1n=1
N N
Z Z 10g |Tm — zn| = K log (Kr® 1) + Jlog (Jp’ ') + 2glog |rT K19 _ pTK/9giT K/ (5.5¢)
m=1 n=1
n

Proof: For each of the terms above we decompose the double sum using the block structure of G as

N N K K J J K J
DN emn =)D aw + DD i 2D i, (5.6)
m=1n=1 k=1pg'=1 j=lj'=1 k=1j=1
where ¢, is any one of the terms on the left hand-side of the expressions in (5.5). The first two terms on the
right hand-side of (5.6) were calculated in Lemma 4.2. Therefore, we need only calculate the ring-interaction term
n (5.6), represented by the last term on the right hand-side of (5.6).
We first establish (5.5 a). Using (5.1 a), together with equation (4.6) of Lemma 4.1, we calculate

K J K
ZZ]Og £k|yj| ‘ ZZlog‘ rp 27rzk/K _€z¢>+27rz]/J‘ _ Zlog

k=1 j=1 k=1 j=1

K

H (1 _ (rp)ei(9+27rk)/K)

k=1

’

0g|1 "9| (5.7)

HM&

where 6 is defined by § = —K¢ — 27jK/J. We then use (5.3) of Lemma 5.1 to calculate the last expression in
(5.7) as

33 e

J
6uls| - 2| =10 g [T () — exor2m02) | grog gy 20— esrxs] (s
k=1 j=1 j=1

Finally, substituting (5.8) into the generic form (5.6), and using (4.8 a) of Lemma 4.2 to evaluate the self-interaction
term for each ring, we obtain (5.5 a).

Next, we prove (5.5 ¢). Using (5.1 @) and (4.6) of Lemma 4.1, we calculate

K J J J
Zzloglfk_yﬂ:Z]Og =Zlog
j=1

k=1 j=1 j=1

Z og‘p iK¢72m'jK/J‘ : (5.9)

K
H (p _ Tei(0+27rk)/K)

k=1

K
H (Tesz'k/K _ pez’¢+2m'j/J)
k=1

<

where 6 is defined by § = —K¢ — 27jK/J. We then use (5.3) of Lemma 5.1 to calculate the last expression in
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(5.9) as

K J

J
> Y toglé -yl =log |J[ (= p¥ 2 KT ) | = glog |70 - pKIagi6TKN| - (5.10)
k=1 j=1 j=1

Then, combining (5.10), (4.8 ¢), and (5.6), we obtain (5.5 ¢).
Finally, the proof of (5.5 b) is straightforward since |z, | =rifm=1,...,K,and |zn| = pifm=K+1...,J+
K. [ |

By using (4.4) and Lemma 5.2 to calculate p in (2.30) explicitly, we obtain the following result:
Proposition 5.3:(Two Rings) Let K and J be positive integers, with K holes on a ring of radius r and J holes

on a ring of radius p, where the holes are aligned according to (5.1). Assume that 0 < r < p < 1. Then, the
function p in (2.30) is given by

— Dy, (5.11a)
where py is given by
pe = —Klog (Kr¥=1) — Jlog (Jp? ') — 2glog |r?K/9 — p/K/9¢iTK /9|
— Klog (1 —r*) — Jlog (1 — p*') — 2glog|(rp)?X/9 — ei7K9/9|

+ K2 + KJ(r? + p?) + J?p* — Z(J+K)2. (5.110)

In a similar way, one can calculate p for a two-ring configuration with a hole at the center of the unit disk. For

this configuration, (5.1) is replaced by

re2mik/K n=1...,K,
T, =1 pe2riln—K)/Jti6 K41 ... J+K, (5.12)
0 n=N.

Here N = J + K + 1 is the total number of holes. For this configuration, we have the following result:
Proposition 5.4:(Two Rings and a Center Hole) Suppose that the two-ring configuration satisfies (5.12)

with a center hole at the origin. Then, the function p in (2.30) is given by

3
p= p*—2(KlogT+Jlogp)+Kr2+Jp2—Z(2K+2J+1) , (5.13)

pr
where ps is given by (5.11b).
We first optimize (5.11) with respect to the phase angle ¢. Since log |z — e~*| < log |z + 1| for any # > 0 and

w real, it follows from (5.11 b) that p, is minimized for any 0 < r < p, when

=79
T JK’

For example, ¢ = 7/3 when J = K = 3, and ¢ = n/4 when K = 2, and J = 4. With ¢ determined in this way,

10) g =gcd(J,K). (5.14)
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the stationary points of p,, defined in (5.11b), with respect to r and p are found to satisfy

K(K—1) 2K?p2K-1 o 2KJ [ (r/p)? rp)P

_ (T ) 4 T 2 (K + K?) — [1i{f/)p)ﬁ 1J(rf2p)ﬁ]= ; (5.15a)
J(J—1)  2J%2p? 1 o 2KJ 1 (rp)?

5 " l_pp2J +2p(JK + K7) - [1+(r/p)ﬂ 1+€7'p)5] =0 (3150)

where 3 is defined by g = K.J/g. For a pattern with two rings and a hole at the center, we must add the terms
2Kr — 2K /r and 2Jp — 2J/p to the right hand-sides of (5.15 a) and (5.15 b), respectively.

We now consider a limiting configuration of two rings where J = K > 1. Since 0 < r < p < 1, (5.15) reduces in
this limit to 4r2 = 1 and 4p = 3/p, so that » = 1/2, and p = v/3/2. The geometrical interpretation of this result
is that the unit disk is partitioned into three regions A; : 0 < |z| <7, As : 7 < |z| < p, and A3 : p < |z| < 1, with
areas A; = w/4, A2 = 7/2, and A3 = 7/4. The result that A, is twice as large as the other areas is a reflection of
the fact that this region is bounded by two rings of traps, whereas A; and Az each have only one ring of traps.

A different limiting result is obtained if the number of holes is allowed to scale with the circumference of the
ring, so that K = ar and J = ap, with @ > 1. Then, from (5.15), we obtain

r=2r(pr+7r2) =0, —p+2p(pr+p*) =2r, (5.16)

which has the unique solution 7 = 1/4/6 and p = v/6/3. This limiting configuration partitions the unit disk into
three regions of areas A; = 7 /6, Ay = 7/2, and A3 = 7/3.

It is straightforward to generalize the two-ring pattern to the case where we have m > 2 rings. For this case,
we obtain the following generalization of Proposition 5.3:

Proposition 5.5:(m rings) Consider m rings of radii r1,...,7m, with r; < rjy1, inside the unit disk. Assume

that there are Jy holes on the ring of radius ry,. On the kth ring, for k = 1,...,m, the centers of the holes are

assumed to satisfy
€§k) = ppe2™id/Tegite i —1 . (5.17)

Here ¢y, is a phase angle with ¢, = 0. For this configuration, the function p in (2.30) is given by (5.11 a), where

Ps« S now given by

Pe = — ZJk log (Jer’* 1) Z Z Ipx' l0g |(rkrk YPrat — ePra B | 4 Z J2r2
k=1 k=1p'=1 k=1
WA 8 B iB A 3 (& 1 & Z
— 22 Z gk,k' IOg ,,.kk,k —’rk/k’k elﬁk,k’ kel | — Z (Z Jk> 5 Z Z Jka ’I'k +’I‘ ) . (518 a)
k=1 ./ _, k=1 k=1p'—1
k<k'

Here Ay v, By > and gy are defined by

Je
Apy =0 — bk, Brw = gk = G = 8ed (Ji, Jyy) - (5.18b)
k'
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If, in addition to having m rings, we inserted a hole at the center of the unit disk, then p in (2.30) is given by

=—[p.—2 1 2_Z - 1
P=g (p ’;:1 Jy logry, +k§:1 Terk = 5 1;:1 Ji 4> , (5.19)

where py is given in (5.18 a).

Within the class of two and three-ring patterns of the form (5.1) and (5.17), with possibly an additional center
hole, we now give some numerical results for the minimum value of p (and hence the maximum J)g) for patterns up
to a total of 25 holes. To display our results we introduce the notation (j1, .., jm ), to indicate an optimum m-ring
pattern with j, holes on the ring r,, where r; < r¢41. If the minimum value of p is obtained with a m-ring pattern
and a center hole, we denote the optimum pattern by [1](j1,. - ., jm)- The results, shown in Table 2, are obtained
by using Newton’s method on (5.15) and (5.18) to compute the optimum ring radii. For the optimum three-ring
pattern shown in the last row of Table 2 we have chosen the phase angles ¢, = 0 in (5.18), for k = 1,2,3. Other
choices for the phase angles for the (2,8, 15) pattern do not change the results for p up to at least four significant
digits. In fact, many of the results shown in Table 2 are rather insensitive to the choice of the phase angle. This is
clear from examining the terms in (5.18 @) that involve the phase angle. For a moderately large number of holes,
we have rf & 1, for B> 1, since 0 < 1 < 1. Hence, the terms in (5.18 a) that involve Ak,k’ are numerically very
small for any choice of the phase angles when there are a moderately large number of holes. In Fig. 7 we plot the
optimum configurations corresponding to the data in Table 2.

Since the optimization leading to Table 2 is done only with respect to hole configurations satisfying (5.17),
it is natural to ask whether one can obtain smaller values of p for more general arrangements of holes in the
unit disk. To numerically study this question we used the Optimization toolbox program fminunc of MATLAB to
determine local minimum values of p in (2.30) with respect to the 2N variables (z1,41),-- ., (zn,yn) denoting the
hole locations within the unit disk. Since fminunc performs unconstrained nonlinear optimization, we constrained
the holes to remain within the unit circle by setting p to be very large for any r; = \/m > 1. We also
provided the gradient and the Hessian matrix of p as arguments to the optimization code. We used random
locations of the N holes in the unit circle as an initial guess. In some cases, the optimization code converged to
different solutions depending on the initial condition. For each N, we performed multiple numerical realizations
with random initial conditions to determine the minimum p-value of the local minima found by the code. We
also ran the code using the theoretical results in Table 2 as initial data, where we used the optimal phase angle
¢ in (5.14). In Fig. 8 we show the optimization code results for the minimum p-value over at least 10 different
random initial configurations. The dotted circular lines are the optimal ring radii of the m-ring configurations of
Proposition 5.5. In all but one case, the solution from the optimization code converged to a pattern very similar
to the theoretical results shown in Table 2. The only exception was for the N = 24 case, where the optimization
code did not converge to the [1](8,15) pattern. The reason for this discrepancy is likely due to the fact that the
[1](8,15) and (2,8, 14) patterns in Table 2 have essentially the same value of p, and we did not optimize the 3-ring
pattern of Proposition 5.5 with respect to the phase angles.

Next, we simplify (5.18 a) in the limit of a large number of holes. For Ji, ...,y > 1, we calculate the limiting
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| N | optimal pattern| ppn | optimum 7; | second best pattern | p |
7 [1](6) -1.8871 0.698 7) -1.8308
8 [1](7) -2.2538 0.702 (2,6) 21732
9 [1](8) 12,6104 0.705 (2,7) _9.5754
10 2.8) 29686  0.222, 0.737 [1](9) -2.9549
11 (2,9) -3.3498 0.212, 0.736 (3,8) -3.3449
12 (3,9) -3.7546 0.288, 0.760 (2,10) -3.7175
13 (3,10) -4.1511 0.277, 0.758 (4,9) -4.1457
14 (4,10) -4.5660 0.327, 0.776 (3,11) -4.5336
15 (4,11) -4.9728 0.316, 0.773 (5,10) -4.9636
16 (5,11) -5.3903 0.354, 0.788 (4,12) -5.3652
17 (5,12) 58040  0.343, 0.785 [1](5,11) -5.7921
18 [1](5,12) -6.2242 0.408, 0.797 (6,12) -6.2195
19 [1](6,12) 6.6713|  0.429, 0.809 [1](5,13) -6.6422
20 [1](6,13) 71052 0.418, 0.805 [1](7,12) -7.0983
21 [1](7,13) 75480 0.436, 0.815 [1](6,14) _7.5257
22 [1](7,14) 79844 0.426, 0.811 [1](6,15) 7.9313
23 [1](8,14) -8.4204 0.442, 0.819 [1](7,15) -8.4058
24 [1](8,15) 8.8566|  0.433, 0.816 (2,8,14) -8.8561
25 (2,8,15) -9.3056 | 0.141, 0.469, 0.824 (3,8,14) -9.3020

Table 2. Numerical results for the optimum configuration within the class of two and three-ring patterns of
the form (5.17) with or without a center hole. The first three columns indicate the optimum configuration, the
minimum value of p, and the optimum ring radii. The last two columns correspond to the second best pattern.
The notation [1](5,12) indicates a two-ring pattern with a center hole, which has 5 and 12 holes on the inner and
outer rings, respectively.

stationary point for p, in (5.18 a) by setting 0,,p« = 0 for k = 1,...,m. This leads to the following limiting

system for the optimal pattern:

J2 2 2J, 42
—r—1+2r1J1(J1+---+Jm)=O; —T—q+2quq(J1+---+Jm)—T—qZJ,,:O, g=1,...,m. (5.20)
1 q q —1
For the case where J; = Jy = ... = J,; > 1, we obtain from (5.20) that
2(¢g—1)+1
=4/ =1,... . 21
’f‘q om ) q ) , M (5 )

Since rg = rg = 1/m, this case corresponds to the partition of the unit disk into m + 1 concentric areas
Ajirg_g <lz| <ry, for ¢ =1,...,m+ 1, where we have labelled rq = 0 and r,,,+; = 1. In this limit, we obtain
Ai=App =n/(2m), and Ay, =n/m for ¢ =2,...,m.

In the limit Ji > 1, but where the number of holes on each ring scales uniformly with the circumference of the
ring, we obtain the following limiting result:
Proposition 5.6:(Limiting case of m rings) Consider an m-ring configuration with rings of radii r1,..., 7.

Assume that Ji > 1, but such that Jy = ary with a > 1. Then, the m rings partition the unit disk into m + 1
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FIGURE 7. The optimum configurations for N = 6 to N = 25 holes within the class of two and three-ring patterns, with

or without a center hole, given by Proposition 5.5. See Table 2.

concentric areas Ai, ..., Any1 with the property that A,/N, is independent of ¢ forg=1,...,

the number of holes on the boundary of the region A,.

Proof: Let J, = ar, in (5.20). Then, we obtain

Tq+22rp=2r§(r1+---+rm), qg=1,...,m.

p=1
p<q

Define ¢ by ( =71 + --- + rpp,. A simple calculation shows that r, = ¢/(2(¢). Therefore, { = 22”21

m+ 1. Here Ny is

(5.22)

T4 yields that



Optimizing the Neumann Eigenvalue in a Domain with Small Traps 31

6 (-1.526) 7 (-1.8871) 8 (-2.2538) 9 (-2.6104) 10 (-2.976)

11 (-3.3562) 12 (-3.7593) 13 (-4.1552) 14 (-4.5683) 15 (-4.975)

16 (-5.3914) 17 (-5.8051) 18 (-6.2245)

22 (~7.985)

FIGURE 8. The optimum configurations for N = 6 to N = 25 holes computed using the Optimization toolbox program
fminunc of MATLAB. The values of p for each pattern are given in the figure.

¢ =+/m(m +1)/2, so that r, = ¢/+/m(m + 1), for ¢ =1,...,m. We then calculate the ratio 4,/N, as

A 2 2
G L WL S — (5.23a)
Nt i ari ay/m(m+1)
ﬁ — 7T (TZ B 7'3_1) — Q (7'3 B 7'3_1) — T (Tq - Tq_l) — 7T q — 2 m (523 b)
Nq Jq + Jq—l a(’l“q + ’rq_l) (% O /m(m + ]_) ’ ’ ’ ’
Appr _m(l=rp) _w(l=-ry) _ 7f (5.23 ¢)
N1 Im arm ay/m(m +1) -
This shows that A,/N, is independent of ¢ for ¢ =1,...,m. |
6 Some Related Problems
We now outline two different problems that require the minimization of the function p(z1,...,zyx) in (2.30).

The first application concerns an oxygen transport problem in a two-dimensional domain representing a trans-
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verse section of skeletal muscle tissue that receives oxygen from an array of capillaries of small cross-sectional area
(cf. [20] and the references therein). Under certain simplifying assumptions (cf. [20]), the steady-state oxygen

partial pressure distribution satisfies
Au=M, ze€Q\UY, Q,; Ohu=0, x€dN; u=u,, €, i=1,...,N. (6.1)

Here UY,Qg¢, is a collection of N circular capillary cross-sections, each of radius ¢ < 1, that are centered at
some z;, for ¢ = 1,..., N. The constant M represents a spatially uniform oxygen consumption term, and u. is
the oxygen partial pressure within each capillary, which is assumed to be constant for simplicity.

The singularly perturbed problem (6.1) has the same mathematical structure as that of the eigenvalue problem
(1.1). Therefore, it can be solved asymptotically by the same technique as in §2. For ¢ < 1 and |z — z;| > O(g)
for i =1,..., N, the outer solution for u has the form (see §4 of [20])

N
u(z;e) ~ug =21 Y AjG(@525), (6.2)
i=1
where G, is the Neumann Green’s function satisfying (2.14). Since fQ G dz = 0, the constant uy represents the

average oxygen partial pressure u given by

1
uzﬁ/gudwzug. (6.3)

As shown in [20], the constant u, and the singularity strengths A;, for j = 1,..., N, in (6.2) satisfy the
following coupled algebraic system in the limit £ — 0:

N N

. M|Q
A; (1 +27vRy (255 25)) + QWV;Aka(II}j;!Ek) =v(ug—u;), j=1,...,N; I;Ak == (6.4)
k#j B
This system can be written in matrix form as
M|Q
Ca =veg(uy — uc) , ela = —% (6.5)
Y[

Here C = I +27vG, where G is the N x N Green’s function matrix defined in (2.25 d). In addition, ef, = (1,...,1),
a' = (4,...,An), and v = —1/loge. By solving (6.5) for u, and a we obtain

MIQ| o 1o M9 e
5y [efC'eo]  , a=- 2n eiC Teq’ (6.6)

g = Uc

Recalling (6.3), and using the asymptotic inverse C~! ~ I — 27vG for v < 1, we obtain from (6.6) that

_ MIQ|  (M|Q]
uNuc_Qﬂ'l/N_< N2 p($177wN)+O(V) (67)
Here p(x1,...,2zN), defined in (2.30), is the sum of all of the elements of the Green’s function matrix G.

From (6.7) we conclude that the average oxygen partial pressure @ in the tissue is maximized, up to an O(v)
error term, when the capillary centers z,...,zy are chosen so as to minimize the function p. This optimization

problem is precisely the problem considered in §3-§5, and all of the results derived there can be applied directly.
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Our second application concerns the determination of the equilibrium locations for spike solutions to the Gierer-
Meinhardt reaction-diffusion system (cf. [7]) in two spatial dimensions given by
a? a?
at:stAa—cH—Z, x € 00; 0=DAh—h+6—2, z € 0N, (6.8)
with 0,a = 0 and 0,,h = 0 on 9. Localized solutions, with a spatial support of O(¢), in the activator concentration
a exist, and can be constructed using the method of matched asymptotic solutions. Such solutions are called spike
solutions. For ¢ < 1 and for D > O(1), and assuming that the spike profile is stable, the locations x; of a
collection of N spikes of the same height are found to satisfy (cf. [12])

' 47'['52’/ N
%~ "1+ 27uDN|Q[ ! V Ry (2; 25) | 0=2; + ; VG (2;21)|o=2; | - (6.9)
k#j

Here G,,, and R, are, again, the Neumann Green’s functions defined in (2.14). The case of a one-spike solution,
where the equilibrium spike is located at a zero of VR,,(zo;20) = 0, was studied in [13] and [14].

By comparing (6.9) with (2.30), it is clear that stable equilibrium spike locations under the flow (6.9) correspond
to minimum points of the function p(z1,...,zx) in (2.30). Hence, the analysis given in §3-§5 for the minima of
p for certain configurations of z1, ..., zy correspond to stable equilibrium spike locations with respect to (6.9).
For the corresponding Gierer-Meinhardt shadow system, where D = oo in (6.8), it is well-known (cf. [2], [8]) that
the equilibrium spike locations in a convex domain are determined not by minimizing p(z1, ..., zy) but, instead,

by the geometric problem of the packing of balls of equal radii inside the domain.

7 Conclusion

We have given some analytical and numerical results for the optimization of the fundamental eigenvalue Ay of
(1.1) with respect to the locations of N small traps in a two-dimensional domain. This optimization problem
involves the minimization of the function p(z1,...,2y) in (2.30). The problem of minimizing p(z1,...,zx) also
arises in several diverse settings, including, minimizing the expected lifetime of Brownian motion in a domain
with reflecting walls, maximizing the average oxygen partial pressure in a cross-section of muscle tissue containing
capillary cross-sections, and determining stable equilibrium spike locations for a collection of N spikes for the
two-dimensional Gierer-Meinhardt model.

For the disk, where the Neumann Green’s function can be calculated analytically, rather precise results have
been given for the minimization of p(zy,...,zy) for certain ring-type configurations of traps. For the case of one
trap in an asymmetric dumbbell-shaped domain, we have shown that the location of a trap corresponding to a
local maximum of )\g is not necessarily unique. A key open problem is to determine conditions on the domain
that ensure the uniqueness of the root to VR,;0 = 0. The problem of maximizing Ao for (1.1) with respect to
the locations of N traps in other domains such as the unit square, where there is no simple representation of the

Neumann Green’s function, is also open.
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