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Spherical coordinates

» Lattitude 0 < ¢ < 7 and longitude
0 < 0 < 27 specify the position of a
point on the surface of the earth. In
mathematics, it is customary to mea-
sure lattitude, not from the equator,
but from the north pole.

> We add another variable p > 0
that measures the distance from the
origin. Thus, p = k is the equation
of the sphere x? + y? + z2 = k2

» The relation between spherical and cartesian coordinates is given by
x = psin¢cos, y=psingsind, z= pcosdap.

» To derive the above relations we observe that
z = pcosp, r = psin¢p, where r> = x? + y? is the distance from the
z-axis. Polar and Cartesian coordinates are related by

x=rcosf, y=rsinf

from which the spherical coordinate formulas follow.



Cartesian to Spherical

» The relation between spherical and cartesian coordinates is given by
x =psingcosf, y=psingsinf, z=pcose.

» To obtain the inverse formulas that convert Cartesian to spherical
coordinates we begin by calculating r, 8 in the usual fashion:

r=+x24+y2 60 =arctan(y/x), x>0.

By definition, we have
p= /X2 + y2 + 22.
Inverting the equation z = pcos ¢ gives

¢ = arccos(z/p).



Example 1

» Calculate the spherical coordinates of the point with Cartesian
cordinates (0,2v/3, —2)

> Answer. In the x,y plane, the point (0,2+/3) lies on the border
between the 1st and 2nd quadrant, and therefore § = 7 /2. Note:
the formula 6 = arctan(y/x) does not apply because x = 0. We
then have

p=1/02+ (V3R + (-2 = VIZ T4 =4

Finally,
¢ = arccos(z/p) = arccos(—1/2) = 27 /3.



Example 2

>

>

Question: what is the distance between Halifax (44.65 deg N, 63.57
deg W) to Beijing (39.92 deg N, 116.38 deg E)?
The spherical coordinates of Halifax and Beijing (in radians) are
0 360 — 63.57) = 5.174
1= 180 ( ) ) ¢l

" 116.38 = 2.031,
02 = 1ggt10-38 = 2.3 2= 180

Let’s assume that earth is perfect sphere and use p = 6370 km as
the radius of the earth. Using the formulas above, the Cartesian
coordinates of the two cities are

u; = p (cos by sin @1, sin b1 sin ¢1, cos ¢1) = p (0.32 — 0.64,0.70)
uy = p (cos 03 sin ¢y, sin B3 sin ¢, cos d2) = p (—0.34,0.69, 0.64)
The angle o between two vectors is given by the cosine law
up - uz
|uy [[ug|
For the present case, we have cosa = —0.10. Taking the arc-cosine

gives o = 1.67 radians.
The distance between the two cities is therefore pa = 10600 km.

0 (90 — 44.65) = 0.7915

(90 — 39.92) = 0.8741

Cosax =



The spherical scale factor.

» Recall that integration using polar co-
ordinates amounts to samping using the
cells formed by the r, 6 grid. The area of
these polar cells is approximately AA =
rArAf

» Analogously, we would like to evalu-
ate triple integrals by sampling the 3-
dimensional cells formed by the spheri-
cal grid. At small scales, these spheri-
cal cells resemble a box with dimensions
Ap X pAp X psin pAb.

» The above formula is based on the ob-
servation that the meridians are propor- :
tional to p, but that the lines of longi- S T wesmesses
tude are proportional to r = psin ¢.

» As the above remarks demonstrate, integration in spherical
coordinates requires an scale factor of p?sin ¢ to account for the
volume distortion of spherical coordinate cell. In other words,

dV = p*sin¢ dpd¢ db.

psind a0




Example 3.

» Use spherical coordinates to evaluate the triple integral

/:///B(x2+y2+22)2dv

where B is the ball of radius 5 centred at the origin.

> We begin by converting the integrand into spherical coordinates:
(< +y*+2%) =ph.

» Applying the spherical coordinate formula for dV yields

6=2pi ¢=m p=5
| = / / / p* x p?sing dpdpdd
6=0 ¢=0 Jp=0

¢=m p=5
=2r / sin pd¢ / p°dp
=0 p=0

=27 x {—cosﬂ: X {p7/7]z
— 312500/7x



Example 4

» Use spherical coordinates to evaluate the triple integral

| = /// xexp(x® + y? + 2)dV
E

where E is the positive portion of the unit ball x,y,z > 0.
» In spherical coords, the domain of integration is
E={(p,0,0):0<p<1,0<¢p<m/2,0<6<7/2}.
» The integrand is given by
xexp(x2 + y2 + 2%) = pe” cosOsin ¢.

» Taking into account the volume scale factor, we obtain

0=n/2 pop=m/2 pp=1 )
| = / / / p3e? sin® ¢ cos O dpdpdo
0=0 $=0 p=0

O0=m/2 p=m/2 p=1 )
= / cos 0d6 sin® ¢do / pie? dp
6=0 ¢=0 p=0

= [sin 0} ;r/Z [¢/2 - sin(2¢)/4] 2/2 [1(,02 - 1)epz}:

2
=1xn/4x1/2=7/8



Example 5

» Use spherical coordinates to calculate the volume of a sphere of
radius R

> We wish to evaluate the triple integral / = [[[, dV where
B={(p.¢.0):0<p<R,0<¢p<m 0<0<2n}.

» Taking into account the volume scale factor we have

6=27 ¢=m prp=R
| = / / / p*sing dpdpdd
6=0 ¢=0 Jp=0

e eas] [11]
= %WR3.



Example 6

>

|

Find the volume of the solid E bounded by the half-cone

z = +/x2 + y? and the sphere x> + y? + z? = z.

Rewrite the equation of the sphere as x> + y2 + (z — 1/2)?> = 1/4.
The solid is a sphere of radius 1/2, centered at (0,0,1/2).

The equation of this sphere in sperical coords is p?> = pcos ¢, which
simplifies to p = cos ¢. The equation of the cone is pcos¢ = psin ¢,
which simplifies to tan¢ = 1, or ¢ = /4.

Thus, E={(p,9,0):0<0 <271,0< ¢ <7/4,0< p<coso}

The volume integral is therefore

0=27 p¢p=m/4 pp=cos
/—/// dv = / / / p?sin¢ dpdopdh
0= ¢»=0 p=0

:27r/ 1cos ¢sing do
0



Example 7

|

>

Determine the average distance between a point inside a ball of
radius R and the ball's centre.

The average value is given by //V where

I:/// VX2 +y? 4+ z2dV
B

where B is a ball of radius R centered at the origin, and where V is
the volume of said ball.

Using spherical coordinates,

0=2mw r¢=m rp=R
/:/ / / p3sing dodo
6=0 ¢=0 Jp=0

=47 {R4/4} = R*
Since V = 4/37R3, the average distance is

7mR* 3
n PR
% 4



