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Parameterization

I A curve embedded in the 2D Euclidean plane is described by an
equation in 2 variables F (x , y) = 0.

I Similarly, a surface embedded in 3D Euclidean space is described by
an equation in 3 variables: F (x , y , z) = 0

I A parameterization of a curve is a 2-vector valued function of one
variable

(x , y) = r(t) = f (t)i + g(t)j

such that F (f (t), g(t)) = 0

I Analogously, a parameterization of a surface is a 3-vector valued
function of two variables

(x , y , z) = r(u, v) = f (u, v)i + g(u, v)j + h(u, v)k

such that F (f (u, v), g(u, v), h(u, v)) = 0.



Examples

I A parametrized curve is commonly interpreted as a particle moving
along the curve.

I By contrast, a parameterized surface may be regarded as a grid
imposed on the surface. The grid lines are curves obtained by
setting one of the parameters u and v to a.

I The unit circle x2 + y2 = 1 can parameterized as
(x , y) = (cos(t), sin(t)). This represents a particle moving
counter-clockwise around the circle with unit speed.

I The 2-sphere x2 + y2 + z2 = 1 may be parameterized using spherical
coordinates:

(x , y , z) = (sinφ cos θ, sinφ sin θ, cosφ)

I The lines of lattitude are the curves φ = φ0 The meridians (lines of
longitude) are the curves θ = θ0. 3D demonstration

https://www.monroecc.edu/faculty/paulseeburger/calcnsf/CalcPlot3D/?type=parametric;parametric=2;x=sin(v)*cos(u);y=sin(v)*sin(u);z=cos(v);visible=true;umin=0;umax=2pi;usteps=30;vmin=0;vmax=pi;vsteps=15;alpha=255;format=normal;constcol=rgb(255,0,0)&type=spacecurve;spacecurve=curve;x=sin(a)*cos(t);y=sin(a)*sin(t);z=cos(a);visible=true;tmin=0;tmax=2pi;tsteps=200;color=rgb(0,0,255);showtrace=true;tval=6.283185307179586;constcol=false;twod=false;arrows=;showpt=true;trace=false;vel=false;acc=false;osc=false;k=false;repeat=false;bounce=false;dashed=false;tanline=false;showtvector=false;shownvector=false;showbvector=false;showtnbeqs=false;showtnblabels=false;showoscplane=false;showrectplane=false;shownormplane=false&type=slider;slider=a;value=1.19380521;steps=100;pmin=0;pmax=pi;repeat=true;bounce=true;waittime=1;careful=false;noanimate=false;name=-1&type=spacecurve;spacecurve=curve;x=sin(t)*cos(b);y=sin(t)*sin(b);z=cos(t);visible=true;tmin=0;tmax=pi;tsteps=200;color=rgb(255,0,0);showtrace=false;tval=0;constcol=false;twod=false;arrows=;showpt=true;trace=true;vel=true;acc=true;osc=false;k=false;repeat=false;bounce=false;dashed=false;tanline=false;showtvector=false;shownvector=false;showbvector=false;showtnbeqs=false;showtnblabels=false;showoscplane=false;showrectplane=false;shownormplane=false&type=slider;slider=b;value=5.52920307;steps=100;pmin=0;pmax=2*pi;repeat=true;bounce=true;waittime=1;careful=false;noanimate=false;name=-1&type=window;hsrmode=3;nomidpts=true;anaglyph=-1;center=9.420545788203775,-3.349483447091835,-0.18514235064285728,1;focus=0,0,0,1;up=-0.04370396629384894,-0.1772648712418629,0.9831923152434581,1;transparent=false;alpha=140;twoviews=false;unlinkviews=false;axisextension=0.7;xaxislabel=x;yaxislabel=y;zaxislabel=z;edgeson=true;faceson=true;showbox=true;showaxes=true;showticks=true;perspective=true;centerxpercent=0.5;centerypercent=0.5;rotationsteps=30;autospin=true;xygrid=false;yzgrid=false;xzgrid=false;gridsonbox=true;gridplanes=false;gridcolor=rgb(128,128,128);xmin=-2;xmax=2;ymin=-2;ymax=2;zmin=-2;zmax=2;xscale=1;yscale=1;zscale=1;zcmin=-4;zcmax=4;zoom=1.395333;xscalefactor=1;yscalefactor=1;zscalefactor=1


Example 2

I Identify the parameterized surface

r(u, v) = 2 cos ui + v j + 2 sin uk.

I Rewrite the parameterization as

x = 2 cos u, y = v , z = 2 sin u,

and eliminate u and v to obtain an equation in x , y , z .

I Since y = v , we can eliminate v making the substitution v → y .

I To eliminate u, we square and add the 1st and 3rd equations. The
result is x2 + z2 = 4. There is no v in this equation, so we are done.

I The equation x2 + z2 = 4 represents a cylinder of radius 2 in the
direction of the y-axis. (Demonstration)

https://www.monroecc.edu/faculty/paulseeburger/calcnsf/CalcPlot3D/?type=parametric;parametric=2;x=2cos(u);y=v;z=2sin(u);visible=true;umin=0;umax=2*pi;usteps=40;vmin=-4;vmax=4;vsteps=8;alpha=-1;format=normal;constcol=rgb(255,0,0)&type=window;hsrmode=1;nomidpts=false;anaglyph=-1;center=5.7253557494516585,7.813318451640085,2.4844227328449193,1;focus=0,0,0,1;up=0.34204231180640654,-0.5030171611357572,0.7937132936628017,1;transparent=false;alpha=140;twoviews=false;unlinkviews=false;axisextension=0.7;xaxislabel=x;yaxislabel=y;zaxislabel=z;edgeson=true;faceson=true;showbox=true;showaxes=true;showticks=true;perspective=true;centerxpercent=0.5;centerypercent=0.5;rotationsteps=30;autospin=true;xygrid=false;yzgrid=false;xzgrid=false;gridsonbox=true;gridplanes=false;gridcolor=rgb(0,0,0);xmin=-5;xmax=5;ymin=-5;ymax=5;zmin=-5;zmax=5;xscale=1;yscale=1;zscale=1;zcmin=-5;zcmax=5;zoom=0.506133;xscalefactor=1;yscalefactor=1;zscalefactor=1


Example 3

I Use polar coordinates to parameterize the half-cone surface
z = 2

√
x2 + y2

I Making the substitutions x = r cos θ, y = r sin θ, and setting
r = u, θ = v we obtain the parameterization

r(u, v) = (u cos v , u sin v , 2u).

(Demonstration)

https://www.monroecc.edu/faculty/paulseeburger/calcnsf/CalcPlot3D/?type=parametric;parametric=2;x=ucos(v);y=usin(v);z=2u;visible=true;umin=0;umax=2;usteps=10;vmin=0;vmax=2*pi;vsteps=50;alpha=-1;format=normal;constcol=rgb(255,0,0)&type=window;hsrmode=1;nomidpts=false;anaglyph=-1;center=-5.00771247994464,-7.725261502784658,3.904247742112671,1;focus=0,0,0,1;up=-0.10218891981622405,0.5006660215739176,0.859587668308555,1;transparent=false;alpha=140;twoviews=false;unlinkviews=false;axisextension=0.7;xaxislabel=x;yaxislabel=y;zaxislabel=z;edgeson=true;faceson=true;showbox=true;showaxes=true;showticks=true;perspective=true;centerxpercent=0.5;centerypercent=0.5;rotationsteps=30;autospin=true;xygrid=false;yzgrid=false;xzgrid=false;gridsonbox=true;gridplanes=false;gridcolor=rgb(0,0,0);xmin=-5;xmax=5;ymin=-5;ymax=5;zmin=-5;zmax=5;xscale=1;yscale=1;zscale=1;zcmin=-5;zcmax=5;zoom=0.506133;xscalefactor=1;yscalefactor=1;zscalefactor=1


Graph parameterizations

I One way to parameterize surface with equation F (x , y , z) = 0 is to
solve for one of the variables, say z = f (x , y). The resulting graph
represets a subset of the surface in question.

I Example. Consider the unit sphere x2 + y2 + z2 = 1.

I Solving for z we obtain

r(u, v) = (u, v ,
√

1− u2 − v2).

I That the above parameterization gives only the upper hemisphere. If
we wanted to represent the lower hemisphere, we would us
z = −

√
1− x2 − y2.

I Note that the grid corresponding to this parameterization is very
different from the spherical coordinate grid. (Demonstration)

https://www.monroecc.edu/faculty/paulseeburger/calcnsf/CalcPlot3D/?type=parametric;parametric=2;x=u;y=v;z=sqrt(1-u^2-v^2);visible=true;umin=-1;umax=1;usteps=20;vmin=-1;vmax=1;vsteps=20;alpha=-1;format=normal;constcol=rgb(255,0,0)&type=window;hsrmode=1;nomidpts=false;anaglyph=-1;center=8.056315531388519,-5.08377793147399,3.0415427010246865,1;focus=0,0,0,1;up=-0.20341701258244838,0.24481136976904444,0.9479920422787504,1;transparent=false;alpha=140;twoviews=false;unlinkviews=false;axisextension=0.7;xaxislabel=x;yaxislabel=y;zaxislabel=z;edgeson=true;faceson=true;showbox=true;showaxes=true;showticks=true;perspective=true;centerxpercent=0.5;centerypercent=0.5;rotationsteps=30;autospin=true;xygrid=false;yzgrid=false;xzgrid=false;gridsonbox=true;gridplanes=false;gridcolor=rgb(0,0,0);xmin=-5;xmax=5;ymin=-5;ymax=5;zmin=-5;zmax=5;xscale=1;yscale=1;zscale=1;zcmin=-5;zcmax=5;zoom=0.946133;xscalefactor=1;yscalefactor=1;zscalefactor=1


The tangent plane

I Recall that the tangent plane is the best approximating plane to a
surface at a fixed point of that surface. A surface at high
magnification resembles its tangent plane.

I To calculate the tangent plane to a parametric surface
(x , y , z) = r(u, v), we use the fact that the vectors

ru =
∂x

∂u
i +

∂y

∂u
j +

∂z

∂u
k, rv =

∂x

∂v
i +

∂y

∂v
j +

∂z

∂v
k

I This is true because the gridline curve U(t) = r(t, v0) is trapped
inside the surface. Hence, the velocity vector U ′(t0) = ru(t0, v0) is
tangent to the surface. Similarly, rv (u0, t0) is a tangent vector
because it is the velocity of the gridline curve V (t) = r(u0, t).

I Therefore, the equation of the tangent plane at the point
(x0, y0, z0) = r(u0, v0) is given by

((X ,Y ,Z )− r(u0, v0)) ·N(u0, v0) = 0,

where N = ru × rv is a normal vector of the given surface.



Example 4
I Find the equation of the tangent planes to the unit sphere

x2 + y2 + z2 = 1 using spherical coordinates.
I We are parameterizing the sphere S as

r(φ, θ) = (sinφ cos θ, sinφ sin θ, cosφ), 0 ≤ φ ≤ π, 0 ≤ θ ≤ 2π,

rφ = cosφ cos θ i + cosφ sin θ j− sinφ k

rθ = − sinφ sin θ i + sinφ cos θ j

I Taking the cross product gives

N = rφ × rθ =

∣∣∣∣∣∣
i j k

cosφ cos θ cosφ sin θ − sinφ
− sinφ sin θ sinφ cos θ 0

∣∣∣∣∣∣
= sin2 φ cos θ i + sin2 φ sin θ j + cosφ sinφ k

= sinφ r(φ, θ)

I This makes sense geometrically, because on a sphere the normal at
x , y , z points in the same direction as (x , y , z)

I Therefore, the tangent plane at (x0, y0, z0) ∈ S has the equation

x0(X − x0) + y0(Y − y0) + z0(Z − z0) = 0.



Surface area of a graph
I Recall the formula for surface area of a graph z = f (x , y) raised above a

region D in the xy plane:

A =

∫∫
D

√
1 + f 2x + f 2y dA.

I The above integrand represents the area of a small parallelogram at
position (x , y , f (x , y)) lying above a small rectangle in the xy plane.

I The unit vector i lifts to the vector i + fxk, while the unit vector j lifts to
the vector j + fyk.

I Therefore, the rectangle spanned by ∆x i and ∆y j lifts to the
parallelogram spanned by ∆x(i + fxk) and ∆y(j + fyk).

I The area of a parallelogram is equal to the magnitude of the cross product
of the generating vectors. For the parallelogram in question,

(i + fxk)× (j + fyk) =

∣∣∣∣∣∣
i j k
1 0 fx
0 1 fy

∣∣∣∣∣∣ = (−fx i− fy j + k)

|(i + fxk)× (j + fyk)| =
√

1 + f 2x + f 2y .

I Therefore, the area of each small parallelogram is
√

1 + f 2x + f 2y ∆A where
∆A = ∆x∆y . In the limit, as ∆x ,∆y → 0 we obtain the above integral.



Surface area of a parameterized surface

I We generalize the preceding formula to an arbitrary parameterized
surface (x , y , z) = r(u, v), (u, v) ∈ D.

I The parameterization maps a small square with sides ∆ui and ∆v j
to a parallelogram generated by the vectors ∆uru and ∆vrv . This
parallelogram has area |ru × rv |∆A where ∆A = ∆u∆v .

I Taking the limit as ∆u,∆v → 0 we obtain the following formula for
the area of the parameterized surface:

A =

∫∫
D

|ru × rv |dA(u, v).



Example 4 cont.

I Let’s apply the formula A =
∫∫

D
|ru × rv |dA(u, v) to calculate the

area of a sphere of radius R by using the spherical coordinate
parameterization.

r(φ, θ) = R(sinφ cos θ, sinφ sin θ, cosφ), 0 ≤ φ ≤ π, 0 ≤ θ ≤ 2π,

I In a preceding slide, we calculated

N = rφ × rθ = R2 sinφ (sinφ cos θ i + sinφ sin θ j + cosφ k).

I It follows that

|N| = R2 sinφ

A = R2

∫ 2π

θ=0

∫ π

φ=0

sinφ dφ dθ

= 2πR2 ×
[
− cosφ

]π
0

= 4πR2


