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where all the right-hand side parameters are positive, and
(3.5) t? = 2(zu + yv + 2w + zu + zv), t even.

Similar extensions follow for the n-tids. )
An alternate method of generating infinite numbers of Pythagorean n-tids from a given
n-tid is discussed in [7].
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A TRIANGLE FOR THE BELL NUMBERS

JEFFREY SHALLIT
University of California, Berkeley, California

The Bell, or exponential, numbers B, are defined by

15k _1(0" 1" 2"
1 Bn=gk H_E(ﬁ-'.l_!-’-ﬁ-'—”'
=0

The first twelve Bell numbers are given in the following table:

TABLE 1. Bell Numbers

N

B

HFOwoo~NOTWULISEWNEKEO
w
N

[

The Bell numbers also appear in the Maclaurin expansion of e :

. = B xk 2 ® . 15"
(2) ee =eZ—’7‘<!—=e<l+—lx—!+%"9!—+§:%—+4—f+--->

The Bell numbers can be generated recursively by an interesting method described in [2].
If we take the array described in this article and "flip" it about and then reorient it, the
following triangle appears. This triangle is similar in form to Pascal's triangle. We shall
call it the "Bell Triangle," and denote each element by B'’(n,r). This notation is similar to
C(n,r) for Pascal's triangle. There are three rules of formation for this triangle.
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(3) B'(0,0) =1
4) B'n,0) = B'(n - 1,n - 1) (n>1)
(5) B'(n,r) = B'(n,r - 1) +B'n-1,r-1) (L£r <n)
Row B'(3,2) + B'(4,2) = B'(4,3)
0 1
1 1 2
2 2 3 5
3 5 7 10 ~"15
4 15 20 @7 @) =
5 52 67 87 114 151 203
6 203 255 322 409 523 674 877
7 877 1080 1335 1657 2066 2589 3263 4140

The Bell numbers form the left and right sides of the triangle. 1In fact,
(6) B'(n,n) = Byyy
7 B'(n,0) = B,

Equations (6) and (7) follow from the two equivalent identites for Bell numbers:

® B = (Dgeer - (DB + (3)Baes - o 2 (D)
€)) Bn=nB,,_1-(”; )Bn_2+(”;)3"_3_ i(z:i)Bl

The Bell triangle has many interesting properties. Here we present several new
identities:

b
(10) 9 B'(n,k)
k=a

For a = 0 and b = n, this reduces to

) Bk
k=0

B'"n+1,b+ 1) - B'(n + 1,a).

B'(n+1,m+1) = B'(n+1,0) =B'"(n+ 1,n) =B,y = Buyys

(12) S B (k+ak) =B'(n+an+1) - B'(z+a- 1),

k=x
n .
P HE I R+ 0k = B+ a0
k=zx
For a = 0 and x = 0, equation (13) reduces to (8).

n
n=-x\,, . _
ao 3 (RIpk  Batn - ).
For a = 0 and x = 0, the following identity results: ,

n

(15) Z(Z)B'(k,o) = B'(n,n).
k=0

This is equivalent to

(16) f:(’,;)gk -5,

k=0
To my knowledge, identities (10)-(14) were heretofore unknown.
If we ignore the restricting inequality in (4), and substitute n = 0, we get

1 =B'(0,0) = B'"(-1,-1). From this value, we may obtain values of B'(n,-1) for n > -1

(see Table 2).
Note the following identity:

a7y B'(n - 1,-1) + B'(n,-1) = B'(n,0) = B,.
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TABLE 2. Values of B'(n,-1)

n B'(n,-1)
-1 1
0 0
1 1
2 1
3 4
4 11
5 41
6 162

7 715

Apparently the Bell triangle cannot be extended further because B(-1,0) = B_, which is
undefined, by equation (1). Epstein [3] drops the term 0"/0! in equation (1) without explan-
ation and therefore gets By = 1 - 1/e, in contradiction with Williams [5], Bell [1], and
Rota [4].

The Bell numbers have combinatoric significance in that B, is the number of ways of
factoring a product of n distinct primes. Whether the rest of the numbers in the Bell tri-
angle have any such significance remains to be seen.
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THE EQUATIONS 22 - 3y? =-2 AND 22 - 6x* = -5

MANORANJ I THAM VELUPPILLAI
Royal Holloway College, Egham, Surrey, England

The four numbers 2, 4, 12, 420 have the property that the product of any two increased
by 1 is a perfect square. The object of this paper is to prove that no positive integer can
replace 420.

Any integer N which can replace 420 while preserving this property must satisfy the
equations

2V +1=2x% 4V +1=y%, 128+ 1 = 2%,

Eliminating N, we have

z2 - 3y? = -2 and 2% - 6x® = -5.
Now, the equation 22 - 3y2 = -2 can be written in the form
(L u? - 3?2 =1
where u = 22 + 1, v = zy.
Substituting for 22 in z? - 6x? = -5, we have
(2) X2 = 6u + 24

where X = 6x.

Hence, to solve the equations of the title, it is sufficient to solve (1) and (2) simul-
taneously.

Now, all the positive integral solutions of (1) are given by the formula:
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