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Sre+ D@+ DI, - 3ir(r + DIy + zn:m:,

r=] r=1 r=]1

3 2
n°L 2 " (3n° - 3n + l)Ln+ + 112.

n

+ (6n - 6)L ,, - 6L

3 n+s
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A GENERALIZATION OF SOME L. CARLITZ IDENTITIES

GREGORY WULCZYN
Bucknell University, Lewisburg, PA 17837

Leonard Carlitz [1], by factoring (x + y)? - x? - yF, developed the following identities:
1. Py = Fy = Fay = 3F, \FF,
3 3 3 o
Lyyp =Ly -1 = 3L, 1LpLnys

2. F:+1 + F: + F:-l = 2[Fyf+1 - FnFn—1]2

2

L:+1 + L: + L’:‘l-l = 2[Ln+1 - Ln]--’n-l]2

3. F3+1 'Frsl _Fs—l =5Fn—1FnFn+1(Fﬁ+1 - F,Fyoq)

L:_'_l - Li - Lrs:-l = SLn—anLn+1(L3+1 - LnLn-l)

be Flo- Fy - FZ-l = 7Fn-1FnFn+1(F5+1 - FnFn—1)2
7 2

er+1 - I’Z - Ln-l = 7Ln-1LnLn+1(Ln+1 - Lnl-’rl-l)2

The common subscript difference is 1. A generalization consists in forming identities with
(a) a common subscript difference 2r + 1; (b) a common subscript difference 2r.

3 3 3 3
1. Friorsr ~ LypsrFn LIP

= 3Ly s1Fnonp 1 FnFusor 41

3 3 3 3 -
Ln+2r+1 - L2r+1Ln - Ln-zr-l - 3L2r+1Ln-2r-anLn+2r+1
3 3 3 3 —
Lszn - Fn+2r - Fn-zr - 3L2an—2anFn+2r
3 3 3 -
Lgan - Ln+2r - Ln-zr - 3L2an-2anLn+2r
4 A " " - 2 _ 2
2. Floomer Y lpidBn T E _0poy = Z[Fn+2r+1 L2r+1FnFn-2P-1]
y [ L = 2 2
L:+?_r+1 Flopirln YL op1 = 2Ly sor41 = Dowia DDy op g ]
4 b 4 - 2 2
Z:':J(Zr + Lszn + Fn-Zr - 2(Fn-ur + LZanFn-zr)
= 2 2
L:+2r + LgrL: + L:—Zr - Z(LrH—Zr + LernLn-zr)
5 5 5 = 2
3. Fysz+zr+1 “LpiiFy T E L T 5L 41 Fn-2p -1 FnFrsor 1 Favorsr = Lops1FnFucon 1)
5 - T 2
L:+2r+1 - L§r+1L3 - L opy T 5“2P+1Ln-21‘—1LnLn+2r+1(Ln+2P+l = LopsrlnLly_pp-1)
- 2
LSrF: - Fn5+2r - Fr?—zr - SLszn-z FnFn+2r (Fn+2r + LZanFn-Zr)
5 5 5 - 2
L;an - Ln+2r - Ln-2r - SLZrI’n-Z LnLn+2r (Ln+2r + LZanLn-Zr)
4. (a) F’ - L] ,FT - F! =70,.,.F F F (F? - L, 4, FF )2
* a n+2r+1 2r+1°n n-2r-1 2r+1"n-2r-1"n"n+2r+l\V n+2r+1 2r+1“n-n-2r-1
7 7 7 7 . 2 2
(b) Livors1 = Loparly = Ly onoy = 7L21-+1Ln-2r-anLn+2r+1(Ln+2r+1 =~ Lops1lyLnoop 1)
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(e) L, F7 - FZ+2r FZ 2r T 7L2r n- 2rF Fn+2r(F2+2r +L2rF Fn 2:')2

2r°n

(d) Ler: Ln+2r LZ 2r T 7L2an ernLn+2r(Ln+2r +L2anLn-2r)2

The proofs of 4(a) and 4(c) could serve as proof models for the remaining identities.

4(a): F!

7 _ 7 7 7
vors1 = LopiaFl = Flgnoy = o 1F) + Flugpiy = Fplgnn

I

- _ _ 7 7 _ 7
- (Fn+2r+1 Fn-zr-l) +Fn+2r+1 Fn-Zr-l

3 4
= 7F+2r+1Fn—2r-1 - 21F +2r+1F 2r+1 + 35F:+2r-1F3-2r+1 35Fn+2r+1F -2r-1
FG

2 5
+ 21Fn+ 2r+1Fn~2r-1 - 7Fn+2r+1 n-2r-1

3 2 2 3
+ 5Fn+2r+1Fn 2r-1 5Fn+2r+1Fn 2r-1

3r*

n+2r+l

F,

= TF, n-2r-1

5
n+2r+1Fn-2r-1(F+2r+1
5
+ 3Fn+2r+1Fn-2r-1 - Fn-Zr-l)

3 2 2
2Fn+2r+1Fn—2r -1 + 3Fn+21r-+1F 2r -1

N
- 2F, +2r+1Fn 2r -1 +F -2r- 1)

= TFsor+1Fn-or-1 Fnsopsr — Fruoon- 1)( n+2r+1

= 2 2
- 7Fn+2r+1F 2r - 1L2r+1F ( n+2r+1 Fn+2r+1Fn—2r—1 + Fy -2r- 1)

= 2
= Thop 1P ap 1B By +2r+1( n+2r+1 L2r+1F;F%-2r—1)

4(‘1): FZLZr F7+2r Fn7-2r = (FnLZx-)7 - Frz+2r - Frz-zr = (Fn+2r + Fn-2r)7 = Fn7+2r FZ 2r

5
= 7Fn—2an+2r(Fn+2r + 3Frl:+2an-2r + 5F, +2rF5 2r + 5Fn+2rFr? 2r + 3F +2r rl: 2r + Fn 2r)

= 7Fn-2an+2r(Fn+2r 21')( +2r + 2F3+2an-2r + 3Fr%+2rFr% 2r + 2Fn+2rF3 2r + F: 2r)

7Fn-2an+2rL2rF (F2+2r + F +2an-2r + F2 zr)2
= 7L2an-2rF Fn+2r(F3+2r + LZanFn—Zr)2

NOTE: On the assumption that Type I primitive units are given by

a + b/D\" —Ln+anD-
2 - 2 >
these sixteen generalized F-L identities are valid Type I identities.
REFERENCE
1. Problem H-112 (and its solution), proposed by Leonard Carlitz. The Fibonacei Quarterly 7
(1969).
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A CHARACTERIZATION OF THE PYTHAGOREAN TRIPLES

JOHN KONVALINA
The University of Nebraska at Omaha, Omaha, NE 68101

The Pythagorean triples are all the systems of positive integers x, y, 2 which satisfy
the "Pythagorean equation'
(1) z? + y? = 2%,

It is well known (see Uspensky and Heaslet [2]) that the Pythagorean triples can be char-
acterized by the formulas

(2) x=Mx? - s?), y=Mrs, z = Mx? + %),

where r and s are any two relatively prime numbers of different parity with r > s and M is an
arbitrary positive integer.
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