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Let p be an integer of the form (2m + D2+ 4, m= 0,1, 2, ... . The finite difference
equation

(1) Po,po=(@@n+ 1P ., +PF; P, =1,P, =2m+1
has solutions given by )
ol any. o, _2m+14VDp . _2m+1-VD
Pn-/E(a B),a— 2 aB_ 2 .
The finite difference equation
(2) : Quy = (M + 1)Q,,, +Q,3Q, =2m+1,Q =p -2
has solutions given by
2m + 1 +V/p 2n +1 - Vp
g mon+py oAl R o A 1o /P
The following relations can be found.
af = -1
m+1+m8 G tRP
o = =
2 2
aop-2+@menp L TRP
2 - 2
L DE -+ @-F _ BFEP
2 2
Q,+PVp
ot = ———
2
a’ = gf_i_féfg
2
Q +B/p
ab = 7

P, and @, are both even if n = 0 (mod 3); otherwise they are both odd. The basic Fibonacci-
Lucas identities can also be generalized.

—

n
1. ) F =Fuyy -
i=1
n
1" 20@m+ 1)) B, =Q,,, - (2m - 1), - 2
t=1
n
2. ZL‘II = Ln+2 -
i=1

n
2! 2(2m + l)th = PP,,+1 - (@2m - 1>Qn+l - 4m - 6
i=1

w

3. F,,F,_,-F=(-1)" 3" BuyyPuoy - Bp o= (-1
4. Dy, L, , - L2 =5(-D"" 4" Qui1Qn.q - @5 = p(-1)*!
5. L, =F,.,+F,_, 5' @, =P, +P,_,
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LA A A A A A A A

6. Fanyy = Fauprt Fi 6" Pyuuy = Payy + Py
7. Fpp = Fioy - Fhoy 7' (m+ 1Py, = Payy - Py
8. F,, = F,L, 8" P,, =FE,Q,
9. Fuiper = FasiFpin + B 9" Biyesr = PanaPryy + BE
n n
10. ) F2=FF . 10 (2m+ 1)) P2 =BFP,,,
i=1 i=1
2
11. L2 - 5F2 = 4(-1)" 11' @2 - pPZ = 4(-1)"
12. F.ﬂ = (-1)n+1Fn 12! P—n = (_1)7I+1P"
T=Q, y=P
r =@,, y =P, » are particular solutions of z? - py2 = =4
x =Qs, Y =Ps
T =y, Yy=>b
=&y, Yy =P, are particular solutions of x2 - py2 =4
=Q¢s Y = P

Since x = Q,, ¥y = P, is not a solution of z? - pg

2

x =3%Q,, y = %P, is the primitive solution of z - py
primitive solution of x? - py? = 1. Also,

Letting ¢ = 0, 1, 2, ...

P numbers.
(4)
The three

Letting ¢ = 0, 1,

P numbers.

Prood (2):

(5)

QI‘+5 + P

r+s

r+s

e qf =q =
2

o

(@, + P,vp) (2Q; + BP/D)T = Qeyun + Poran
@; + PsJ?)(%Qs + %Ps/g)t = Qs T Porys

7
p

-1 but .‘L‘=;5Q3, Yy =;§P3 iS,

v

Theorem 1: An integer y is an integer of the sequence Py, P,, ...,
or py? + 4 is an integer square.
Proof (1):
3) z? - py? = -4
The three solution chains of x? - py? = -4 are given by

-1 and x = %Q;, y = %P, is the

if and only if py? - 4

(QS + Ps/E)(%QG + %PG/E).& = Q6t+5 + P6t+5/5’ t = 0’ 1’ 2, M

solution chains of z? - py? = 4 are given by
(@, + P,Vp) (5@ + %PeVD)* = Qgypz + Perao
(@, + P,Vp) (@5 + %P/D)? = Qgpyy + Peray
Qs + PeVD) (5@ + %PeVD)* = Qgprs + Porss
2

» «+.s the y integer values are

y = P2m+1

w9 Sl )

, the y integer values are P,, P,, P,

st =0,

s Pus Pgs e

.., the successive odd

, the successive even
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pyZ _ 4 = ppgm.‘.l - 4 = (a2m+1 - 82m+1)2 - 4

= OLlom+2 + 2(&8)2m+1 + Bum+2 = (u2m+1 + 82m+1)2

-2 -

= Q§m+1, an integer square. (

(6) ¥y =P,

py? + 4 =pPi + 4 = (@® - BT + 4

a‘-om + z(aB)Zm + B’#m = (azm + 82"’)2

Q2 , an integer square.
2m

Theornem 2: An integer y is an integer of the sequence €.,8&,, &, ..., if and only if
pn? - 4p or pn? + 4p is an integer square.
Proof (3):
7 z° - py® = -4p
The three solution chains of x> - py? = -4p are given by
(pp, + Ql/E)(%Qs + %f2/5>t = PPgray + Qg yVP
(PP; + 9,vp) Cal + %Ps‘/?’-)t = PPgys + 9ez4aVP
(pPs + Q4/P) %@, + %P/D)' = PPy, s + Qgpus/Ps t =0, 1, 2, 3, ...

Letting t = 0, 1, 2, 3, ..., the y integer values are @,, &, @, ..., the successive
odd @ numbers.
(8 x? - py* = bp

The three solution chains of z? - pyz = 4p are given by

(PP, + @,/P) (5@ + %PVD)* = PPgys, + Qgpun’P
(P, + Q“/E) (l'iQs + ;EPG‘/E)t = PPeiyy + Q5t+u‘/5
(pPe + Qe/g)(%Qs + %Pe/g)t = ppst+6 + Q6t+6/5’ t=20,1,2,.

Letting ¢ =0, 1, 2, 3, ..., the y integer values will be @,, &,, &> ..., the successive
even & numbers.

Proof (4):
(9> | ¥v= Q2m+1
py? +4p = (@ +4) = plaTtE + 2(B)"Y + B2 4 4]

= p[aum+2 - 2(aB)2M*L 4 g4m+2]

= pa2m+t - g2mtly?

B p2P§m+1’ an integer square.
(10) yea

pn? - 4p = p[ (@™ + B*")? - 4]

p(a2m - BZM)Z

— .2p2
=p sz’ an integer square.
L 2 2123
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