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ABSTRACT

This paper is devoted to analysis of subsequences of general recurrent sequences. Let
{un}22 be a recurrent sequence of order m. We consider subsequences v,, = usy,+; where s
is a natural number, j is a non-negative integer. Hereinafter we call these sequences ‘regular
subsequences’. Our goal is to calculate the general representation for these subsequences and to
create the simple algorithm for its calculation which does not use the roots of the corresponding
characteristic equation. Also, the general formula of representation for ‘regular’ subsequences
is presented. An algorithm for calculation of ‘regular’ subsequences is given. We propose also
an algorithm for calculating elements of the sequence equal to the sum of n'” powers of the
roots of characteristic equation, e.g. for elements , U, 15 = LrUpiar + %(Lgk —(Lp)*)Upysi +
%(05)'“(L2k — (L)) Up ok — (C5)*L_yU,y1 + (C5)FU,. This paper is a generalization of the
result by Prof. F. T. Howard.

INTRODUCTION
A recurrent sequence of order m can be defined as a sequence
Uy Uy eeey Upyy oo
with m — 1 arbitrary real (complex) numbers and for k& > 0:
Um+k = Crumyr—1 + Cotlyy—2 + ... + Craug. (1)

The numbers C,...,C,, are arbitrary real numbers and C,, # 0. For the sequences (1)
depending on 2m parameters we use the notation:

W (ug, w1, ..oy tp—1,C1, Co, ..., Cpy).
The corresponding characteristic equation for the sequence (1) is defined by the formula:
" — Ciz™t — ..~ Cp = 0. (2)

Let x1, ..., 2., be the complex roots (including multiple roots) of equation (2).
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A REPRESENTATION OF REGULAR SUBSEQUENCES OF RECURRENT SEQUENCES

Definition:  Let {L,}5%,, L, = a7 + 25 + ... + z},, be the recurrent sequence of order m.
This sequence depends on parameters (Cq,Cs, ..., Cy,). We call this sequence L-sequence for
parameters (Cy,Ca, ...,Cp,).

Let us prove that {L, }°° , is a sequence from the set W, (ug, w1, ..., Um—1,C1,Ca, ..., Cpp).
Let us consider sequences of the following form:

o) = (@) 10 0” = (@) 20, 0™ = {m) } 0.

It is clear that these sequences are the recurrent sequences from the set W, (ug, u1, ..., Um—1, C1,
Csy,...,Cp,), since x1,...,x, are the roots of the characteristic equation. Hence, the sum
of these sequences, i.e. the sequence {L,}5°,, is the recurrent sequence from the set
Wn(UO, ULy ooy Um—1, Cl, Cg, ceey Cm)

Thus, for each set of parameters (Cy,Cs, ..., Cyy,), there exists the unique L-sequence. In
particular, the L-sequence with parameters C7 = Cy = 1;m = 2 coincides with the well-known
Lucas sequence.

Definition:  Let {u, }°% be a recurrent sequence from the set W, (ug, u1, ..., um—1,Ci, Ca, ...,
Cpn). We say that a subsequence {v, }22 of sequence {u,}32, is called regular subsequence
of {uy, } if there exists a natural number s and a nonnegative integer j such that for every
nonnegative integer k the following formula holds:

U = Usghtj- (3)

We prove below that a regular subsequence of order m is a recurrent sequence of order m. That
is, there exist real numbers Uy, .., U,, such that for every nonnegative integer k the following
relations take place:

Vg+m = Ulvk:—l—m—l + U2vk:+m—2 + .. + Unog. (4)

The main result of this paper is an algorithm for calculating these coefficients Uy, .., Uy,.

It is known that the calculation of roots of a linear equation is a cumbersome problem.
Basing on properties of L-sequences we propose an alternative algorithm for calculating coef-
ficients Uy, .., U,,. This algorithm significantly reduces the complexity of calculations.

In particular, for m = 3:

Unisk = LiUnyor — (C3)FL_y Uiy + (C3)*U,.

This result was proved by Prof. F. T. Howard (see [4]).

For m = 4:
Untak = LiUnisi + %(L%—
—(Li)*)Unsok + (=Ca)* L Upyy, — (=Ca)* U,
For m = 5:

1
Upsse = LiUpyar + §(L2k — (Li)*)Unae+

1
+§(05)k(L2k — (L)) Upsok — (C5)*L_1.Upii + (C5)*U,
Etc.
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SOME PROPERTIES OF L-SEQUENCES

Lemma 1: For any integer 1 < ¢ < n the following formula is valid:
Liy1=C1Li+CoL; 1+ ...+ C;Ly + (i + 1)Ci41.
In particular,

Lo = m;
Ly =Cy;
L2 = C]_L2 + 202;

Ln = Can,1 + CQLn,Q —+ ...+ nC’n;

Thus, one can calculate all elements of L-sequence directly from parameters (Cy, Ca, ...

It is not necessary to know values of roots z1, ..., x,, of characteristic equation.

Proof:  First, let us represent the numbers (Cy,Ca, ..., Cyp,) using x1, ..., Tp,.
Consider next transformations:

2™ —Ce™ - L —Cpal = (2 (= x2) (T — ) =

=z —(r1+x2+ ...+ xm)mm_l + (122 + 123 + .. 4

m—2

F Ly 1T )T — (x1m223 + T1 2274 + ...+

xm_gxm_lxn)mm_?’ — (—1)m+1(a:1:1:2x3....xm)x0

Hence, the following relations take place:

Ci=z14+ 22+ ... +Tm
Cy=—(z122 + 123+ ... + Tpp12p,) =

m—1

> Y am

j=1 k=j+1
C3 = 210923 + X1T9T4 + ... + Tipp—2Tin—1Tn =

m—2 m—1 m

DI P

j=1 k=j+11=k+1

m—h+1 m—h+2

Co=(=D"" 3 > %
p1=1 p2=p1+1

m

E Lpy Lpy---Lpy,

Ph=pPh—11+1



A REPRESENTATION OF REGULAR SUBSEQUENCES OF RECURRENT SEQUENCES
Now, let us calculate C7L;:
CiLy = (x1 + 22 + oo + ) (2 +2b + ...+ 28).
First, we open the left bracket:
=xi(at+ b+ al) ot b+ 2l )

txp () b+ 2t
t4+1

Let us group together terms containing the highest power z;" ", i = 1,...,m. We have:

= (M a2l et (o b 4 2l

R € T o A R B RN R ey L R SRR B AT

The expression in the first bracket is equal to L;11. Let us regroup the remaining terms as
follows:
=L+ ol (o + o3+ 2y + oo+ a) ab(zy + 23+ 24+ o+ T)+

total (xy+ T2+ T3+ 1),

Note, that xf = :z:f_la:i, 1 < i <m. Let us put z; into the inner brackets. Hence, we obtain:
=Ly + xi_l(xlxg +x123 + 124 + oo + T+

‘*'5133_1(551@ + x3T2 + T4xo + . + Ty T2) + . F
20 (EmT1 + Ty + T3 + o T T 1)

Let us introduce the following notations.

By the symbol ¢k (i), 1 < i < m, we denote the sum of terms in the right hand side of
relation (6) for coefficient C; which do not contain element xj. By the symbol ¢} (i) we denote
the sum of remaining terms, ¢; (i) = C; — ¢ (7).

According to these definitions we can rewrite the last identity in the following way:

C1Ly = Liy1 + 2701(1) + abpa (1) + ... + b, om (1),

or:

CiL; = Lt+1 + Zl‘};(’ok(1>
k=1

Let us indicate the following properties of functions ¢, and ¢7j:

a) Tk (i) is the sum of terms from the right hand side of relation (6) for coefficient C;
which contain xzy;

b) all terms of the sum z,y (i) are different;

¢) each term of the C;; representation by formula (6), which include zy, exists in zx (i),
and conversely.
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d) the following relation is valid:

wrepr(i) = —@p(i+1) (7)

forevery 1 <k <mand 1<1i<m.
According to the formula (7) we fulfill the following transformations:

m
ZQCZS% Z:ps Yor(i4+1) Z:pk —Cip1+pr(i+1)) =
k=1

=— le:v +Z:L“ YoR(i+1) = z+1Ls1+Z$ Yor(i+1).
k=1

Hence, the following equality holds:

ZxZSOkz(l) =—Ciy1Lls1 —i—Zx or(i+1).
k=1
Continuing transformations we obtain:

C1Li = Ly + Zx}t&pk( ) =Lit1 —CoLy1 + Ziﬂk ep(2) =...=

k=1 k=1

=Liy1 —CoLy_1 —C3Ly_9 — ... — CyLy + Zfﬂk@k(t) =
k=1

= Lt+1 — CQLt—l — Cth_Q — .. — CtLl — Z SOZ(t + 1)
k=1

Le.
CiLy = Lyyq1 — CoLy_1 —C3Ly_o — ... — Cy Ly — Z @r(t+1). (8)
k=1

Now, let us calculate the sum Y * | o} (t + 1).

Let us note that:

a) by definition, ¢ (¢ + 1) is the sum of terms from the right hand side of relation (6) for
coefficient C'y 1. Each term contains xg;

b) Each term from right hand side of equation (6) for coefficient Cy 1 is included into the
sum Y, pr(t + 1) exactly t + 1 times.

Let us explain these properties more precisely. According to (6) we have:

m—(t+1)+1 m—(t+1)+2 m
_ t
Cit1 = (—1)"- E : E e E Tpy Ty Tp(ypyy -
p1=1 p2=p1+1 D(t+1)=P(t+1)—1+1
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Let us fix the set of numbers (pi1,p2,...,pt+1), where 1 < p; < ps < ... < piy1 < m, and
consider the corresponding term x,, xp,...7p,,,. This term is included exactly one time into
the sum ¢y (t + 1), exactly one time into the sum ¢y (t+1),..., and exactly one time into the
sum ¢y, (t + 1), totally ¢ + 1 times. And this term is not included in sums ¢y (t + 1) such

that k ¢ {p17p27“'7pm}'
Hence, running through all sets of numbers (p1,p2,pey1), 1 < ps <m, 1 < s <t+1 we

get the following relation:

ST it 1) = (4 1)Can. (9)

k=1

Substituting (9) into (8) we obtain the necessary relation (5).
Lemma 1 is proved.

THEOREM ABOUT REGULAR SUBSEQUENCE
Let us define u,, as recurrent sequence of order m (C,, # 0):
Up = Wy (ugy ooy Um—1,C1y ooey Cin). (10)
The representation of sequence is following:
Uk+m = C1Ug4m—1 + Colggym—3 + ... + Crug.
The characteristic equation for this sequence is:
™ —Cyz™ - ... —C, =0.

Let z1, ..., z; be the different complex roots of this equation and 71, ..., r; be their multiplicities

(ri1+ ...+ r; =m).
We use the following well-known lemma.

Lemma 2: Let us define m sequences:

{(z)" oy, (@) o2, o {0 (@) o2,
{(552)”}30:1’ {n<$2)n}ﬁo:1a R {nm_l(xQ)n}?LO:lv ) (11)

{(@)" oty An(@)" i, o An™ 7 @) " 1.

There exist complex numbers (ay,...,a,,) such that the recurrent sequence u,, can be
decomposed to a linear combination of numbers (ay, ..., a,,) and sequences (11). This linear
combination is unique.

Now let us examine the regular subsequence

Uk = Uskj (12)

of sequence {u,}. Here s is a natural number, and j is a nonnegative integer.
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A REPRESENTATION OF REGULAR SUBSEQUENCES OF RECURRENT SEQUENCES
Now, let us define y1, ..., Y, as roots of equation
y" —Ciym - ... —Cp =0
including multiple roots, i.e.

Yy —Cy T = === 1) (W —Y2) e (Y — Ym). (13)
Let us define the numbers:

U= ) + ) + ...+ (ym)®

Us = (=1) - [(y192)° + (v1y3)* + - + (Y1ym )+

+ (Y293)" + o + (Ym—1Ym)°]

Us = (y19293)" + (Y19294)° + .. + (Y1Y2ym )+ (14)
+ (1y3ya)® + o+ (Ym—2Ym—1Ym)°

Un = (=1)" " (1192 ym)*.

Theorem 1 (Theorem about regular subsequences): Let {ux} and {v;} and numbers
Ui, Us, ..., Uy, be defined by (10), (12) and (14). Then the sequence {v,, } is a recurrent sequence
of order my, where m; is a natural number, m; < m and the next equality is valid:

Utk = U1Vmak—1 + UsUmg—2 + ... + Upug

Proof:  According to Lemma 2, the sequence u,, is a linear combination of complex
numbers (ay, ..., a,,) and sequences:

{@)" 1% ()" 1oy, An™ 7 ()" 1,
{(z2)" 1oy, {n(a2)" 1oy, o {0727 (2)" 1020, s

{(@)" 1oy (@) 1oy, o in" (@) " 1020

8

8

By definition of the subsequence {vy}, there exist complex numbers by, ..., b, such that
the sequence {vy} can be represented as a linear combination of these numbers and sequences:

{(@)™ 12y ()10, o An™ T (@) M L,
{(@2) ™ 0y () sy {07 (a2) L,

{(@a) ™ 3, An (@) ™0y, s {0 () L

Hence, there exist complex numbers (dy, ..., d,,) such that the sequence vy can be represented
as a linear combination of numbers (dy, ..., d,,) and sequences:

{(@)* oy, () ™3ty o {07 7 (@) 020,
{(1“2)8”}?10:17 {n<x2)sn}$zo:1= L) {nm_l(a‘?)sn}?zo:l? )

{(@a) sy, nlz) " }oly, oy {07 7 (@) " 102

8
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A REPRESENTATION OF REGULAR SUBSEQUENCES OF RECURRENT SEQUENCES
Now, consider the next expression:
S\T S\T S\Ti
Fl)=(x—z})" - (z —2x3)™ ..o (x — x])".

Let us make the following transformation:

F(z)=(z—a})" - (x—23)” .- (@ —a7)" =
=@—yl)-(x—y3) . (z—yp) =

=z —(yj +...+ yTSn)CL’mfl + ((1y2)® + ...+ (15)
+ Yme1ym) )™ 2+ o (D)™ 1y ) =

=™ —Upz™ ' — ... = U,2°.

Let us consider the following equation
Fz)=a™ - U™ ' — ... = Upa® =0.

Note that some numbers in the set (zf,x3, ..., z7) may not be different.

Now let us apply Lemma 2 to the recurrent sequences: W, (vg, v1, ..., Um—1,U1,Us, ..., Uy ).
The following statements are evident:

the multiplicity of root x] is greater or equal to ry;

the multiplicity of root x5 is greater or equal to rs;

the multiplicity of root x; is greater or equal to r;.
Hence, by Lemma 2 the sequence
W (vo, 01, ooy V-1, U, Ua, ..., Uy,) is a linear combination of sequences:

{(@)™ 302y {n(2) " oty o {n T @)™ 1y,

{(@2) ™10l (@) " 1y, o {n"> 7 (22) ™ 10y, (16)

{(@a) ™y (@)™ 1oty {0 (@)™ 0.

Note that in the case when some terms in the set (xf,x3,...,x7) are not different the
number of different sequences in (16) is less than m. In this case we have m; < m (see
statement of the theorem 1). In case when these terms are different the following equality
holds m; = m.

So, we obtain that {v,} is a linear combination of sequences from (16). Hence, {v,} can
be represented by the following formula:

Um+k = Ulvm—l—k—l + U2vm+k—2 + ..+ Unvg.

The Theorem 1 is proved.

One can mention that it is difficult to calculate U; using roots of characteristic equation
in the case m > 3. In this case we need to find roots of linear equation of order m, and this
problem is rather cumbersome.

In the next paragraph we show how to calculate coefficients U; using L-sequences.
Property 1: Let C,, and U,, be defined by (10) and (14). The next statement is valid.
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If m and s are both even integer numbers then:

Un=—(Cn)°
otherwise
Un=0C;,.

Proof: By definition we have:
Un = (=1)" " (y192--ym)° =

= (D)™ DD yyeym)])®) =
— (_1)m+1(<_1>m+1CWL)s) — (_1)5m+s+m+l(cm)s‘
If s and m are both even then sm + s+ m + 1 is odd; otherwise sm + s + m + 1 is even.

Property 1 is proved.

Property 2: Let C,, and U,, be defined by (10) and (14). The next statement is valid.
If m is odd then
Un=0C;,,

and if m is even then
Unp =—(—Cp)°.
Proof: Let us consider the next case: m is even and s is odd. In this case

Um - _(_Cm)s = _(_1)8 ' (Cm)s = (Cm)s

In other cases this statement is valid according to the Property 1.
Property 2 is proved.

Remark: In [6] Prof. P.T. Young proved that for each integer k: 1 < k < m — 1 the
following identity holds:

Uy = (~1)F'DI(Cy, Cy, ..., O, 0),

=1

where D™ are the generalized Dickson polynomials defined by eq. (2.6) in [6]. Theorem 1 in
[6] is an analogue of the Theorem 1 in this paper.

ADDITIONAL PROPERTIES OF L-SEQUENCES
AND REGULAR SUBSEQUENCES

Now, we apply the result of the Theorem 1 to L-sequences.
Let’s use the notations of roots of characteristic equation y1,ys, ..., ym and numbers

Uy, Us,...,U,, from equalities (14) and (13) of the previous paragraph. We have shown that:

(x—y)) (z—y3) .- (x—y,)=a™ — Upz™ 1 — . —U,,2°, (17)
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and
(x—y1) - (x—y2) oor (& —ym) =2™ — Cizm ' — ... —C,2°. (18)

Let us denote by the symbol {L,}32, the L-sequence with parameters (Ci,Cj,...,Cp,).
From (18) and definition of L-sequence it follows:

Ly = (y1)" + (y2)" + - 4 (ym)"

Let us denote by the symbol {LS)}ZOZO the L-sequence with parameters (Uy,Us,...,Uy,).
From (17) it follows:

LD = )" + (05" e ()" = (00" + (02)°" + o ()™

Hence, for every natural number k the following equality is valid:

LV =Ly, (19)

Using Lemma 1 let us prove the following statement.

Lemma 3: Let {L,} is the L-sequence with parameters (Cy, Cs, ..., Cy,,) and {U, } be defined
from (14). The following relation is valid for every integer number 0 < s < m:

Lk(5+1) =ULps + UQLk(s—l) 4+ ...+ UsLp + (8 + 1)U5+1. (20)

Proof:  To prove Lemma 3 it is sufficient to replace Lg; by ngl). This replacement is
possible due to relation (19). Hence, Lemma 3 follows from the Lemma 1 since {Lg;}32, is
an L-sequence.

Let us suppose that terms of the sequence {L,}°, are given. Let us put numbers
s=0,1,...,m into (20) in a consecutive way. By this way we obtain the following equalities:

U, =Ly
Uz = §(Lok — LpUy) = 5(Lop — L)

1 : 3 21)
Us = 5(Lar — LxUz — LopUs) = 5(Lsk — 2Lk Lok + (L)

So, Lemma 3 provides the method for calculating Uy, ...,U,, using only parameters
Ci,....,Chy.

Note that we can rewrite (21) in the alternative form:

Ly =Ux
Loy, = L3 + 2U,
Laj = 2L Loy — (Ly)? + 3Us
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These equalities generalize the well-known relations of Lucas sequences.
Let us remind that the numbers (U, Us,
the adjoint numbers:

..., Up,) are defined by (14). Now let us define

U= (y) "+ (y2) "+ o+ (Ym) ™%
U_g = (=1) - [(y1y2) * + (y1y3) " + . + (Y1ym) *+
+ (Y293) " + oo+ (Ym—1Ym) °);
U_3 = (y192y3)" ° + (y1y2ya) ° + ... + (Y1y2ym) "+ (22)
+ (y1y3y4) " ° + oo + Ym—2Ym—1Ym) "~ ";
U_,, = (—1)m+1(y1y2...ym)_s.

By analogy with (15) the following relation takes place for numbers U_q,U_o,

cn U
Y= U1y Uy — Ui = (y—21) - (y

— a7 (- ).
Hence, the L-sequence for numbers U_1,U_g,...,U_,, is equal to {L_4}.

Thus, we can generalize Lemma 3 in the following form.
Lemma 4:

Let L, is the L-sequence with parameters (Cp,Cs,...,C,,) and numbers
U_1,....,U_p, be defined by (22). The following equality holds for every integer 1 < s < n:

L_psy1)y =U1L s +U_oL_js—1)+

(23)
+ ...+ U_L_;+ (8 + 1)U,(S+1).
Let us prove the following statement.
Lemma 5:

Let U_p,U_py1,...,U_1,U1,...,Up, be defined by (14) and (22). Then the
following formula is valid for 1 <17 < m:

Umfi == (—1) . UmU,Q

(24)
Proof: For proving of Lemma 5 let us make the following transformations using (14)
and (22):
U= )"+ (2)" + .+ (ym)® =

= (y1y2---Ym)°’ [(V1y2---Ym—1)"° + (YV1Y2--Ym—2Ym ) °+
+ ...+ (ygyg...ym)_s] =

= UmU—(m—l)(_1)m(_1)m+1 = (_1)UmU—(m—1)
Us = (=1) - [(1192)° + (11y3)° + .. + (Y1ym) "+
+ (2y3)° + oo + (Ym—1Ym)°] =
1) - (Y192 Ym) (Y192 Ym—2) " + (V1Y2---Ym—3Ym—1) " "+

o Ym—3Ym) "+ (Y1Y3Ya--Ym—1)"" + oo + (Y3Y3---Ym)®] =
= (DU U_ (o) (1) (=1)" " = (=1)UnU_(mn—2)
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Un-1=(=1)"[(y1y2---Ym—-1)" + (0192 Ym—2Ym)* + ...+

+ (Y2y3--¥m)°] = (1) (Y1y2--.ym) " [(y1) 7 + (y2) "+

+ ot (Ym) "] = (=D)™U, U_1 (=)™ = (=1)U,,U_1.
Hence, in all cases the statement of Lemma 5 takes place.

Lemma 5 is proved.
According to Property 2 number U,, can be trivially found using parameter C,.

A SIMPLIFIED METHOD FOR CALCULATING
THE COEFFICIENTS Uy, ...,U,,

Let us pass to the main task of this paragraph.

Consider the following algorithm.

Let sequence {u,} be defined by (1). Suppose that parameters C1,...,C,, are already
known. Let us define the recurrent sequence {v, } by (3)-(4). The goal of the algorithm is to
find parameters Uy, ..., Up,.

Step 1. According to (5) we calculate terms of L-sequence {L,, } for parameters C1, ..., C,,.

Step 2. According to (20), (23), and (24) and Property 2 we calculate numbers Uy, ..., U,,.

In most cases we recommend to find Uy, ..., Upm) by (20), U_1,...,U_[m] - by (23), and the
remaining numbers - by (24).

For example,

By equality (5) we have:

Ul = Ls§

1 1
U2 - §(L2s - LsUl) - §(L28 - (LS)2)

By Property 2 we have:

Un = (Cp)? - in the case when m is odd;

Un = —(=Cp,)? - in the case when m is even.

By equality (24) we have:

Upn-1=(—1)Uy -U_1 = —(C),)°L_g - in the case when m is odd;

Un-1=(-1)Un -U_1 = (=C),)°L_s - in the case when m is even;
1
Un—2 = (_1) Upm U2 = _g(cm)s"(Lst - (LfS)Q)
- in the case when m is odd;
1 s 2
Up—2 = (_1) Upy - U_2 = 5(_0771) (L—2s - (L—S) )

- in the case when m is even;
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Etc.
Let us examine the next cases:
Case 1. m = 2:

U, =Ly
U2 = Um = —(—02>S.
Hence,

Vpt2 = Lsvpr1 — (—C2)°vg.

The last relation is the well-known formula (see, for example, [2]).
Case 2. m = 3:

Uy =Lg;Uy=Up1 =—(C3)°L_s; Uz = U, = (C3)*.

Hence:
Up43 = Lsvpto — (C3)°L_svp41 + (Cs) vg.

The last formula was obtained by Prof. F. T. Howard in [4].

Case 3. m = 4:
Ul - Ls;
U2 - %(LZS - (Ls)Q)v
Us =Up—1 = (—Cs)°L_g;
Uy =Up = —(—Cy)*
Hence,

1
Vpya = LgUpy3 + §(L23 — (Ls)*)vks2 + (—Ca)* L_svp1 — (—Ca)*vy.

The author believes this result is new.

Case 4. m = b:
Ul - Lsa
U2 - %(L2S - (LS)Q);
Us=U—o = —%(05)5(L_23 - (L_S)Z)7
Uy =Up—1=—(C5)°L_g;
Us =U,, = (C5)*®
Hence,

1
Vg5 = LgUkya + g(Lzs — (Ls)*)kgs—

1
_5(05)5@—28 — (L—s)*)vkt2 — (C5)* L_svp1 + (Cs) vg.
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Remark: Let us examine the following example
Up+2 = 4un.
In this case the corresponding L-sequence, let denote it L,, is a sequence of the second order
L, =2"+(-2)".

The regular subsequence
Up = L2n

is a sequence of the first order:

v, = 47

We use here the order of terms of recurrent sequences like in Definition 1 in [4].
Finally, we examine the following example m =4, C; =1, Cy = 3, C3 = 4, C4y = 2. Hence,

Up44 = 3Un+3 + 5un+2 + 7un+1 + 2u,,. (25)

Let s =5 and j be a natural number.
In this case we have:

Lo=m=4;

L,=C=1;

Lo =10,C; +2C,=1+4+2-3=T,

L3 =LCo+LoCi+3C3=1-34+7-1+3-4=22.

Hence, by (25) we can calculate the following values:

L5 = 151,
L10 = 23167,
Lq5 = 3526402.

According to Lemma 3 we can calculate the following values

Uy = Ly = 151:

Us = (Lo — LsU1)/2 = (23167 — 151 - 151)/2 = 183;
Us = (L15s — L1oUy — LsUs) /3 =

(3526402 — 23167 - 151 — 151 - 183)/3 = 184.

According to Property 1 we obtain:
Uy =2° = 32.

Hence,
Vgta = 151vg1s + 183vg19 + 184vg 11 + 32v%.
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A REPRESENTATION OF REGULAR SUBSEQUENCES OF RECURRENT SEQUENCES
Thus, we obtain the following recurrent formula

Ugt20 = 151ukr1s + 183ugr10 + 184ug+5 + 32uy.
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