LUCAS (a1, as,...,a, = £1) PSEUDOPRIMES
LAWRENCE SOMER AND CURTIS COOPER

ABSTRACT. Cooper and Somer define a Lucas (ai,as,...,a; = £1) sequence {G,} for all
integers n as

Gp=a7+2a5 +---+ap,
where x1, 2, ..., T are roots of the equation

zk = alxkfl + agxk*Q + -t ag

with integer coefficients. Then they define Lucas (a1, as, .. .,ar = +1) pseudoprimes to be
composite n such that

G,=G; (modn) and G_, =G_; (mod n).

Adams and Shanks and Szekeres had previously used negative indices in describing higher-
order pseudoprimes. In this paper, we will relate pseudoprimes occurring in different Lucas

(a1,a9,...,ar = 1) sequences. And we will provide substantial numerical tables giving
Lucas (a1, as9,...,ar = £1) pseudoprimes for many different Lucas (aj,aq,...,ar = £1)
sequences.

1. INTRODUCTION

The concept of a pseudoprime with respect to a polynomial has been studied in the
mathematical literature by Adams and Shanks [1], Gurak [6], Szekeres [9], Atkin [2], and
Grantham [4]. We note that the Frobenius pseudoprimes of Grantham [4] generalize the
higher-order pseudoprimes of both Gurak and Szekeres. The higher-order pseudoprime test
of Atkin [2] shows some similarities to the Frobenius pseudoprime test of Grantham.

Cooper and Somer [3] define a Lucas (ai, as, ..., ar = £1) sequence as follows.

Definition 1.1. A Lucas (a1, as,...,ar = £1) sequence {G,} is defined for all integers n

as
Gp=a7 +xy + -+ 2,
where x1,To, ..., T are roots of the equation
o = ap " agrt Tt b
with integer coefficients. Associated with the Lucas (ay,aq,...,ar = £1) sequence {G,} is
the characteristic polynomial
flz) =2 — a2 — a2 — o —ap_x — ay,

with characteristic roots x1,xa, ..., Tk.

They then proved that for prime p,
Gp,=G; (modp) and G_,=G_; (mod p).

Motivated by this result, they define a Lucas (a1, as, . . ., ar, = +1) pseudoprime as follows.
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Definition 1.2. Let {G,} be a Lucas (ay,aq,...,a, = £1) sequence. A composite n such
that

G,=G; (modn) and G_,=G_; (mod n)

is called a Lucas (ay,as,...,a, = £1) pseudoprime.

Adams and Shanks [1] in referring to third-order pseudoprimes and Szekeres [9] in re-
ferring to general higher-order pseudoprimes, both used positive and negative indices in
defining higher-order pseudoprimes. In addition, Adams and Shanks and Szekeres even used
additional constraints in addition to using both positive and negative indices. Adams and
Shanks used the third-order sequence A(n) and they used the signature for the 6 terms
A(—=n — 1), A(—n), A(—n + 1), A(n — 1), A(n), and A(n + 1) to test the pseudoprime n.
There are three types of signatures, the S signature, the Q signature, and the I signature.
For all three signatures, Adams and Shanks have A(n) = A(1) (mod n) and A(—n) = A(-1)
(mod n).

In this paper we will relate pseudoprimes occurring in different Lucas (aq, as, . . ., ar, = £1
sequences. And we will provide substantial numerical tables giving Lucas (aj,as, ..., ar =
+1) pseudoprimes for many different Lucas (ay,as, ..., ar = £1) sequences.

2. SECOND ORDER LucAs PSEUDOPRIMES

We begin with a lemma concerning second-order Lucas sequences.

Lemma 2.1. Consider the Lucas (a1,as = +1) sequence. If ay = —1, then each positive
composite integer M satisfying

Gy =Gy (mod M) (2.1)

also satisfies
G-y =G-; (mod M). (2.2)
If ay = 1, then each positive odd composite integer M satisfying (2.1) also satisfies (2.2).

Proof. Let x1 and x5 be the characteristic roots of the Lucas (a1, as) sequence. Then for
n > 0,

G, =a"+a3" = (2 + a8)/(x129)"
= (2} +23)/(—az)" = (—az)"Gp.

The result now follows. O

Traditional Lucas (aj, 1) pseudoprimes are essentially Lucas (aq,1) pseudoprimes. How-
ever, a traditional Lucas (a1, 1) pseudoprime only requires that n is composite and G,, = G
(mod n). Therefore, every Lucas (a;,1) pseudoprime is a traditional Lucas (a;, 1) pseudo-
prime. But these pseudoprimes are different. For example, 8 is a traditional Lucas (2,1)
pseudoprime since G = 1154, G4 = 2, and 1154 = 2 (mod 8). However, 8 is not a Lucas
(2,1) pseudoprime with the above definition since G_g = 1154, G_; = —2, and 1154 # —2
(mod 8). A similar argument can be made for any 2% where k > 3.

The next theorem will give some elementary results about second order Lucas pseudo-
primes.
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Theorem 2.2. Every traditional Lucas (a1, —1) pseudoprime is a Lucas (a1, —1) pseudo-
prime. FEvery odd traditional Lucas (a1,1) pseudoprime is a Lucas (a1, 1) pseudoprime. If
a; =2 (mod 4), then 4 is a Lucas (a1, £1) pseudoprime. There are only a finite number of
even Lucas (ay,1) pseudoprimes.

Proof. Let {G,} be a Lucas (ai,+1) sequence. It now follows from Lemma 2.1 that ev-
ery traditional Lucas (a;, —1) pseudoprime is a Lucas (a1, —1) pseudoprime and every odd
traditional Lucas (ay, 1) pseudoprime is a Lucas (a1, 1) pseudoprime.

Next let a1 =2 (mod 4) and let as = +1. Since G; = a3, G_1 = —agay, and Gy = G_4 =
aj + 4axa? + 2, it follows that 4 is a Lucas (ay, +1) pseudoprime.

Finally, let n be a Lucas (a;,1) pseudoprime. First suppose that a; = 0. Then G; = 0
if 71is odd and G; = 2 if 7 is even. It follows that there is no even traditional Lucas
(a1, 1) pseudoprime, let alone an even Lucas (aq, 1) pseudoprime. Now assume that a; # 0.
Since n is an even Lucas (a1, 1) pseudoprime, n is composite, G,, = G; = a; (mod n), and
G_, =G_1 = —a; (mod n). And since n is even, we see from the proof of Lemma 2.1 that
G, = G_,. Therefore, 2a; = 0 (mod n) or n|2a;. Hence, there are only a finite number of
even Lucas (a1, 1) pseudoprimes. O

3. HIGHER ORDER LucAs PSEUDOPRIMES

The next theorem will give necessary and sufficient conditions for finding certain higher
order Lucas pseudoprimes.

Theorem 3.1. Consider the Lucas (0,...,0,a,0,...,0,a0 = £1) sequence, where k > 2
and ay, # 0. The Lucas (0,...,0,ax,0,...,0,a9, = £1) pseudoprimes are precisely the
composite natural numbers relatively prime to k and the composite natural numbers km for
which m | Gy, (ag, agg)-

Proof. 1t follows from the Newton formulas, the recursion relation defining the Lucas (0, ..., 0,

ag, 0,...,0, a9, = £1) sequence, and by induction that
G,=G_,=0 ifn>0andn#0 (mod k), (3.1)
Go = 2k, (3.2)
Gy = kay, (3.3)
Givor = G ip1)r + a2eGix for ¢ > 0, (3.4)

and
G_ir = (—ao)' G for i > 0. (3.5)
In particular, we see by (3.1) that G; = G_; = 0.

Consider the second-order Lucas sequence {G,(ay,as;)}. Then Go(ag,as) = 2 and

G1(ag, asg) = ag. Note that
Go(0,...,0,a,0,...,0,as) = kGo(ag, as) and
Gr(0,0,...,0,a,0,0,...,0,a9) = kG (ax, as).
It now follows from (3.4) and the second-order recursion relation defining {G,, (ax, agx)} that
Gir(0,...,0,ax,0,...,0,a90;) = k - G;(ag, azy)

for i > 0. The assertions concerning the Lucas (0,...,0, ax,0,...,0,as = £1) pseudoprimes
now follow from (3.1)-(3.5). O
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The paper by Somer [8] gives comprehensive criteria for determining when n|G, (a1, 1),
which relates to Theorem 3.1.

We now present an observation that gives further insight on the Lucas (0,...,0, a,
0,...,0,a9; = 1) sequence, where k > 2, and provides intuition on why Theorem 3.1
is true. Let

f(z) = 2% — apa® — ag
be the characteristic polynomial of the Lucas (0,...,0,a,0,...,0,as = +1) sequence. Let
x1,..., %9 be the characteristic roots of f(z). Let y; and ys be the characteristic roots of
the Lucas (ag, as) sequence with characteristic polynomial

g(z) = 2% — arr — agy.

Then ¥, ... x% satisfy the characteristic polynomial g(x) = 22 — azx — ag. In particular,
one can order the characteristic roots 1, ..., e so that each of z¥, ... a¥ is equal to y,
and each of z}_,,..., x5, is equal to ys.

Example 3.1. Consider the 2kth-order Lucas sequence (0,0,2,0,0,1) where k = 3. We
show that 198 | G19s(2,1). It will then follow from Theorem 3.1 that 3-198 = 594 is a Lucas
(0,0,2,0,0,1) pseudoprime. It is well-known that if m|n and n/m is odd, then
Gm(al, 1) | Gn(al, 1)

Note that 198 = 6 - 33. Thus,

Gg(2,1) =198 | Go8(2,1),
as desired. We also see by Theorem 3.1 that the composite numbers 4, 8, 10, 14, 16, 20, 22,
25, 26, 28, 32, 34, 35, 38, 40, 44, 46, 49, and 50 are also Lucas (0,0,2,0,0, 1) pseudoprimes,
since they are all relatively prime to k = 3.

The next theorem is an important one to help us relate Lucas pseudoprimes of different
sequences.

Theorem 3.2. Consider the Lucas (a1, as, . ..,ar = +1) sequence with characteristic poly-
nomial f(x) and the Lucas (b1, bs, ..., b, = £1) sequence with characteristic polynomial g(x).
Suppose that g(z) | f(x). Suppose further that

f(x) = g(x)g1(x)g2(2) - - - g(),
where g1(x), g2(x), ..., gj(x) are cyclotomic polynomials, not necessarily distinct, of orders
my, ma, ..., m;j, respectively. Let m = lem(my, mo, ..., m;). Then the set of Lucas (by, b, ..., b,)
pseudoprimes relatively prime to m is equal to the set of Lucas (ay,as,. .., ay) pseudoprimes
relatively prime to m.

Proof. Let M be a Lucas (by, by, . .., b,) pseudoprime relatively prime to m. We show that M

is also a Lucas (ay, as, ..., a;) pseudoprimes relatively prime to m. Let x1, s, ..., z, be the
characteristic roots of g(x). Then by the definition of a Lucas (b1, bs, . .., b,) pseudoprime,
Gar(bi,ba, ... b)) = o o) 4+ 4 2™ = Gi(by, by, ..., b)) (3.6)

=r1+x3+ -4z, (mod M)
and
G_a(by, b, b))y =M+ ™ = Gy (by, by, ..., by) (3.7)
=o' oyt -+ 2t (mod M).
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Let the characteristic roots of g;(x), 1 <@ < j, be (14,4 - - -, Co(my),is Where ¢ is Euler’s

totient function and (4, (ay; - - - Cp(my), consist of all the distinct primitive (m;)th roots of
unity. Since M is relatively prime to m;, it follows that
M+ Gt 4 Ol = S+ G+ G (38)
= Cri+ Coit o+ Compi = Ciil + g;ﬂ.l 44 C;(}m)’z
Let @y, X9, ..., Ty, Tpy1, - .., g be the characteristic roots of f(z). It follows from (3.6)-(3.8)
that
Gular,ag,...a5) = o) + )+ +aM + ), +- + o) (3.9)

= +a+ 4+t + a2 =Gi(ar,a, ... a5) (mod M),
and
G_mlar,az, ... ap) =7 + ;™o M g M M (3.10)
=z o 4+t o+ a = Goiar,as, .. ar)  (mod M).

Hence, M is a Lucas (aq,...,a; = £1) pseudoprime relatively prime to m.
Now let N be a Lucas (ay, as, ..., ar = £1) pseudoprime relatively prime to m. Note that

h(z) = f(2)/9(2) = gi(x)ga(w) - gj(w) = 2" —a®" ™ — o — gz — oy
is a monic polynomial with integer coefficients which has characteristic roots .1, €, 19, ...,
xy. It follows from (3.8) that

a4ty = N a4 Y (3.11)
=T T Tyt o = T R T b =
We now see by (3.9), (3.10), and (3.11) that
Gn(ar,az, ... ap) = (a7 + 2l +- +a))+ (@), + a2l + - +ap) (3.12)
= Gpn(by,bay ..., b)) +c1 =Gi(ay,as,...,ar) = (x1 + 22+ +2,)
+ (zpp1 + Tpgo+ -+ ak) = Gi(by, bo, ..., b)) + ¢ (mod N),
and
G_n(ar,az, ... ap) = (7N + a3V + o+ o)+ (N a2 Y) (3.13)
= G_n(by,ba,...,b) +c1 =G _i(ay,a9,...,a5) = (7 + 25t 4+ 2. 1)
+ (ol o) =Goi(b,ba,....b) + e (mod N).

Congruences (3.12) and (3.13) together imply that Gy (b1, bs, ..., b.)+c1 = G1(b1,bs, ..., b )+
¢; (mod N) and G_p(by,bs,...,b.) + 1 = G_1(b1,bs,...,b.) + ¢1 (mod N). Hence, N is
also a Lucas (b1, b, ..., b,) pseudoprime relatively prime to m, and the result follows. (]

Some corollaries and examples follow from this theorem.

Corollary 3.3. Let the Lucas (b, b, ..., by = £1) sequence have characteristic polynomial
f(z) and the Lucas (a1, az, .. .,ax1 = F1) sequence have characteristic polynomial f(x)g(z),
where g(x) = © — 1. Then the sets of Lucas (b1,bs,..., b, = +1) pseudoprimes and Lucas
(ay,as,...,ax 1 = F1) pseudoprimes are equal.

Proof. This is an immediate consequence of Theorem 3.2, since z — 1 is the cyclotomic
polynomial of order 1. 0
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Corollary 3.4. Let p be a prime. Consider the Lucas (by,bs,...,b, = £1) sequence with
characteristic polynomial g(z). Let
gi(z) =a? "+ a4+ 1

be the cyclotomic polynomial of order p. Let the Lucas (ay,az,...,a+p—1 = £1) sequence
have characteristic polynomial f(x), where

f(x) = g(x)g1().

Then the set of Lucas (b1, b, ..., b,) pseudoprimes relatively prime to p is equal to the set
of Lucas (ay,as, ..., ar1p—1 = £1) pseudoprimes relatively prime to p. Moreover, no Lucas
(ay,as,...,0,4p—1 = £1) pseudoprime divisible by p can be a Lucas (by,bs,...,b, = £1)
pseudoprime.

Proof. We first observe that a,,—1 = b, = %1, since the constant term of g;(z) is equal to
1. The first assertion of the corollary regarding pseudoprimes relatively prime to p follows
from Theorem 3.2.

Now suppose that M is divisible by p and that M is both a Lucas (a,as,...,ap-1
= =41) pseudoprime and a Lucas (by,bs,...,b, = =£1) pseudoprime. Let zq,xs,...,z,,
Tyi1,- .., Trip1 be the characteristic roots of f(z), where x4, x5, ..., z, are the characteristic
roots of g(x). Note that x,41,2Z,49,...,2,4,—1 are the characteristic roots of the cyclotomic
polynomial ¢;(x). Noting that M is a Lucas (a1, as,...,a,4+p,—1 = £1) pseudoprime, we see
by the proof of Theorem 3.2 that

Gulan,as, ... app1) = (@ + )+ +a))+ (@), + 2, + -+ x%rp_l) (3.14)
=Gu(bi, by, ..., 0)+(14+14---4+1)
= GM(blab27"'7bT) +p— 1
= Gy(a1,ay,. .. 7a'r+p—1)
= (@1 + 22+ +2) + (T + T2+ F Trgpo)
:Gl(bl,b27...,br)+(—1) (mod M)
Since M is also a Lucas (b, by, ..., b. = £1) pseudoprime, it follows by definition that
GM(bl,bg,...,bT)EG1<b1,b2,...,br> (mod M) (315)
We now derive from (3.14) and (3.15) that
p—1=-1 (mod M),
or
p=0 (mod M).
This is impossible, since p | M and M is composite. The result now follows. ([l
Example 3.2. Consider the Lucas (0,1,1,1,2,1) sequence with characteristic polynomial
flx) = 2% —2*— 23— 22— 22 —1 and the Lucas (1,1) sequence with characteristic polynomial
g(z) =2*—x —1. Then f(x) = g(x)gi(x), where
g(z) =2+’ +2*+2+1
is the cyclotomic polynomial of order 5. By computation, one sees that 705, 2465, 3745,

24465, 85785, and 54705 are Lucas (1,1) pseudoprimes but not Lucas (0,1,1,1, 2,1) pseu-
doprimes in agreement with Corollary 3.4.
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Corollary 3.5. Let p be a prime. Consider the Lucas (by,bs, ..., b, = £1) sequence with
characteristic polynomial g(z). Let

91(!10) — p(—1) + 2P(P—2) |

be the cyclotomic polynomial of order p. Let the Lucas (ay,as, . . . , Grip(p—1) = E£1) sequence
have characteristic polynomial f(x), where

f(z) = g(x)g1 ().
Then the set of Lucas (by, by, . .., b.) pseudoprimes relatively prime to p* is equal to the set of
Lucas (a1, aq, ..., Gripp-1) = £1) pseudoprimes relatively prime to p%. Moreover, no Lucas
(a1, as,...,0rqpp—1) = £1) pseudoprime divisible by p can be a Lucas (b, bs,...,b, = £1)
pseudoprime.
Proof. By Theorem 3.2, it suffices to prove that no Lucas (a1, as, ..., aripp-1) = £1) pseu-

doprime divisible by p is also a Lucas (b1, bs, ...,b, = £1) pseudoprime. First suppose that
M is divisible by p* and that M is both a Lucas (ay,as, .. ., arip(p—1) = £1) pseudoprime

and a Lucas (b1, b, ...,b, = £1) pseudoprime. Let 1, 22,..., %, Try1,. .., Trppp—1) be the
characteristic roots of f(z), where xy, 25, ..., x, are the characteristic roots of g(z) and
Typy1, ..., Trypp—1) are the characteristic roots of g (). Then

GM(CLh as, . .. ,ar+p(p_1)) (316)

= (@ oy ) (a2 )

=Gur(b1,bo, ... b))+ (14+1+---+1)
= Gp(b1, by, ..., b)) + (p* —p) = Gi(ar, a9, ..., arip 1)
=@ +ro+ 4 x)+ (@1 F T2+ F Trgpp-1))
= G1(by,b2,...,0.) +0 (mod M).
Noting that Gy (b1, b, ..., b)) = G1(b1,bs,...,b.) (mod M), we obtain from (3.16) that
p?—p=0 (mod M),
which is a contradiction, since p? | M.
Now suppose that M = pi, where p{i. We note that
x%rl» x%—% e >$%—p(p—1)
comprise the p — 1 primitive pth roots of unity, each repeated p times. Then

Gular,asg, ..., G ipp-1)) (3.17)
= (@ fa o)+ h F et )
= Gur(b1, b2, ..., b.) +p(—1) = Gur(by, b, ..., b)) — p
= Gi(a1, a2, ..., Qrip1)
= (@ + x4+ 2) + (Tg1 + T+ F Togpp-1))
= G1(by,bay...,b,) +0 (mod M).
Since G (b, b2, ..., b.) = G1(b1,ba, ..., b.) (mod M), it follows from (3.17) that
—p=0 (mod M).

This is a contradiction, since p | M and M is composite. The result now follows. O
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Remark 3.6. We use the notation and definitions of Corollaries 3.4 and 3.5. We note that
the proof of Corollaries 8.4 and 3.5 show that in fact, no traditional Lucas (ay, g, . . . , Gy g(pi) =
+1) pseudoprime divisible by p can even be a traditional Lucas (by,bs,...,b. = +1) pseudo-
prime, where j =1 or 2.

Using Theorem 3.2, we can find higher order Lucas pseudoprimes which are equal to Lucas
(1,1) pseudoprimes.

Corollary 3.7. Let the Lucas (ay, as, . ..,a, = 1) sequence have the characteristic polynomial
f(x)g(x), where f(z) = 2* —x — 1 and g(x) is a product of j polynomials, each of which is
a cyclotomic polynomial of order a power of 2. We do not assume that these j cyclotomic
polynomials are necessarily distinct. Then the set of Lucas (a1, as, .. .,ar = 1) pseudoprimes
is equal to the set of Lucas (1,1) pseudoprimes.

Proof. First note that f(r) = 2 — x — 1 is the characteristic polynomial of the Lucas (1,1)
sequence. Since g(z) is a product of cyclotomic polynomials, each of which is of order a
power of 2 and the Lucas (1,1) sequence has no even pseudoprimes by [10], it suffices by
Theorem 3.2 to show that the Lucas (ai, as, ..., ar = 1) sequence has no even pseudoprimes.
Let L, = G,(1,1) as usual, and let G,, = Gy(ay,as,...,a; = 1). Let 2, = (1 ++/5)/2 and
zy3 = (1—+/5)/2 be the characteristic roots of f(x) and let x5, 24, . . ., z}, be the characteristic
roots of g(x). Suppose that M is an even Lucas (ay,as, . ..,a; = £1) pseudoprime. Let 2
be the largest order of any of the j cyclotomic polynomials dividing g(x). Then each of
T3, T4, ..., %) is a 2'th root of unity. Suppose that M = s (mod 2*), where 0 < s < 2! — 1.
Note that Ly, = L_j; by the proof of Lemma 2.1. Then

Gu= @+ + (@) +2 + -+ 2 (3.18)
= (1" +ay") + (23 +af + -+ af) = Ly + (a3 + 2 + - +af)
=G =@ +x)+(xs+aa+-+ap) =L+ (w3 +xa+ -+ x5)
=14+ (xs+x4+---+x,) (mod M)
and
IR e B (e e SRR (3.19)
(7™ o) + (25" + 2+ )
Loy+ (x5’ +a,° 4+ +2.°) =G
= (zy + ') + (2" +ap + o)
=L g+ (z3" +agt + -+ h)
=1+ (z3' +a; +--+ax;") (mod M).

G,MI(SL'
=(x

Noting that 1/z; is a root of g(x) if and only if x; is a root of g(x), and that x; and 1/z;
each occurs to the same multiplicity in g(x), where 3 < i < k, we see that

(x5 + a5+ +ap) = (23° + a7 + -+ 27°) (3.20)
and

(w3 +wat o) = (25" +ay’ +oo F o). (3-21)
Let ¢; = (2§ + 2§ +--- 4+ 2}) and ¢ = (23 + x4 + -+~ + x3). Since (2§ + 2§ + --- + z7) and

(x3 + x4 + - -+ + %) are both symmetric polynomials with integer coefficients in the roots
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of the polynomial g(x), we see that each of ¢; and ¢y is a rational integer. It follows from
(3.18)-(3.21) that

Ly+a=Lhi+eo=1+=L.y+ca=L1+co=—-1+¢c; (mod M), (3.22)

which implies that
1=-1 (mod M).
Hence, M | 2, which is a contradiction since M is composite. O

Example 3.3. We observe that the characteristic polynomials of the Lucas (0,2, 1), (1,0,1,1),
(1,0,1,1,2,1), and (1,1,0,—1,1,1) sequences are (z*> —x — 1)(x + 1), (z* — 2 — 1)(2* + 1),
(22 —z—1)(22+1)(z+1), and (2® —x—1)(z* +1), respectively. Hence, by Corollary 3.7, the
sets of Lucas (1,1), (0,2,1), (1,0,1,1), (1,0,1,1,2,1), and (1,1,0,—1,1,1) pseudoprimes
are all equal.

We next show that certain Lucas sequences have infinitely many pseudoprimes.

Corollary 3.8. For any k > 2, there exists a Lucas (a1, aq,...,ar = £1) sequence having
infinitely many Lucas (a1, as, ..., a, = £1) pseudoprimes.

Proof. By [7], there exist infinitely many Lucas (1, 1) pseudoprimes. The result now follows
for k = 2 by using the Lucas (1, 1) sequence. Suppose that k£ > 2. Let the binary expansion
of k — 2 be given by

2b1+2b2+_”+2br’

where by > by > --- > b, > 0. Note that 22 +1isa cyclotomic polynomial of order 2¢+! for
¢ > 0. Then by Corollary 3.7,

(22— 2D + D)@ +1) - (2% +1)

is the characteristic polynomial of a Lucas (ay, as, ..., a; = £1) sequence in which the set of
Lucas (1, 1) pseudoprimes is equal to the set of Lucas (a1, as, . .., a; = +1) pseudoprimes. [

Remark 3.9. We note that it also follows from the results in [5] that for an arbitrary
k > 2, any Lucas (ay,as,...,a, = £1) sequence with square-free characteristic polynomial
has infinitely many Lucas (ay,as, .. .,ar = £1) pseudoprimes.

4. NUMERICAL RESULTS

We conclude this paper with a table of Lucas (ai,as,...,ar = £1) pseudoprimes for
several different k.
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S, ag) \ pseudoprimes < N

|

9,15,21, 25,27, 33,35, 39,45,49, 51, 55,57 < 60

9,15,21, 25,27, 33,35, 39,45,49, 51, 55,57 < 60

705, 2465, 2737, 3745, 4181, 5777, 6721 < 10000

25, 35,49, 55,65, 77,85,91,95 < 100

|
—_
= —

— [ —

< 100000

|
—_

|
—_
~—

4,8,16, 32,64, 128,256,512, 1024, 2048, 4096 < 5000

4,169, 385,961, 1105, 1121, 3827, 4901, 6265, 6441 < 6500

D[ DO
—
S—|

1,6,8,9, 10,12, 14, 15, 16, 18, 20, 21, 22, 24 < 24

|
BN
= =
S— | —

4 < 100000

|
N

|
—_
~—

4 < 100000

33,65, 119,273,377, 385, 533, 561, 649 < 1000

w|w
-
S—|

4,15, 44, 105, 195, 231, 323, 377, 435, 665, 705 < 800

—_| =
~——

< 100000

< 100000

|

—| oo
|
[a—
S—

N
S~—

9,85,161, 341, 705,897,901, 1105, 1281, 1853 < 2000

=

10,209, 230, 231, 399, 430, 455, 530, 901, 903, 923, 989 < 1000

|
i
e
N | N—

< 100000

|
s

|
—_
~—

< 100000

9,27,65,121, 145, 377, 385, 533, 1035, 1189, 1305 < 1500

ot| o
—
~—

15,21, 35,105, 161, 195, 255, 345, 385, 399, 465 < 500

| | S
ot

==
S— | —]

< 100000

|
ot
[a—
N~—

4 < 100000

=
~—

4,8,10,14, 16, 20, 22, 25, 26, 28, 32, 34, 35, 38,40 < 40

4,8,10,14, 16, 20, 22, 25, 26, 28, 32, 34, 35, 38,40 < 40

—_
~—

== olo
|
—_
S~—

< 100000

< 100000

|
—_| =
— [ —

< 100000

< 100000

|
—_| = =
\_/"I

—_

~—

< 100000

aEEEEEREE

o|lo

< 100000

—_ =
~— [ —

< 100000

W W W W W W W W W NN NN NN NN NN NN NN N

PN PN P A P P S S S P N S Y P S Y P P Py S S S A N S R P S S S R P |

I
—_
~—

= =
olo

< 100000
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|

ay,ag, . .., a) I pseudoprimes < N

0,2,1)

705, 2465, 2737, 3745, 4181, 5777,6721 < 10000

0,2,—-1)

705, 2465, 2737, 3745,4181,5777,6721 < 10000

0,-2,1)

< 100000

0,—2,—1)

< 100000

1)

< 100000

pO| DO

~—

, —

705, 2465, 2737, 3745,4181,5777,6721, 10877, < 13000

Niolo
= =

)

Y

< 100000

< 100000

I
N
—| oo
N~— |
—
N—

< 100000

[EEY pyY

9,15,21, 25,27, 33,35, 39,45,49, 51, 55,57 < 60

||t
[
S— | —

9,15,21, 25,27, 33,35, 39,45,49, 51, 55,57 < 60

Uy (I Y Y

30 < 100000

|
—_

—_
~—

4 < 100000

|

= = = =
I
—_
~—

I
—_

< 100000

I
—| =
~—|—

|
—_
|

< 100000

I
—_
—_ =
I
—_
~—

4 < 100000

< 100000

w|w
=l
SN—

< 100000

|
—| =
— [ —

< 100000

< 100000

|
—| @o| wo
\_/I
—_
SN—|

< 100000

wlwlolololo

< 100000

wolo
|

Y

S— | —

< 100000

< 100000

|

w
—| oo

|

—_

S—]

[\ \.[\D
~—

4 < 100000

4 < 100000

I
—_| =
— [ —

4 < 100000

= = =] =
[ ]

|
—_
~—

4 < 100000

< 100000

[
— =
D[ D[ D[ DO
—_
S—|

< 100000

|
—_| —
~——

|
—_
|

< 100000

NI

I
—_

I
—_
~—

< 100000

=l
~—

< 100000

4 < 100000

4 < 100000

no| Do Do o
= =
I

e

< 100000

< 100000

4 < 100000

4 < 100000

QO O | WO W W W W W W W W W W W W W W WWWWWWwWwWwwWwwwWwwwwwwwww w w w|s

P P P N P P P N P P S S S S Y S P P P A | Py S S N R A S P Y Sy S S N Y S Y P P P |

< 100000
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ap,as, ..

Q) I pseudoprimes < N

|

0,4,1)

4 < 100000

747_

4 < 100000

[EY Y
~— | —

s

4 < 100000

4 < 100000

~—

4 < 100000

I-I>»I>v©©©
I
;_L\.I'Iﬁﬁb
I
—
~—

4 < 100000

~lolo
|

—_| =
~— | —

4 < 100000

I
W

4 < 100000

~—

—| oo
|
—
N—

169, 385,961, 1105, 1121, 3827, 4901, 6265, 6441 < 6500

w| e

< 100000

| |8
[
S— | —

< 100000

Uy (I Y Y

33153, 79003 < 100000

|
—_
—_
~—

< 100000

I
—_

|

| | | W
I
—_
~—

4 < 100000

|
—_
|

I
—| =
~—|—

4,117 < 100000

I
—_

W w
I
—_
~—

10 < 100000

4,66, 33153, 79003 < 100000

o
=l
N—

< 100000

|
—| =
— [ —

< 100000

ol wol ol wo
|

4,169, 385,961, 1105, 1121, 3827, 4901, 6265, 6441 < 6500

< 100000

< 100000

6, 18,66, 198 < 100000

< 100000

79003 < 100000

15,105, 195, 231, 323, 377, 435, 665, 705, 1443, 1551 < 1800

25,35,49,55,65,77,85,91,95,115,119,121, 125,133 < 140

no| o 0| o
A
I
= =
~—

|
—_
~—

79003 < 100000

< 100000

[
NN
D[ D[ D[ DO
—_
S—|

|
—_
~—

< 100000

|
N
|

< 100000

I
N

\'l\') “l\:)
I =
[S—
S—

< 100000

—_
~—

4,6,9,10, 14,15, 18, 21, 22, 25, 26, 27, 30, 33, 34, 35, 38, 39 < 40

~—

4,6,9,10, 14,15, 18,21, 22, 25, 26, 27, 30, 33, 34, 35, 38, 39 < 40

—_
~—

< 100000

== ool |
I
—_

1,34, 38,46, 62, 94, 106, 122, 158, 166, 214, 218, 226 < 270

—_| =
~—|—

1,34, 38,46, 62, 94, 106, 122, 158, 166, 214, 218, 226 < 270

< 100000

~—

I
—_| =] =
I
—_
S—|

9,12, 15,21, 25, 27, 33, 35, 36, 39, 45, 49, 51, 55, 57 < 60

——olo|lololole

o|lo

9,15,21, 25,27, 33,35, 39, 45, 49, 51, 55, 57, 63, 65 < 68

—_ —
~—|—

9,12,15,21,25,27,33, 35, 36, 39, 45,49, 51, 55, 57 < 60

= s s e R e ] R e W W O W W W W W W W W W[ W W W W W W W W W W W W W W WWWwWwww|| s
= =
OJO

PN PN N N Py S S P P S S P S P S Y Y P P ] S ) N N A P S Py S A S N S Sy P P S N ) P S |
~—

(IRl R Rem] Ren) Ren] Ran) Jan) Ran) Jan

|
—_
~—

9,15,21, 25,27, 33,35, 39,45,49, 51, 55, 57,63, 65 < 68
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|

ay,ag, . .., a) \ pseudoprimes < N

,0,0,1)

1,34, 38,46, 62, 94, 106, 122, 158, 166, 214, 218, 226 < 250

—| =

1,34, 38,46, 62, 94, 106, 122, 158, 166, 214, 218, 226 < 250

< 100000

< 100000

6 < 100000

< 100000

< 100000

6 < 100000

4,9,12, 15, 21, 25, 27, 33, 35, 36, 39, 45, 49, 51, 55, 57, 63 < 64

4,9,15,21, 25,27, 33, 35, 39,45, 49, 51, 55, 57,63, 65,69 < 70

N R=IF=
|

—_
SN—

4,9,12,15,21,25, 27,33, 35, 36, 39, 45,49, 51, 55, 57,63 < 64

4,9,15,21,25, 27,33, 35,39, 45,49, 51, 55, 57, 63, 65, 69 < 70

|
N
—|o|lo
|
—
N~—

< 100000

S\ ) fen] Ran) Han] Ran) o] Ran) o] o)

o|lo

< 100000

| X
Nolo
= =
S— | —

10, 38 < 100000

10, 38 < 100000

~—

< 100000

|

ul\:)
—| = OO
—lo|lo

|

—_

S~—

< 100000

|
—_| —
~—|—

< 100000

[y SR (S —

< 100000

< 100000

< 100000

< 100000

< 100000

|
)_‘)_l\t_\p_n)_n;_\
|
—_
|
—_
~—|

705, 2465, 2737, 3745,4181,5777,6721, 10877, 13201 < 15000

4,8,10, 14, 16, 20, 22, 25, 26, 28, 32, 34, 35, 38, 40, 44, 46 < 48

4,8,10, 14, 16, 20, 22, 25, 26, 28, 32, 34, 35, 38, 40, 44, 46 < 48

== =oolololo|olclo
|

49,119,161, 497,679,721, 791, 1057, 1169, 1351, 1393 < 1600

Hlolololo
|

Al
—_
SN—

< 100000

—| = =] =
|
—_
~—

|
—_
=

< 100000

|
—_| =
— [ —

< 100000

|
[a—
JO
|
= =

I
—_
=

I

I
—_
~—

< 100000

—_
~—|

< 100000

o|lo
|

< 100000

|
o
S— | —

< 100000

= = = =
[EY T

I
—_
~—

< 100000

< 100000

== ==
olo|lo|lo
[S—Y

N~—

< 100000

[EY Y
~— | —

< 100000

R N R N N R N R R R RN N e R R e

P P P N P P P N P P S S S S Y S P P P A | Py S S N R A S P Y Sy S S N Y S Y P P P |

Uy YUY RYTHIY T

—| =
OQO

|
—_
~—

< 100000
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S, ag) \ pseudoprimes < N

|

4 < 100000

|

25 < 100000

~— | —

< 100000

4,25 < 100000

~—

6,9,15,18, 21, 25,27,33, 35, 39, 45, 49, 51, 54, 55, 57,63 < 64

wlwlololo
|

—| oo oo
|
—_
~—r

6,9,15,18,21,25,27,33, 35, 39,45, 49, 51, 54, 55, 57,63 < 64

| |

oo
|

[ R

S—| —

6,9,15,18,21,25,27,33, 35, 39,45, 49, 51, 54, 55, 57,63 < 64

—_
~—

6,9,15, 18,21, 25, 27, 33, 35, 39, 45, 49, 51, 54, 55, 57, 63 < 64

~—

|
w
—| oo
|

< 100000

25 < 100000

Clolo
Clolo
|

—_ =
~—|—

4,46 < 100000

4,46 < 100000

|
w
=
—|o|lo
N~— |
—
N~—

2465, 2737,3745,4181,5777,6721,10877,13201 < 15000

DO DO

~—

49 < 100000

||t
o

2465,2737,3745,4181,5777,6721,10877,13201 < 15000

—| = = =

49 < 100000

|
—_

~—

< 100000

|
CIINIENIEN
|
—_
S~—

< 100000

|
—_

—| =
— [ —

< 100000

|
—

|
NN

|
—_
~—|

< 100000

< 100000

[\ }\D
—_
~—

< 100000

—_ —
~—|—

< 100000

ol Rl ReniRan Rl R =i R R = R = R =l R =R =
|
—_

—_
~—

< 100000

Hlolololo
I

= |
NN N N
—

~—

< 100000

|
—_
=

~—

< 100000

|
—_
=
|

—| =
~—

< 100000

|
—_
=
|
DO DN

|
—_
~—

< 100000

4 < 100000

N DN
o|lo
—_
S~—

|
—_
~—

4 < 100000

|
—_

~—

4 < 100000

= = = =

—_
~—

4 < 100000

~—

< 100000

A

SITSIENIEN

olo|lolo
—_

~—

< 100000

|
—_
|

—_ =
~—

< 100000

DO DO
O

|
—_

I
—_
~—

< 100000

< 100000

== |
S—

—]

4 < 100000

| =

~—

4 < 100000

DO N DN D

= =

|
—_

~—

< 100000

,1,1)

< 100000

) 17 _1)

4 < 100000

Y

e N N e e e N N N N N N R e L e e N RN RN R R RN N R R N R e

|
NIENIEINIENG

-1,1

4 < 100000

PN PN P N N Py P P S P S N | S S S P P Y S P S S S N R R N P S P P Y R Y S Y P N S N Y N R |

=R == ==l ==

—-1,—-1

~—

< 100000
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I pseudoprimes < N

< 100000

< 100000

< 100000

NN DO BN

< 100000

< 100000

38 < 100000

38 < 100000

< 100000

< 100000

==
o|lo
~—

49 < 100000

—_ =
~—|—

2465,2737,3745,4181,5777,6721,10877,13201 < 15000

N[ o] o[ Do
|

< 100000

< 100000

< 100000

|
™
|

< 100000

< 100000

49 < 100000

195,897, 6213, 11285, 27889, 30745, 38503, 39601 < 100000

< 100000

[y SR (S —

9,33,51,57,121,123,129, 177,201, 219, 249, 267 < 275

49 < 100000

I
JUTY Y Y R

I

—_

S—

9,21,27,33,39,49, 51,57, 63,69, 77,81, 87,91,93 < 95

< 100000

Uy RNy (Y N Y Uy U

,—1)

Y

53021 < 100000

—| =
SN—

4,6,8,14,16,22, 32,62, 64, 128, 256, 302, 512, 662 < 900

< 100000

I
—| =
— [ —"

60783 < 100000

= =] =] = =] = = =
=

|
—_
~—

4,8,16,32,64,128, 256,512, 1024, 2048, 4096, 8192 < 15000

4,8,16, 32,64, 128,256, 512,1024, 2045, 4096, 8192 < 15000

Uy YN BTN Y
—_
~—|

|
—_
~—

< 100000

|
—_
—_
~—

< 100000

e N N e N N e i i i R e B R B Kl Bl H B B i R R B B B B B el R0
||| || |/
I
no

|
[N [y WY TN QUMY UMY Uy JU— -t
I
—| = = =

I
[

I
[

~—

4,8,16,32,64,128, 256,512, 1024, 2048, 4096, 8192 < 15000
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