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Abstract. We obtain inverse relations for the definitional forms of general Lucas sequences
of polynomials in a single variable.

1. Introduction

This communication was motivated by the following interesting problem that was proposed
by P. Bruckman [2] and was recently solved by Á. Plaza and S. Falcón [5]. If the Fibonacci
polynomials, Fn(x), are defined by

Fn(x) =

[n/2]
∑

k=0

(

n− k

k

)

xn−2k, n = 0, 1, 2, . . . (1.1)

then establish the following “inverse” relation of (1.1):

xn =
n
∑

k=0

(−1)k
(

n

k

)

Fn+1−2k(x), n = 0, 1, 2, . . . . (1.2)

The term “inverse relation” of equation (1.1) here means the representation of the powers
of x as linear combinations of elements of the Lucas sequence of the Fibonacci polynomials.
In the present note we extend (and modify, slightly) the above result to more general Lucas
sequences of polynomials.

2. Definitions and Lemmas

Let x ∈ R and let P,Q ∈ Z be nonzero throughout this paper. For Fibonacci polynomials,
P = 1 and Q = −1; by analogy to equation (1.1), we define the sequence

Un+1(x;P,Q) =

[n/2]
∑

k=0

(

n− k

k

)

(Px)n−2k(−Q)k, n = 0, 1, 2 . . . , (2.1)

where [n/2] denotes the largest integer not greater than n/2, and we define 00 to be 1. Hence-
forth, we write, for simplicity, Un(x) in place of Un(x;P,Q). For each n ∈ N, Un(x) is a
polynomial in x of degree n − 1 (if x 6= 0): U1(x) = 1, U2(x) = Px, U3(x) = (Px)2 −Q, and
so on.

It is straightforward to show that the sequence {Un(x)}∞n=1 in equation (2.1) can just as
well be defined by the linear recurrence relation of order 2:

Un(x) =











1 n = 1,

Px n = 2,

(Px)Un−1(x)−QUn−2(x) n ≥ 3.

(2.2)
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Since the linear recurrence relation in equation (2.2) is of the same form as that which
characterizes Lucas sequences of constants, we define the sequence described by equation
(2.2) (for a particular choice of parameters P and Q) as the Lucas sequence of polynomials
in x associated to the pair (P,Q) [6, pp. 36-37]. The special cases of (P,Q) = (1,−1), (2,−1)
enjoy wide interest [1, 3, 7].

3. The Main Theorem

The Binet formulation is a well-known way of defining the Fibonacci numbers [4, pp. 147-
148]. Generalizing it to the present situation, we let x ∈ R be such that (Px)2 − 4Q = D > 0,
and then let the two roots of the quadratic y2 − (Px)y +Q = 0 be denoted by α(x) and β(x),
where α(x) > β(x) by convention and the inequality is strict. We obtain the simple relations

α(x) = (Px+
√
D)/2 α(x) + β(x) = Px

β(x) = (Px−
√
D)/2 α(x) · β(x) = Q .

To remove clutter, we write α ∼= α(x) and β ∼= β(x), remembering that α, β here (and,
henceforth, in the paper) are functions of x. The first two members of the sequence

{

αn − βn

α− β

}

∞

n=1

(3.1)

are, in fact, U1(x) and U2(x). It is straightforward to show that for any n ≥ 3, one has the
linear recurrence relation of order 2

(Px)

(

αn−1 − βn−1

α− β

)

−Q

(

αn−2 − βn−2

α− β

)

=
αn − βn

α− β
. (3.2)

It follows that for every n ≥ 1 one has Un(x) =
αn − βn

α− β
.

It is clear, inductively, from equation (2.1) that even- (odd-) indexed Un(x)’s contain only
odd (even) powers of x, and that an analog of equation (1.2) might have the form

(Px)n =

[n/2]
∑

k=0

CkUn+1−2k(x), (3.3)

where the Ck’s remain to be determined. In the Binet formulation, equation (3.3) is equivalent
to

(α− β)(α + β)n =

[n/2]
∑

k=0

Ck[α
n+1−2k − βn+1−2k]. (3.4)

Theorem 3.1. For any nonnegative n, an inverse relation of equation (2.1) is

(Px)n =

[n/2]
∑

k=0

[

n+ 1− 2k

n+ 1

](

n+ 1

k

)

QkUn+1−2k(x). (3.5)
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Proof. The theorem is trivial for n = 0, 1, since (Px)0 = 1 = U1(x) and (Px)1 = U2(x) from
equation (2.2). Now suppose that n > 1 is odd; then one has

(α− β)(α + β)n =

n
∑

k=0

(

n

k

)

αn+1−kβk −
n
∑

K=0

(

n

K

)

αn−KβK+1

= αn+1 − βn+1 +

n
∑

k=1

(

n

k

)

αn+1−kβk −
n
∑

k=1

(

n

k − 1

)

αn+1−kβk (k = K + 1)

= αn+1 − βn+1 +

(n−1)/2
∑

k=1

[(

n

k

)

−
(

n

k − 1

)]

(αβ)kαn+1−2k

+
n
∑

K=(n+1)/2

[(

n

K

)

−
(

n

K − 1

)]

αn+1−KβK

= αn+1 − βn+1 +

(n−1)/2
∑

k=1

[

n+ 1− 2k

n+ 1

](

n+ 1

k

)

(αβ)kαn+1−2k

+

(n−1)/2
∑

k=1

−
[

n+ 1− 2k

n+ 1

](

n+ 1

k

)

(αβ)kβn+1−2k, (k = n+ 1−K)

where the last summation terminates at k = (n − 1)/2 because the putative last term at
k = (n+ 1)/2 would be 0. We obtain

(α − β)(α + β)n = αn+1 − βn+1 +

(n−1)/2
∑

k=1

[

n+ 1− 2k

n+ 1

](

n+ 1

k

)

(αβ)k [αn+1−2k − βn+1−2k],

and division by α− β yields, finally,

(Px)n =

[n/2]
∑

k=0

[

n+ 1− 2k

n+ 1

](

n+ 1

k

)

QkUn+1−2k(x).
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On the other hand, if n > 0 is even, then

(α− β)(α+ β)n = αn+1 − βn+1 +

n/2
∑

k=1

[(

n

k

)

−
(

n

k − 1

)]

αn+1−kβk

−
n
∑

K=(n+2)/2

[(

n

K − 1

)

−
(

n

K

)]

αn+1−KβK

= αn+1 − βn+1 +

n/2
∑

k=1

[(

n

k

)

−
(

n

k − 1

)]

(αn+1−kβk − αkβn+1−k)

(k = n+ 1−K)

= αn+1 − βn+1 +

n/2
∑

k=1

[

n+ 1− 2k

n+ 1

](

n+ 1

k

)

(αβ)k [αn+1−2k − βn+1−2k]

=

[n/2]
∑

k=0

[

n+ 1− 2k

n+ 1

](

n+ 1

k

)

Qk[αn+1−2k − βn+1−2k],

and division by (α− β) again gives equation (3.5). �

For example, with n = 5, one obtains from equation (3.5)

(Px)5 =

2
∑

k=0

[

6− 2k

6

](

6

k

)

QkU6−2k(x) = U6(x) + 4QU4(x) + 5Q2U2(x).

It is observed that equation (3.5) is a greedier inverse relation than is the analogous one in
equation (1.2). For example, equation (3.5) uses only 6 terms when n = 10, but equation (1.2)
requires 11 terms.

It is also observed, as expected and desired, that if equation (2.1) is substituted into equation
(3.5), one obtains the tautology (Px)n = (Px)n. Similarly, substitution of equation (3.5) into
equation (2.1) yields the tautology Un+1(x) = Un+1(x). These observations justify the use of
the term “inverse relation.” The formal proofs are left to the reader.

4. The Companion Lucas Sequence of Polynomials

In the spirit of Binet, we define the companion Lucas sequence of polynomials in x associated
to the pair (P,Q) to be the sequence

{Vn(x)}∞n=0 , Vn(x) = αn + βn, (4.1)

where the symbols α, β have the same meaning as in equation (3.1). That equation (4.1)
really is a sequence of polynomials in x follows from the facts that V0(x) = 2, V1(x) = Px,
and equation (4.1) obeys the same linear recurrence relation of order 2 as does equation (3.1).
Mathematical induction shows that odd-(even-) indexed Vn(x)’s contain only terms of odd
(even) degree.

It is of interest to work out the inverse relations of the polynomial representations of the
Vn(x)’s, analogous to Theorem 3.1. The easiest way first to see what the Vn(x)’s look like is
to connect them to the Un(x)’s; we require two lemmas.

Lemma 4.1. For any n ∈ N, (Px)Un(x)− 2QUn−1(x) = Vn(x).
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Proof. The lemma holds if and only if

(α+ β)
αn − βn

α− β
− 2αβ

αn−1 − βn−1

α− β
= αn + βn,

and this follows almost immediately by expansion. �

Lemma 4.2. For 0 ≤ 2k ≤ n− 1,

(

n− 1− k

k

)

+ 2

(

n− 1− k

k − 1

)

=

[

n

n− k

](

n− k

k

)

.

Proof.

(

n− 1− k

k

)

+ 2

(

n− 1− k

k − 1

)

=
(n− k)!(n − 2k)

(n − k)k!(n − 2k)!
+

2(n− k)!k

(n− k)k!(n − 2k)!

�

Theorem 4.1. Let x, P,Q be as stated in Section 2 and let (Px)2 − 4Q > 0. Then we have

Vn(x) =















2, n = 0,
[n/2]
∑

k=0

[

n

n− k

](

n− k

k

)

(Px)n−2k(−Q)k, n > 0.
(4.2)

Proof. The theorem is trivial for n = 0. If n is odd, then equation (2.1) and Lemmas 4.1 and
4.2 give

Vn(x) = (Px)

[(n−1)/2]
∑

k=0

(

n− 1− k

k

)

(Px)n−1−2k(−Q)k

+ 2

[(n−2)/2]
∑

K=0

(

n− 2−K

K

)

(Px)n−2−2K(−Q)K+1

= (Px)n +

(n−1)/2
∑

k=1

(

n− 1− k

k

)

(Px)n−2k(−Q)k

+

(n−1)/2
∑

k=1

2

(

n− 1− k

k − 1

)

(Px)n−2k(−Q)k (k = K + 1)

= (Px)n +

(n−1)/2
∑

k=1

[

n

n− k

](

n− k

k

)

(Px)n−2k(−Q)k

=

[n/2]
∑

k=0

[

n

n− k

](

n− k

k

)

(Px)n−2k(−Q)k.
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If n > 0 is even, then one obtains

Vn(x) =



(Px)n +

(n−2)/2
∑

k=1

(

n− 1− k

k

)

(Px)n−2k(−Q)k





+





(n−4)/2
∑

K=0

2

(

n− 2−K

K

)

(Px)n−2−2K(−Q)K+1 + 2(−Q)n/2





= (Px)n +

(n−2)/2
∑

k=1

[

n

n− k

](

n− k

k

)

(Px)n−2k(−Q)k + 2(−Q)n/2

=

[n/2]
∑

k=0

[

n

n− k

](

n− k

k

)

(Px)n−2k(−Q)k.

�

For comparison, below we give a short listing of the polynomials Un(x) and Vn(x); several
patterns in the second and third columns seem apparent.

n Un(x) Vn(x)
0 0 2
1 1 Px
2 Px (Px)2 − 2Q
3 (Px)2 −Q (Px)3 − 3(Px)Q
4 (Px)3 − 2(Px)Q (Px)4 − 4(Px)2Q+ 2Q2

5 (Px)4 − 3(Px)2Q+Q2 (Px)5 − 5(Px)3Q+ 5(Px)Q2

6 (Px)5 − 4(Px)3Q+ 3(Px)Q2 (Px)6 − 6(Px)4Q+ 9(Px)2Q2 − 2Q3

7 (Px)6 − 5(Px)4Q+ 6(Px)2Q2 −Q3 (Px)7 − 7(Px)5Q+ 14(Px)3Q2 − 7(Px)Q3

An analog of relation (3.3) might assume the form

(Px)n =

[n/2]
∑

k=0

CkVn−2k(x), (4.3)

where the Ck’s are to be determined. In the Binet formulation, this would be

(α+ β)n =

[n/2]
∑

k=0

Ck(α
n−2k + βn−2k). (4.4)

Some care is needed here, however, because the parity of n may make a difference.

Theorem 4.2. Let x, P,Q be as stated in Section 2 and let (Px)2 − 4Q > 0. Then we have

(Px)n =

[n/2]
∑

k=0

(

n

k

)

QkVn−2k(x)−







0 n = odd
1

2

(

n

n/2

)

Qn/2V0(x) n = even.
(4.5)
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Proof. For odd n ≥ 1, we have from the identity

(

n

k

)

=

(

n

n− k

)

,

(α+ β)n = αn + βn +

(n−1)/2
∑

k=1

(

n

k

)

(αβ)k(αn−2k + βn−2k),

that is,

(Px)n = Vn(x) +

(n−1)/2
∑

k=1

(

n

k

)

QkVn−2k(x) =

(n−1)/2
∑

k=0

(

n

k

)

QkVn−2k(x). (4.6)

The case n = 0 is trivial: (Px)0 = 1 =
1

2
V0(x). Now suppose that n > 0 is even. Binomial

expansion again gives

(α+ β)n = αn + βn +

(n−2)/2
∑

k=1

(

n

k

)

(αβ)k(αn−2k + βn−2k) +
1

2

(

n

n/2

)

(αβ)n/2(α0 + β0),

and we observe that if n were 0, the last term would be 1
2V0(x). Hence, for all even n ≥ 0,

(Px)n =

n/2
∑

k=0

(

n

k

)

QkVn−2k(x)−
1

2

(

n

n/2

)

Qn/2V0(x). (4.7)

Finally, equations (4.6) and (4.7) may be joined to give equation (4.5). �

Again, for comparison, we give a short listing of inverse relations expressed as linear com-
binations of either the Un(x)’s (column 2) or the Vn(x)’s (column 3).

(Px)n

n Un(x)’s Vn(x)’s
0 U1(x)

1
2V0(x)

1 U2(x) V1(x)
2 U3(x) +QU1(x) V2(x) +QV0(x)
3 U4(x) + 2QU2(x) V3(x) + 3QV1(x)
4 U5(x) + 3QU3(x) + 2Q2U1(x) V4(x) + 4QV2(x) + 3Q2V0(x)
5 U6(x) + 4QU4(x) + 5Q2U2(x) V5(x) + 5QV3(x) + 10Q2V1(x)
6 U7(x) + 5QU5(x) + 9Q2U3(x) + 5Q3U1(x) V6(x) + 6QV4(x) + 15Q2V2(x) + 10Q3V0(x)
7 U8(x) + 6QU6(x) + 14Q2U4(x) + 14Q3U2(x) V7(x) + 7QV5(x) + 21Q2V3(x) + 35Q3V1(x)

It is apparent that when Q = 1, the sum of the coefficients in column 3, corresponding to a given
n, is 2n−1. Less obvious, but also convincing, is the assertion that the analogous sum in column 2,
corresponding to a given n, is

(

n
(n+1)/2

)

if n is odd and
(

n
n/2

)

if n is even. Readers may spot other

trends.
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