POLYNOMIAL EXTENSIONS OF THE LUCAS AND
GINSBURG IDENTITIES

THOMAS KOSHY

ABSTRACT. We extend the well-known Lucas identity FSH + F2 — F3 | = F3, and the
Ginsburg identity Fs+2 — 3F2 + F3_, = 3F3, to Fibonacci and Lucas polynomials. This
yields interesting dividends to Pell and Pell-Lucas polynomials and numbers.

1. INTRODUCTION

Fibonacci polynomials f,(z) and Lucas polynomials [,,(x) were originally studied by Catalan
in 1883 and Bicknell in 1970; see [1, 5]. They belong to a larger integer family of gibonacci
(generalized Fibonacci) polynomials g, (z), defined recursively as follows:

gi1(z) =a, g2(x) =b
9n(@) = Tgn-1(2) + gn—2(2),
where a = a(z),b = b(x), and n > 3. When a =1 and b = z, g,(x) = fn(z); and when a = x

and b = 22 + 2, g,(z) = I, (). Clearly, F,, = f,(1) and L,, = [,,(1).
Table 1 shows the first 10 Fibonacci and Lucas Polynomials.

L n [ falz) | In(2) |
1|1 €T
2 |z 2 +2
3| z2+1 2% + 3z
4 || 23+ 22 a2t 422+ 2
5 |zt +322+1 x® + 523 + bx
6 || x° + 423 + 3z 20 + 62* + 922 4+ 2
7 |l 26 +52* + 622 + 1 a7+ Tad + 1423 + Tz
8 || 27 + 62° + 1023 + 4z 28 + 825 4+ 202* + 1622 + 2
9 || 28+ 725 + 152 + 1022 +1 | 29 4+ 927 + 272° + 3023 + 9z
10 || 29 + 827 + 2125 + 2023 + 5z | 210 + 1028 + 3525 + 502 + 2522 + 2

TABLE 1. First 10 Fibonacci and Lucas Polynomials.

2. PELL AND PELL-LuUucAS POLYNOMIALS

The polynomials p,(z) = f,(2z) and g,(z) = [,,(2x) are the Pell and Pell-Lucas polynomi-
als, respectively; see [4, 6]. Table 2 shows the first 10 Pell and Pell-Lucas Polynomials. The
numbers P, = p,(1) = f,(2) and Q,, = 3¢n(1) = £1,,(2) are the nth Pell and Pell-Lucas
numbers, respectively.
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L ] pu(2) | au(2)
11 27
2| 2z 42 + 2
3| 422 41 83 4 6z
4 || 823 + 4z 162* + 1622 + 2
5 16x* + 1222 + 1 3225 + 402° + 10z
6 || 322° + 3223 + 62 6425 + 962* + 3622 + 2
7 || 6425 + 80x* + 2422 + 1 12827 + 2242 4+ 11223 + 14z
8 || 12827 + 1922° + 8023 + 8z 25628 4 51225 + 3202 + 6422 + 2
9 || 2568 + 4482% + 2402* + 4022 + 1 51222 4+ 115227 + 864x° + 2402 + 18z
10 || 51229 + 102427 + 6722° + 16023 + 10z | 1024219 + 256028 + 224025 + 8002* + 10022 + 2

TABLE 2. First 10 Pell and Pell-Lucas Polynomials in x.

3. BINET’S FORMULA

The gibonacci polynomials g, (x) can also be defined explicitly by Binet’s Formula:

n_ Jgm
gn(x):%v

where ¢ = ¢(z) = a+ (a — b)5,d = d(z) = a+ (a — b)a, and a = a(z) and S = B(x) are the
solutions of the equation t* — zt — 1 = 0.

In the interest of brevity, clarity, and convenience, we let A = A(z) = a— 3 = Va2 +4,
and will denote g, (), fn(x),ln(z), pn(x), and ¢,(x) by gn, fn, ln, Pn, and g, respectively.

It is easy to confirm that

Ga+b = ga+1fb + gafb—l (31)

In+a9n+b — InGnta+b = (_1)n:u'fafba (32)

where p = pu(z) = a® + abr — b*> = cd;p = 1 when g, = f,,; and p = —A? when g, = I,,.

Identity (3.1) is the addition formula for the gibonacci family, and (3.2) is a generalized
Cassini’s identity for the family.

4. LucAS AND GINSBURG IDENTITIES

In 1876 Lucas established a charming identity involving the cubes of three consecutive
Fibonacci numbers: Fo, | + F2 — F3_; = Fy,; see [5, 7, 10]. In 1986 Long discovered its Lucas
counterpart: L3 + L3 — L3 | =5Ls, [7].

Interestingly, in 1953 Ginsburg noted that Lucas’ identity is the only identity involving
the cubes of Fibonacci numbers mentioned in Dickson’s classic work History of the Theory of
Numbers [2, 10]. He then developed an equally delightful identity involving the cubes of three
Fibonacci numbers, separated by two spaces: Fio, o — 3Fs + F>_, = 3F3, [3, 10].

5. POLYNOMIAL EXTENSIONS

We will now extend the two identities to Fibonacci and Lucas polynomials. Obviously, they
have Pell and Pell-Lucas implications. In both cases, their proofs involve some messy, but
carefully crafted algebra. So we will omit a lot of details for the sake of brevity. We will
capitalize on a powerful technique touched upon by Melham in 1999 [8].

We begin our pursuits with a lemma. Its proof is elementary; so we will omit it.
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Lemma 5.1. Let r, = gi’b — gn+19ngn—1- Then r, satisfies the recurrence r, = —xrp_1+7rp_o.

We are now ready to establish a generalization of Lucas’ identity. To this end, we will need
the following identities:

f—n = (_1)n_1fn f2n = fnln
fn—l—l + fn—l = ln ln—l—l + ln—l — A2fn
f3+1 +fr = fonr li+1 +12 = Afopq.

Theorem 5.2.
T f3n if gr = fr

3 3 3
+agy —ghy =
In+1 9n — Gn-1 {x(x2 + 4)l3n if gk = l)..

Proof. By Lemma 5.1, we have
o1 = Gn+29n+19n = —2(gn — In+19n9n—1) + (9p—1 — Ingn—19n—2)
Go1 TG — Go 1 = In+29n+19n + TGnt19nIn—1 — InIn—19n—2
= (TGn+1 + n)gn+19n + Tgn+19ngn—1 — gngn—1(gn — Tgn—1)
= 295 19n + 9o (9n+1 — In—1) + Tgngn—1(gnt1 + Gn—1)
= TGp 190 + TGy + TGnGn—1(Gnt1 + Gn1)- (5.1)
Suppose g = l. Then (5.1) yields
G130 — Gy = Thpiln + 2l + 2laly 1 A fr
= 2l (%1 +12) + A%,y fon
= 21, A2 fon i1 + xA2, 1 fon
= A% (I fon+1 + ln—1fon)
= (2 + 4)l3,,
as desired. The other case can be handled similarly. O
For example,
fE4+afi— f3 =2 + 102" + 362® + 562° + 352 + 62
= f12;
I3 +al3 — 13 =2+ 132" + 632° + 1382° + 1292 + 3622
= z(z? + 4)ly.

We note that this theorem can also be established using the addition formula for g,.
Clearly, both Lucas’ and Long’s identities follow from this theorem. It also follows from the
theorem that

Pos1 + 22Dy, — Py = 2Pz,
qu + 2xq2 — qi_l = 8m(az2 + 1)gsn
P}, +2P3 - P3| =2p;,
1 +2Q5 — Qp_y = 4Q3y.
Next we will generalize the Ginsburg identity in Theorem 2. Although it follows by Theorem

1, we will provide an independent proof. In addition, this approach will exemplify the power
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of Melham’s technique. To this end, we will need the next two lemmas. The proof of Lemma
5.3 is also straightforward; so we omit that too.

Lemma 5.3. Let s, = 92+2 — GniaGni2gn. Then s, = (2 +2)s,_2 — Sp_4.
Lemma 5.4.

z(2% + 2) fon if g = fr

2
—x — _ _q =
In+3 = TYn+39nt2 = Gn—19n—3 {az(m2 +2)(2* +4) fon i gp =l

Proof. We have

925 — TGn+30n12 — Gn-10n—3 = 9n+3(Gnt3 — TGn+2) — Gn—19n—3
= gn+39n+1 — Gn—19n—-3

= gn1[(2® + 1 gnt1 + 2gn)—

(gn+1 = 2gn)[(2* + V)gns1 — (@° + 22)gn)
= 2% + 22)gny19n — 2(2® + 22)g2
= (2® + 22)gn [gn+1 + (gnt1 — Tgn)]

= (2% + 22)9n (gns1 + Gn-1)- (5.2)
Since fui1 + fno1 = lp and 41 + l,—1 = (22 + 4) f,,, the desired results follow from (5.2), as
claimed. O

It follows by Lemma 5.4 that
z(2? +2)A% fon_o — 125 + Tlytalny1 + ln—alp—q = 0.
We will employ this result in the proof of Theorem 5.8.
We are now ready to present the next generalization. In addition to Lemmas 5.3 and 5.4,
we will need the following three identities:
fn+2 — fan—2 =2xl,
ln+2 —lpo = $A2fn
lnt1 fon + lnfon—1 = lan.
Theorem 5.5.
2?(2? +2) fan if gr = fx

3 2 3 3
— + 2 + 5 =
Gk~ (27 2)n + G {x2(a:2 +2) (22 + 43, if gp = I

Proof. Using Lemma 5.3, we have

s = Gntagniogn = (@° +2)(g — gntagngn—2) — (Gp—2 — GnGn—20n—1)
Goro — (@ +2)gp + Go 9 = Gntanr29n — (2 + 2)gnr29nIn—2 + Gngn—29n-4
= gnr29nl(@® + Dgni2 + Tgni1] — (2% + 2)gn129n9n—2 + gngn—29n—1
= (22 4 2)gn+20n(9n+2 — Gn—2) — G ro0n+
TGn+29n+19n + InGn—29n—4. (5.3)
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Suppose g = l. By Lemma 5.4, we then have
LHS = (2% 4 2)luiol, - zA%f, — n+2ln + Zlprolpi1ly + lnln—2lp—a
= a:(m + 2)A lntafon — n+2ln + Tlptolpr1ly + lnlp—olp—4
= (2% + 2)A% fon (¥lng1 + 1n) — 12 oln + Tlpgolnsiln + Lulp—aln—a
= 2%(2® + 2)A%, 11 fon + x(2? + 2) A2 fol,—
12 oln + Tlpiolniiln + lpln—aly—4
= :172(:172 + 2)A2ln+1f2n + x(:z:2 + 2)A2ln(:17f2n_1 + fon—2)—
12 oly + Tlyolnialn + lpln—aly—4
= 2%(2” + 2)A%(lng1 fon + Infon—1)+
lnfz(2® 4+ 2)A% fan—g — 12 1o + @lnialni + ln—aln—d]
= 22(22 + 2)A%3, + 1, - 0
= 22(2% + 2)A%l3,,
as claimed. The other case follows similarly. O

For example
f2— (22 +2)f3 + 7 = 2" + 9210 4+ 2928 + 402° + 212 + 222
= 2%(2” + 2) fo;
12— (2?2 +2)1 +13 = 2" + 1521 4 892! + 26427 + 40527 + 2942° + 7223
= 22(2® + 2)(z* + 4)ly.
Obviously, Theorem 5.5 also has Fibonacci, Lucas, Pell, and Pell-Lucas implications:
F3 ,—3F+F} ,=3F,
L3, —3L% +L3_,=15L3,
Poio — 20207 + 1)pd +pl_ = 82%(22” + 1)psn
Goro — 2222 + 1)g3 + ¢2_y = 3227 (2% + 1) (227 + 1)g3n,
P2, —6P3+ P2, =24P;,
b= 6Q) + Q) _y = 48Q3y.
Theorems 5.2 and 5.5 yield the following result.
Corollary 5.6.
Govo — (2% +20)g5 11 — (2 + 32 +2)gp, + (2° + 22)g5_1 + 6o = 0.

Interestingly, we can generalize Theorems 5.2 and 5.5 into a single relationship linking
gg+k,gz, gg_k, and g3, where g, = f; or .. To this end, we need the next lemma.

Lemma 5.7.
f3n if gr = fr

2 3
z°+1)g, + 3gn— =
( J9n In—19nn+1 {($2 +4)l3, if g = lk.
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Proof. Suppose g, = l. Using the identities lo1p = fat1lp + falo—1, fuln = fon,ln+1 + o1 =
A2f, and I2 + 1721+1 = A%fy, .1, we have
APly, = A*(fantiln + fanln-1)

=1 (l 4+ 1200) + A% falnlyn—

=13 + (@l + 1h—1)? + Llp—1 (o1 + lae1)

= (2% + D)3 4 20y 1l (xly + 1) + ln1lnlnsa

= (2® + DI + 3lp1lnlptr.-
The other half follows similarly. O

We are now ready for the generalization.

Theorem 5.8.

2l n if r = Jr
93— (“DFLgd + (—1)FgE_, = {fk /s 9 =

(2% + 4) fRllsn  if gr = 1.

Proof. Suppose g = l.. The corresponding proof requires Lemma 5.7, and the identities
Sre1 + fre1 = by fosr from1 — f7 = (=D, and Iy = (=1)°(fy-1la — fola—1). We then have

B+ (DR = (frsaln + fuln-1)® + (femiln — frln-1)?
= l?z(f1§+1 + o)+ 3fkln—1lrzz(f1?+1 — fi) + 30 b (fega + feo1)
=1 (frr + foo) (Fler — Frorrfom1 + fioq) + 3 felilna 12 + 3fZll2 1l
= Bl [(frrr = frs)® + frprfe1)] + 3Flkdnaln (@l + Ln-1)
— B {x2 2 [f,? + (—1)’“] zkz;i} 4 3 2l
= fl [(2% + DI + 3ly—illnsa] + (= 1)F1I3

= A2l f20 + (—D)F18.

This yields the desired cubic identity for Lucas polynomials.
The corresponding identity for Fibonacci polynomials follows similarly. O

Clearly, Theorems 5.2 and 5.5 follow from this. So do the following identities:
it = (D ey + (=1)*p) i = piarpan
G — (DFaray + (~1) ) = 4(2* + Dpiarasn.
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