THE SELF-COUNTING FLOW

RAPHAEL SCHUMACHER

ABSTRACT. This paper is based on the article “The self-counting identity”, published in the
Fibonacci Quarterly in May 2017, vol. 55 and can be considered as its continuation.

In the beginning, we define the “self-counting flow ®”, which represents a tool for get-
ting from one positive integer sequence to a corresponding other one. It is - so to say -
a flow on all positive integer sequences and thereby the self-counting sequence {ax}pe, =
{1,2,2,3,3,3,4,4,4,4, ...} shows itself as a unique fixed point.

Various methods allow us to study the properties of the flow ® such as its trajectories and
the attraction of its fixed point. We also examine whether the self-counting sequence {ax }32,
is the point of convergence of each positive integer sequence under a repeated application of
the self-counting flow ®.

At the end of this article, we show some properties of other flows on positive integer
sequences, for example those of the “Fibonacci flow F”.

1. INTRODUCTION

This paper is based on the talk “The Self-Counting Flow” which we gave at “The 20"
International Conference on Fibonacci Numbers and Their Applications, July 25-29, 2022”
in Sarajevo. The first part of this article was presented there and the second part is some
additional material.

First, we introduce the self-counting flow ®, which is a flow on the positive integer sequences,
then we study and prove its most important properties. We also give some extensions and
generalizations of the self-counting flow ® at the end of the paper.

The main result of the paper is the proof that all positive integer sequences get closer and
closer to the self-counting sequence {a;}7>, = {1,2,2,3,3,3,4,4,4,4,...} under a repeated
application of the self-counting flow ®.

The basic ideas and notions of this paper are inspired by the book “Hyperbolic Flows” [1],
which was the main literature for a course at the ETH Zurich attended by the author. In
this book [1], all notions of this article are introduced in the same or a similar way, such as a
flow, the boundary of a flow, the fixed points and the cyclic points of flow or the trajectories
of a point under a flow. The main difference is that the flows introduced in this paper are
not hyperbolic flows and have nothing to do with them. The presented flows in this paper are
flows on the integer sequences.

2. DEFINITIONS AND BaAsIC FACTS
Let by € N:={1,2,3,4,...} for all £k € N. We let
{br 372, = {b1,ba, b3, by, ...} € NN
denote a positive integer sequence.

Definition 2.1 (The concatenation x and the product [] of integer sequences). We define
for alln € N the concatenation x of a finite integer sequence {by}}_, with the infinite integer
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sequence {cr 12, by
{bk}zzl X {Ck}iozl = {bl, bg, bg, ceey bn} X {Cl, c2,C3, .. }
— {bla b25 b3? ceey bn, C1,C2,C3, .. }

An equation of the form

{Ck}zozl = {bk}Z:1 X NN = {bl, bg, b3, ceey bn—17 bn, Cn+1,Cn+2, - - }
means that {c,}32, is any number sequence that begins with {by}}_, = {b1,b2,b3,...,bp—1,bn}.
Let the numbers nq, na, ng, ... be an infinite sequence of natural numbers. We define the pro-

duct [ of the infinitely many integer sequences

R R S R (T ST 1 TR L0 R S KOO 1

) ny ) N2 ) ng
by
G k k k
IT {of el 60, o0}
k=1
1 1 1 2 2 2 3 3 3
SRR R/l R UGN o S 1 R 1 S S SR 5

= {all possible sequences {c1,c2,c3,¢4,...}, c € {bgk),bgk),bgk), ... ,bgz)} for all k € N} .

Moreover, we denote by | x| the floor of z and by [z] the ceilling of . An expression of the
form d|n means that “d divides n” and d { n means that “d does not divide n”.

The function I, is the indicator function of the event that d|n, that means

1, ifd|n,
Hd|n = .
0, ifdtn.
As usual, the symbol 6, , denotes the Kronecker-Delta-Symbol, which is defined by
1, ifx=y,
Opy @ = )
0, ifx#y.

The function sign(z) denotes the signum function given by

1, if z >0,
sign(z) :=4¢0, ifx=0,
-1, ifx<O.

Definition 2.2 (The self-counting sequence, [2], [3], [4]). Let the integer sequence
{ar}, =1{1,2,2,3,3,3,4,4,4,4,...} ¢ NN
be the self-counting sequence. The k-th term ai of this sequence is given explicitly by
1
ap = \‘2 + Vv 2]€J

:B<M—1>-‘.
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The self-counting identity [2] states for all z € C with |z| < 1 that

oo 2k oo
k
= > ak (2.1)
k=1 k=1

3. THE SELF-COUNTING FLow ®

In this section, we present the self-counting flow &.

3.1. Definition of the Self-Counting Flow ®. In this subsection, we introduce the defi-
nition of the self-counting flow ®. From now on, all power series will be considered as formal
power series, unless otherwise specified. We make the following definition.

Definition 3.1 (A flow A on NV, ZN or RY).

A map A : NN — NN which maps every sequence {b;}3°_, € NN to some sequence {cy}3, € NN
is called a flow on NN,

Amap A : ZN — ZN, which maps every sequence {b,}32, € ZN to some sequence {c;}3° | € ZN
is called a flow on ZN.

Amap A : RN — RN, which maps every sequence {br}2, € RN to some sequence {en}i, € RN
is called a flow on RY.

If we apply a flow A repeatedly to some point {by}72,, we get a trajectory starting at
{br}2° | into the spaces N, ZN or RN. We think of it as “the point {b;}?°, flowing into the
spaces NN, ZN or RN” . The study of these trajectories can be interesting.

Definition 3.2 (The self-counting flow ®).
From a given positive integer sequence {by}7°, € NN, we get the new positive integer sequence

{er}eo, € NN, that fulfills

(o] k [o.¢]
> i = 2t
= (% i
1 — xb F
k=1 k=1

This formula describes therefore a flow ® on all positive integer sequences NN. We call this
flow the self-counting flow ® and define it by

o :NY 5 NN

o0 k oo
o) 00 . z
{bktezs = {ertizr of E = E cpa®.
k=1 k=1

1—abe

Using the self-counting flow ®, we write for this
® ({br}iz1) = {ertiza-
We have the following theorem.

Theorem 3.3 (Explicit formula for {c;}32, = ® ({bx}324))-
We have for the sequence {ci}32, = ® ({bx}22,) € NN the explicit formula

k
Ck = Z]Ibn|(k:—n)7 (31)
n=1
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if a sequence {by}32, € NN is given. This formula is also equivalent to the expression

k—1
CLp = 1+ Z an|(k—n)' (3.2)
n=1
Proof. We can calculate that
o o T
k _
> et = T
k=1 k=1
oo oo
— Z $k ™M by
k=1 m=0
[e%S) k
=3 (St
k=1 \n=1

Equating coefficients on both sides, we obtain the claimed explicit formula (3.1). The second
formula (3.2) follows, because b, |0 for all n € N. O

The self-counting identity (2.1) implies that
® ({artpz,) = ©({1,2,2,3,3,3,4,4,4,4,.. .})
={1,2,2,3,3,3,4,4,4,4,.. .}

= {ar}i

and therefore, the self-counting sequence {a;}7°; = {1,2,2,3,3,3,4,4,4,4, ...} is a fixed point
of the self-counting flow ®.

This implies with {b}32, = {ar}32, that {cp}72, = ® ({br}72;) = {ar}i2, and we obtain
with the explicit formula (3.1), as well as with the expression (3.2) the following corollary.

Corollary 3.4 (The self-counting sequence divisor identity).
We have for the self-counting sequence {ar}3>, = {1,2,2,3,3,3,4,4,4,4,...} the identity

k
ar = o |(hon)- (3.3)
n=1

This formula is also equivalent to the explicit expression

k-1
ar =14 Tobon)- (3.4)
n=1

3.2. The Reason for the Choice of the Domain NN in the Definition of ®. Because
of the definition of the self-counting flow ® via the formula

oo k 00
P {br}ily = {eetiz, if ; T = ;Ck$ :

we must have that

e b, # 0 for all k € N (otherwise we divide by 0)
e b, € Z for all k € N (otherwise we have non-integer exponents).
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We also have that
¢ ({-1,-1,-1,-1,...})={0,-1,-2,-3,—4,-5,—6,—-7,—8,—-9,—-10,.. .},

because
o k 2
L L L 2 3 4 5
_ - _ = —x“ —2x° — 3z* —4x° — ...
;1_39—1 Q-2 V(1-2) (Q-zp2 = 727%™
and that
o ({1,-1,-1,-1,...}) ={1,1,0,-1,—-2,-3,—4,—5,—6,—7,—8,...},
because
0 k 2
x x z(x®+x—1) 9 4 5 6
1_$+kzl_$_1=— (-2 =z4+z°—2" —22° 32" —....
Therefore

e an iterative application of the self-counting flow @ is only always possible if by € N for
all kK € N (otherwise we would get 0’s at least for some {b;}7°’s)

o @ (NV) € N, because L7 =¥ + ... if by € N for all k € N,
This shows that

e the natural domain for a repeated application of the self-counting flow ® is NN
e & is well-defined on NN,

3.3. An Example of a Calculation with the Self-Counting Flow ®. In this subsection,
we will show by an example that successive application of ® gives sequences closer and closer
to the self-counting sequence {a;}72 ;. We start with the point

{1,1,1,1,...} e NN
in the space NV of all positive integer sequences. Then, we have that

o ({1,1,1,1,...}) ={1,2,3,4,5,6,7,8,9,10,...} = {k}22,,

because
) k

—l-u (1—x)?

If we now apply the self-counting flow ® again to the point ®({1,1,1,1,...}) = {k}}2,, we
obtain
O ({k}i2,) = ©({1,2,3,4,5,6,7,8,9,10,...})
={1,2,2,3,2,4,2,4,3,4,...}
={7(k)}7s,

where 7(k) = > el = 2221 I is the divisor function which gives the number of positive
divisors of the number k£ € N. This is true, because of the well-known Lambert type identity
[5, Theorem 310, p. 258]

o] k 00
> =Y Tkt
k=1 k=1

for z € C with |z| < 1.

328 VOLUME 60, NUMBER 5



THE SELF-COUNTING FLOW

We can make a further transformation with ® to get
O ({r(k)}z) =9({1,2,2,3,2,4,2,4,3,4,...})
=1{1,2,2,3,3,3,5,3,5,5,...}
= {n(k)}1,
because for z € C with |z| < 1 it holds

00
T

k (o)
k
= 2 k)t
el kAt

k
where 7'1(]6) = Zd:l HT(d)\(k—d)'
Applying the self-counting flow ® one more time, we get

& ({r(k)}2,) = ®({1,2,2,3,3,3,5,3,5,5,...})
={1,2,2,3,3,3,4,4,4,4,5,5,4,6,5,5,...}
= {m2(k)}iZ1,

where (k) = 25:1 L7\ (@)|(k—q)- And so on.

4. THE MAIN PROPERTIES OF THE SELF-COUNTING FLow &

In this section, we prove the main properties of the self-counting flow ®.

4.1. The Unique Fixed Point of the Self-Counting Flow ®. We have the following fixed
point theorem.

Theorem 4.1 (The unique fixed point of the self-counting flow ®).
The self-counting flow ® has a unique fized point given by the self-counting sequence {ar};>, =
{1,2,2,3,3,3,4,4,4,4,...}.

Proof. Because of the self-counting identity (2.1)

e.9]
xk k
l_xak _Zakx ’
k=1

we already know that the self-counting sequence {a;}7°, = {1,2,2,3,3,3,4,4,4,4,...} is a
fixed point of the self-counting flow ®. So we only need to prove its uniqueness.
The fixed point condition is that

o0

k=1

o :L’k o, ¢]
_ k
DT = ke
k=1 k=1
If we want that

> .’Ek xr
DT = 1o 0@ =hi+0@?),
k=1

we need that b = 1. From now on, we have no choices for the coefficients b, with k € N>o,
because

n

k n
> JW = bpa" + (o1 — 2™+ O(@"*?)  foralln € N.
k=1 k=1
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Here the coefficient b, 11 — 1 appears, because of the fixed point condition and the relations

xn—i—l _ .n+l n+2
b =0 + Oz,
2k
T O(z™*?) for all k > n + 2.
Therefore, there is at most one fixed point {b;}2°, € NV, O

4.2. The Trajectories under the Self-Counting Flow ®. In this subsection, we study
the trajectories of the self-counting flow .

Theorem 4.2 (The trajectories under the self-counting flow ®).

The self-counting sequence {ap}, is an attractive fixed point of the self-counting flow ®.
Every number sequence {by}3, € NN converges under the self-counting flow ® to the self-
counting sequence {ay}7° ,, that is

(q)n ({bk}zil)) = {ak}zozl = {17 27 27 37 37 37 47 47 47 47 N }

lim
n—oo

for all number sequences {bk}zoz1 e NN’ where
@”({bk}iozl) : :(I)O(I)oq)o"'oqz({bk}zil)-

n—times

Here the convergence of an integer sequence {by}3°, under the self-counting flow ® to an
integer sequence {cy}32, means that the point ®"({by}32 ) gets closer and closer to the integer
sequence {cp}p2, if n — oo. This means that for every m € N, there exists d, € N such
that the first m coefficients of ®"({br}32,) coincide with the first m coefficients of {ci}p, if
n > dpy.

Proof. We will prove that ®"({b;}?2,) begins with the first n elements of the self-counting
sequence {ax}2 ;. We have for any sequence {b;}3°, € NV that

0 k
Z 1 fxbk =z +0(z?) = c1z + O(2?).
k=1

Therefore, we get for ®({b;}72 ) = {cx}3>, that ¢; = a1 = 1. If it holds that

{bk}zozl = {ak}zzl X NN = {1, 2, 2, ey Qp—1,0n, bn+1, bn+2, .. .},
where {ar}?2, ={1,2,2,3,3,3,4,4,4,4, ...} is the self-counting sequence, then we have that

> k n k pntl

xi_ x n—+2
kzllxbk_glxak—f_lxbn-%l—i_O(aj )

n
= Z art® + (apgp1 — D"t + 2" 4 02" H?)

k=1
n+1
= Z arz® 4+ O(z" ).
k=1
Therefore, it holds for {bx}2°, = {ax}?_, x NV that
(p({bk}zozl) = {ak}Zi% X NN = {17 27 27 <o 0ny Gn+1,Cn+2,Cn+3, - - }
and this implies that lim, . (®"({bx}22,)) = {ax}32, for all {b;}2°, € NN, O
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4.3. The Cyclic Point of the Self-Counting Flow ®. We define cyclic points or circular
points of the self-counting flow ® by the following definition.

Definition 4.3 (Cyclic points of the self-counting flow ®).

A cyclic point {b;}3° | of the self-counting flow ® is a point {bx}3°, € NN such that we have
D" ({br}32) = {br}2, for somen € N.

Corollary 4.4 (The unique cyclic point {ax}32, of the self-counting flow ®).

The self-counting flow ® has a unique cyclic point given by the self-counting sequence {ay}72 ;.
Proof. Because the self-counting sequence {a;}7°, = {1,2,2,3,3,3,...} is the unique attrac-
tive fixed point of the self-counting flow ® and all sequences in NI converge under this flow ®
to {ax}72, there cannot exist any other cyclic points besides {a}3° ;. O

4.4. The Boundary of the Self-Counting Flow ®. In this subsection, we study the points
of N, which are not contained in the image of the self-counting flow ®. The following definition
makes this idea precise.

Definition 4.5 (The boundary of the self-counting flow ®).

The boundary By := NV \ & (NN) of the self-counting flow ® on NN consists of the points
{er}22, € NN such that there does not exist a point {bg}52, € NN with ® ({bx}52,) = {cr}32,.
That means that the points of B are not in the image of the self-counting flow ®.

The structure of the boundary Bg is complicated, but we know the following theorem.

Theorem 4.6 (The self-counting flow ® is not boundary-free).
The boundary Be is non-empty, that is Be # 0.

Proof. It suffices to find one boundary point contained in Bg. We have for example the
boundary point

{1,1,1,1,...},
because there does not exist a point {b}2°, € NN such that
O ({bp}re,) =41,1,1,1,...}.

This is because

b
o Lk v, Lk . obi+l . ok
Zl—xbk_l—zbl Zl—mbk 1 — gber+ Z 1 — abe
k=1 k=2 k=b1+2

—x4... 2t

Theorem 4.7 (Substructure of the boundary Bg of the self-counting flow ®).
We have that

NZQ X NN C Bg.
Proof. This follows from the observation
® (NN) c {1} x NV,

which follows from ¢; = 1 if

o0

k o0
E 1xibk = E Cka'k with {bk}zozl € NN.
— X
k=1 k=1
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This fact was already proved in the proof of Theorem 4.2. O

Theorem 4.8 (Another boundary component).
Let the set M be defined by

M:= ﬁ{l,...,k}:{l}x{l,Z} x {1,2,3} x {1,2,3,4} x ....
k=1

Then we have that
NY\ M c Bs.

Proof. This follows from ®(NY) ¢ M, which holds because from the explicit formula (3.1), we
get that

k
L<ep =) T <k
n=1

for all kK € N. O

4.5. The Non-Invertibility of the Self~-Counting Flow ®. We have the following theo-
rem.

Theorem 4.9 (The non-existence of the map ®~1).
The map ®~1 does not exist, because for some sequences {cp}3 | € ®(NN) there exist two
sequences {by}2, € NN and {b3}2°, € NN, such that

P({brtrz1) = ({bp}rz1) = {er iz

Moreover, there exist infinitely many pairs of sequences {b;}3°, € NN and {b;}22, € NN, such
that

O({br}pz1) = @({br 1)

Proof. We have the identity

2 3

x T X 2 3

T T X

1—x2+1—x2+1—x2:1—a:4+1—x+1—x4’ (4.1)
which holds because
T z2 3 _x+a:2+:c3
1—x2+1—x2+1—x2_ 1 — 22

 (w+a?+2%)(1 4 2?)

B 1—at

_ z+ 2% 4 22 + 2t + 2P

N 1—at

oz 221+ + 2%+ 23) 3

C1—af 1— a4 1—at
x x? 3

:1—a:4+1—:c+1—a:4'

From this identity (4.1), we deduce for any m € N that
2 3 o0 k 2 3 o0 k
x x x x x x T x
1—x2+1—x2+1—x2+kz_41—xm_1—:c4+1—a:+1—x4+kz_41—:cm’
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which implies that
®({2,2,2,m,m,m,m,m,...}) =®({4,1,4,m,m,m,m,m,...}).
Therefore, we have for
{be}iey :=12,2,2,m,m,m,m,m,...} and {b;}re; :={4,1,4,m,m,m,m,m,...}
that
O({or}iZ1) = @({br}0),
which implies that the map ®~! does not exist. O

Theorem 4.10 (Special divisor structures identity).
If it holds for two sequences {bx}>, € NN and {b;}2°, € NN that

{entizs = ({be}iZy) = PU{bLIRLL),
then we have for oll k € N that

k k
k=Y Do jthmm) = Y Lo |(hn)-
n=1 n=1

In particular, this formula holds for all sequences
{be}52, =1{2,2,2,m,m,m,m,m, ...} and {b;.}3>; = {4,1,4,m,m,m,m,m, ...} withm €N
defined in the proof of the above Theorem 4.9.
Proof. This theorem follows directly by applying the formula (3.1) to the equation
{ern}is = @ ({br}iZe) = @ ({0 }rz1) -
O

Theorem 4.11 (Pre-image of the point {1,2,3,4,5,6,7,8,...} under ®).
The point {1,1,1,1,...} € NN 4s the only point that maps under the self-counting flow ® to
the point {k}%°, = {1,2,3,4,5,6,7,8,...} € NN, that is:

IF @ ({be)22,) = [k}, = {1,2,3,4,5,6,7,8,...}, then {bp}%, = {1,1,1,1,...}.

This implies that “the map ®~ exists at least for some points”, which means that some points
have only one point as a pre-image.

Proof. Because of the identity

o0 L 3]
x :

E 1_3::(a:+x2+a:3—|—a:4+...)+(x2+x3+x4+...)—|—(x3+x4+...)+...: E ka®,

k=1 k=1

any other expression of the form

e
$k

1 — xbe
k=1

with at least one by > 2

cannot be equal to

oo
kak:$+2x2+3x3+4x4+...
k=1
=@+ 42842+ )@+t ) @Bt )+
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because if b,, > 2 then the monomial 2"*! is missing at least one times in the above sum. [

The self-counting universe.

The blue point in the middle is the self-counting sequence {ax}72, = {1,2,2,3,3,3,...} with
all trajectories converging to it.

5. THE EXTENDED SELF-COUNTING FLow ®* oN ZN

In this section, we extend the self-counting flow ® from NY to ZN, giving us the extended
self-counting flow ®*.

5.1. The Extended Self-Counting Flow ®*. We make the following definition.

Definition 5.1 (The extended self-counting flow ®*).
We define the extended self-counting flow ®* on ZN by

AR A

oo * k oo
. T
{br iy = {erdisy if E 12 E cpat,
k=1 k=1

where the notation Y pe ;" means that the term in the sum is omitted if b, = 0 for some

k e N.
Theorem 5.2 (Explicit formula for {c;}32; = ®* ({bx}524))-
We have for {cp}32, = ©* ({bx}32,) the explicit formula

k—1
Ck = 5sign(bk),l + Z Sign(bn)ﬂbﬂ(k—n): (51)

n=1

X
1—abk

if a sequence {b}32, € ZN is given.
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Proof. We can calculate that

00 oo * T
k_E
CrT =
Zk 1 — xbe
k=1 =1
oo * "
n=1 r
0o

[e.e] [e.e] oo
_ Z Ssign(b) 12" Z b _ Z5sign(bn),—1$" Z 2 |bnl
= m=0 n=1 m=1
k—1
- Z < sign(by),1 + ZSlgn )an|(k—n)> mk-

n=1

Equating coefficients on both sides, we obtain the claimed identity (5.1). In the third step of
the above calculation, we have used that

[bal
£ d_* 24 b .
b = P = Z:c melbal - if by < 0,

O

5.2. The Boundary of the Extended Self-Counting Flow ®* on ZN. We make the
following definition.

Definition 5.3 (The boundary Bg« of the extended self-counting flow ®*).
We define the boundary Beo+ of the extended self-counting flow ®* on ZN by

Bg == 7N\ &*(ZN).

Theorem 5.4 (The first special non-boundary point).
We have that {1,1,1,1,...} ¢ Bg~.

Proof. 1t holds that
$*({1,0,0,0,...}) = {1,1,1,1,...} € Bo,
because with {b;}7°, = {1,0,0,0,...}, we have that

27 gk x
_ _ 2 ,.3 .4
Z 1_$bk—1_$—x+x +xr+x +....
k=1
Therefore, it holds that {1,1,1,1,...} ¢ Bg«. O

Theorem 5.5 (The second special non-boundary point).
We have that {1,0,0,0,0,...} & Bg=.

Proof. 1t holds that

T n x? n z? n 20
1—22 1—21 1-2¢% 1-—2a4
and therefore, we have that

®*({2,-1,0,4,0,4,0,0,0,0,...}) = {1,0,0,0,0,...}.

=X

Therefore {1,0,0,0,...} is not a boundary point. O
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Theorem 5.6 (The boundary Bg« is non-empty).
We let M* be the set

M*:=T[{-k+1,...,k}
k=1

={0,1} x {-1,0,1,2} x {—-2,-1,0,1,2,3} x ....
Then we have that
ZN\ M* C Bog-.
Proof. This follows from ®*(ZY) c M*, which holds because we get from the explicit formula
(5.1) that

k-1
~k+ 1< ek = dggn@p)1 + D sign(bn) Ty, (h-n) < k

n=1

for all k € N. O

5.3. The Fixed Points of the Extended Self-Counting Flow ®* on Z". All fixed points
of the extended self-counting flow ®* are given by the following theorem.

Theorem 5.7 (The fixed point set of the extended self-counting flow ®*).
We have that all fixed points p, for n € NogU {oo} of the extended self-counting flow ®* are
given by
={0}" x {ar}iz; ={0,0,...,0,1,2,2.3,3,3,4,4,4,4,...} forneN
pn={0}" x{ar}iZ, = { i 0
n—times

and
Poo = {0,0,0,0,...}.

Proof. The sequence {b;}7°, € ZN is a fixed point of the extended self-counting flow ®* if

oo l‘k [e%s}
_ k
Do = 2 bkt
k=1 k=1
Because of the identity
k b ©
T kX k me|by| k+4|bg|
—_— =g = - T = —x ... forb, <0
1 — abx 1 — a0kl Z:l + b ’
m=

we must have that b; > 0. The only two possibilities are by = 0 and b; =1 = a;.

If we have that by = 1 = ay, then we must have that {b;}32, = {ar}72,, where {ay}32, =
{1,2,2,3,3,3,...} is the self-counting sequence. This is because this case reduces to the case
where {b;}2°, € NN with its unique solution {b}°; = {ax}2,.

If we have that by = 0, then either by = 0 or by = 1 = a1 by the exact same reasons as before.

If by = 0 and by = 1, then we must have that {b;}72, = {0} x {a;}?2, by a similar reasoning
as before.

If by = 0 and by = 0, then it must hold that either b3 = 0 or b3 = 1 again by the same reasons
as before. And so on.

The special point {b;}72, = {0}32, = {0,0,0,0,...} with by = 0 for all £ € N is also a fixed
point of the extended self-counting flow ®*.
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Therefore, we have that all fixed points of the extended self-counting flow ®* are either of the
form {b}32, = {0}, x {ar}32, for some n € Ny or {bx}32, = {0}32, ={0,0,0,0,...}. O

Corollary 5.8 (The special fixed point {a;}?2, of ® and ®*).
The self-counting sequence {ay}72, = {1,2,2,3,3,3,4,4,4,4,...} is also a fized point of ®*.
It is the only fized point contained in NN and all other fized points are contained in No".

5.4. The Non-Invertibility of the Extended Self-Counting Flow ®* on Z~. The next
theorem tells us that the extended self-counting flow ®* on Z is not invertible.

Theorem 5.9 (Non-invertibility of the extended self-counting flow ®*).
We have that the map ®*~1 does not exist.

Proof. We have that

$*({2,2,0,0,0,0,...}) = *({1,0,0,0,0,...}) = {1,1,1,1,...},

because

1—22 1—22 11—z

6. THE GENERALIZED SELF-COUNTING FLOWS DPrapyee

We start with the following definition.

Definition 6.1 (The generalized self-counting flows (b{dk}i":l)’
We define for a fized positive integer sequence {d;}7°, € NN the generalized self-counting flows
k=1

N N
(I){dk}?’:l NY - N

. k o k
{or}ezy = etz if kz—:l 1 2br ;CM :

It holds that ® = @y 111,y 1s the self-counting flow.

Theorem 6.2 (Explicit formula for {cx}32; = ®(a,300  ({ba}32))-
We have for {ck}ply = P,y ({br}32y) the explicit formula

A
k=Y dnly,|(—n), (6.1)
n=1

if a sequence {by}7° | € NN s given. This formula is also equivalent to the following expression

k-1
ck=dp+ Y dully, |(h-n)- (6.2)

n=1
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Proof. We can calculate that

00 . 00 dp
Z Ckx - Z 1 — xbk
k=1 =1
o0 o
— Z dkxk Z ™M b
k=1 m=0

=3 (S thinen )

Equating coefficients on both sides, we obtain the claimed identity (6.1). The second formula

(6.2) follows, because b, |0 for all n € N. O

We have for example the following fixed point identity related to @1 91212,1,2,..}, namely
0 22k—1 00

P 1 — pa1,2(2k-1) + ]; 1 — ga1, 2(2k; Zal 2 (6.3)

with
{a12(k)}72, ={1,3,2,3,5,3,5,5,5,6,5,6,7,6,6,8,6,9,6,9,...}.

Moreover, we have the following fixed point identity related to Piryee | = Pr1234,. ), namely
oo

1™ Z a(k (6.4)

k=1
with
{an(k)}32,={1,3,4,5,8,7,11,11,14,11,17,13,25,21,19,17,20,26,35,29,. . .}.
As an application of Theorem 6.2, we have the following two theorems.

Theorem 6.3 (An explicit formula for a; 2(k)).
We have for the positive integer sequence a1 2(k), defined in the above equation (6.3), the
formula
k
ar2(k) = (14 o) Loy o (m)(h—n)- (6.5)
n=1

This formula is also equivalent to the following explicit expression

k—1
a12(k) = (1+ Do) + D (1+ o) Loy o) (—n)- (6.6)
n=1
Proof. These two formulas follow by applying Theorem 6.2 to the equation (6.3). O

Theorem 6.4 (An explicit formula for ax(k)).
We have for the positive integer sequence {ay(k)}3, defined in the above equation (6.4), the
formula

k
k) =l (n) (k—n)- (6.7)
n=1
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This formula is also equivalent to the explicit expression

k—1
k)=Fk+ Z nﬂan(n)|(k—n)' (6.8)
n=1
Proof. These two formulas follow by applying Theorem 6.2 to the equation (6.4). (]

7. THE GENERALIZED SELF-COUNTING IDENTITIES

In this section, we give infinitely many generalizations of the self-counting identity (2.1).
These generalizations are related to the generalized self-counting flows ®y,, , ;. , .y for n € N
defined in Definition 6.1.

Definition 7.1 (The generalized self-counting sequences).
We define for every natural number n € N the generalized self-counting sequence {ar(n)}72,
by

{ag(n)}pey :={n,n,...,n,2n,2n,...,2n,3n,3n,...,3n,...}.

Ve
n—times 2n—times 3n—times

In particular, we have that {a}72, = {ar(1)}72 is the self-counting sequence.

The generalized self-counting sequence {ax(n)}2 , satisfies the generating function identity

Zak(n)x = Zx 2" for all # € C with |z| < 1. (7.1)

1—z

This identity holds, because we have that

oo
S ap(n)a = (1o 2 L)

1—z

o
ne Z B2k
g €T 2 s
1—z

which follows from
n-{1,1,...,1,2,2,...,2,3,3,...,3,...}

n—times 2n—times In—times

={n,n,...,n,2n,2n,...,2n,3n,3n,...,3n,...}.

Vv Vv
n—times 2n—times 3n—times

Theorem 7.2 (The generalized self-counting identities).

For every natural number n € N, we have that

oo
k .

kzzl T Zak n)z”  for all x € C with |z| < 1, (7.2)

where {ay(n)}72, is a generalized self-counting sequence.
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Proof. We can calculate that

0 k 2 3 4
; 1—qo(m (1 “ e T gem T T geem T 1= gam T >

z 2 n—1
=n- 1
n (1—:(:”( trt+at+. 2"

a" 2 2n—1
+‘Iijzég(1%‘$%—x +...+x " )
3n+1
+17(1+x+m2—|—...—|—x3n_1)
— 23
6n+1
+ T —(1+z+2? +...+x4”—1)+...>
n—1 z" 2n—1
=nw- | ~(l+z+...+z )+1_x2n(1+x—|—...—i—x )
3 a 4n—1
+1 gl Fot. 42?4 I+z+...+2" )+ )
k2+k nk+n—1
=WZ D
k2+k 1— nk+n
:nle—:c”k+” 1—2
nr — Ktk
= 1 . Zl‘ 2
o
This proves the generalized self-counting identities (7.2). U

For n = 2, we get from Theorem 7.2 that we have

l—w“k Zak

with {ar(2)}32, ={2,2,4,4,4,4,6,6,6,6,6,6,...}.
For n = 3, we get from Theorem 7.2 that

o0
1_xak Zak

k=1

with {ax(3)}32, = {3,3,3,6,6,6,6,6,6,9,9,9,9,9,9,9,9,9,...}.
The generalized self-counting identities (7.2) are the fixed point identities of the generalized
self-counting flows @y, ,, .} With n € N.

Mg

B
Il
—

Mg

i
I

Corollary 7.3 (The generalized self-counting sequence divisor identity).
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We have for the generalized self-counting sequence {ay(n)}32, the identity

k
ar(n) =1 Lo m)(e—d)- (7.3)
=1

This formula is also equivalent to the explicit expression

k-1

ar(n) =n+nY Toym)|(h-d)- (7.4)
=1

Proof. We can calculate that

00 k
= (”Zﬂad(nmkd)) a*.
d=1

k=1

Equating coefficients on both sides, we obtain the claimed formula (7.3). The second formula
(7.4) follows, because ax(n)|0 for all £ € N and all n € N. O

8. OTHER NUMBER FLOWS

A number flow on N¥ or RY transforms a sequence {b;}3°, to a sequence {cx}2,. We
have for example the following six interesting number flows, which are very similar to the
self-counting flow ®:

(1) The Fibonacci flow F on the sequences {b;}3°, € {1} x NN given by
F:{1}2 x NY 5 {1}2 x NV

{brtrzy = {ektizn

n
if Zbk:0n+2_1 with b1 =c; =1 and by = co = 1.

k=1
Properties:
e Unique fixed point {b;}2, = {Fr}2, = {1,1,2,3,5,8,...} is the Fibonacci
sequence

e attractive fixed point
e every trajectory goes to this fixed point
e 1o cyclic points.
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(2) The Golden flow ¢ on the sequences {b;}3°, € RY defined by
¢ RY — RN
{bp}52, = {ep}ee, if b2 —1=¢p forall k € N.
Properties:
e Fixed points satisfy: bz —bp,—1=0<= b, = % or by, = 1*2\/5 forall k€ N
e Cyclic points: for example
{bx}32, =10,0,0,0,...} and {bp}32, ={-1,-1,-1,—-1,...}.

(3) The 1p-flow on the sequences {b;}°, € NV defined by

%NV — NV
00 o] : S xbk > k
{brtrzy = {ertpzy if Z T chkx .
k=1 =1

Property:
e We have the explicit formula ¢ = >0 | Ly, k-

(4) The U-flow on the sequences {b;}22, € RY given by
¥ :RY - RY

[e.9]

00 00 . > bkl'k
{b}izs = {ediy it ) T > epat
k=1 k=1

Properties:
e We have the explicit formula ¢, = Zd‘k by = 22:1 ballgi, which follows from
Theorem 6.2
e Unique fixed point: {b;}32, = {0,0,0,0,...}
e This fixed point is non-attractive.
(5) The d-flow on the sequences {by}3°, € NV defined by

§: NN NN

k
{be}p2y = {eniy if e =) Ty forall k € N.

n=1
e 7-flow on the sequences {0 ;7- 1 € efined by
6) The 7-f h b}, € NN defined b
7NN 5 NN

o0

o bk
(bR} = {endiy if Y — > et
k=1

1—abs
k=1

Property:
e We have the explicit formula ¢ = fo:l bnlly,|(k—n), Which follows from
Theorem 6.2.
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