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PROBLEMS PROPOSED IN THIS ISSUE

H-931 Proposed by Angel Plaza, Gran Canaria, Spain
For any positive integer k, the k-Fibonacci numbers F} , and the k-Lucas numbers Ly,
satisfy the recurrence relation w,42 = kup41 + u, for n > 0, with initial values Fj o = 0,
Fk,l = 1, and Lk70 = 2, Lk,l = k.
(A) Find
hm ZC (2n+1) L2n
(lf2 4

(B) Prove that

ZC2an2n* Z€2nLk2n* kT tan( km )
(k24 4)n (2+4)  2V/k2+ 4 Wk2+4)

H-932 Proposed by Michel Bataille, Rouen, France
Let m,n be positive integers with m even and n? =1 (mod 6). Prove that

Ly — 1 —
7;::_ T = ¢o + Z €jLim;

for some €g,e1,...,e4-1 € {0,1,-1}.

H-933 Proposed by Hideyuki Ohtsuka, Saitama, Japan
For positive integers r and n, let
1

P.(n) = .
02n+r72nF2nF2n+1 s F2n+r71

Prove that

o0

1 1
P, = —V5BP.(1).
Z r (an F2n+1 + + F2n+r> fﬁ r( )
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H-934 Proposed by D. M. Batinetu-Giurgiu, Bucharest, and Neculai Stanciu,
Buzau, Romania
For n > 1, show that

m™ > (14 Log—1)™ " > (m+ 1) (Lopya — 2) for allm € [1,00).
k=1

H-935 Proposed by the editor
Let (By)n>0 be the Bernoulli numbers defined by

z Bz" 5
ez—l_z o |z| < 2m.

n>0

For n > 0, prove the identity

n

2n+1 I . 2n+1
Z( ‘ >5n 3(21 2"+2]—1)an—2jF2j+1: o

j=0

SOLUTIONS

H-901 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 60, No. 3, August 2022)
Prove that

1 1
= and  (i7) = —.
Z L2F + L2F 10 Z LanH + Lop, 15

n+1

Solution by Albert Stadler, Herrliberg, Switzerland
We note that

1 1
Lop,,, + Lop,  o2Fne1 4 a7 2Fu1 4 o2Fn 4 q=2Fn
1
= (aFn+1+Fn 4+ a Fri1— —F, )(aFn+1 F, +a— n+1+F)
1
T (aFne fa B (a1 4o B
1
- (aFn+2 + a*Fn+2) (aF7L+2 + o= Fnt2 4 qfn-1 a*anl)

1
(OéFn*l _|_ o~ nfl) (aFn+2 + o 'n+2 + OéFn*l + o~ nfl) ’
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Hence,
1
Lop, ., + Log,
1
- F F Fn+2+Fn—1 _Fn+2+Fn—1 Fn+2*Fn—1 _Fn+2*Fn—1
(afn+2 + a~ n+2)(0z p +« P ) <a p +a p )
1
+ F F Fn+2+Fn71 7Fn+2+Fn71 Fn+2_Fn71 7Fn+2_Fn71
(afn—1 4+ a~ n—l)(a P +a P ) (a P + P )
1
- (aFn+2 + a*FnJrZ) (aFn+1 _|_ Oé*FrH»l) (aFn + a*Fn)
1

(@Fn+1 + o~ n+1) (aFn + a_Fn) (OéFn*l + o~ nfl)

and similarly,

1 1
Lot + Lo, (@b +a-foes) (b +a-Foet) (b + 0 0)
1
(aln+r 4 o= Ini1) (@bn + a0 ) (aln-1 4 q=Ln-1)’
This gives
f: (-1)" B 1
= Lok, ., + LoF, (afr + a=F) (afo + a=F0) (af-1 4+ o~ F-1)
1 1
- 2(al + a—1)2 10
and
i (-n" B 1
= Lor, + Lar, (alr + a=L1) (alo + a=Lo) (al-1 + a=L-1)

p— 1 p—

1
(@' +a=1)? (a2 +a-2) 15

Also solved by Dmitry Fleischman, David Terr, and the proposer.

H-902 Proposed by I. V. Fedak, Ivano-Frankivsk, Ukraine
(Vol. 60, No. 3, August 2022)
For all positive integers n, prove that

2L Lyio( W2 — " R2) (W6 — "R/6) < Loyi (W12 — PR/12).

Solution by Michel Bataille, Rouen, France

Let a=1n2,b=1n6, and let m = sz:; = i — Lnl+2' The inequality can be written as

(ea/Ln _ ea/Ln+2)(eb/L,L _ eb/LnH) < %(e(a—i-b)/Ln _ e(a-i—b)/LnH)’

that is,
(1— e ™a)(1—e ™) < %(1 — emmlath)), (1)
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Now, let f(x) = In(¢(z)), where ¢ is the function defined on [0,00) by ¢(0) = 1 and ¢(z) =

l—e™%

for positive . The function f satisfies f(0) = 0 and is convex on [0,00) (see a proof
at the end). From Petrovic’s inequality (see reference [1] or [2]), we have f(ma)+ f(mb) <
f(ma + mb), hence ¢p(ma)p(mb) < ¢(m(a+b)). This provides the inequality

abm
1_ e~ ™Ma)(] — —mby 1 —m(a+b)
(1) (1 - ey < S oot
and (1) follows because 22 = % < 3.

Proof of the convexity of f. For positive x, we have
/ —T —XT
/ _ ¢ (33) _ xe te -1 " _
f ((L‘) - QS(CL‘) - T — re—= ) f (I‘) -
where N(z) = e 2* —2e7% +1 — 227, We have N'(z) = e *U(x), where U(x) = 22 — 22 +
2—2e % From U'(z) = 2(x—1+e"*) > 0 we deduce that U(xz) > U(0) = 0, hence N'(z) > 0,
and therefore N(z) > N(0) = 0. Thus, f”(z) > 0 for z > 0 and f is convex on (0,00). In
addition, because f is continuous on [0,00), f is convex on [0, c0).

N(z)
(x — xe %)%’

REFERENCES

[1] D. S. Mitrinovic, Analytic Inequalities, Springer, 1970, p. 22.
[2] M. Bataille, Focus on no. 41, Crux Mathematicorum, 46.5 (2020), 222.

Also solved by Dmitry Fleischman, Angel Plaza, Albert Stadler, and the proposer.

H-903 Proposed by Robert Frontczak, Stuttgart, Germany
(Vol. 60, No. 3, August 2022)
Prove that the Diophantine equations
3Ly, + 4" =5 and 3"+ 4"L, =5

have no solutions in positive integers n and m.

Solution by David Terr, Coronado, CA

Let a,, = 3"L, + 4™ and b,, = 3™ + 4" L,,. For a solution of either of the above Diophantine
equations to exist, either a, or b, must be divisible by 5. The following table lists all
possibilities of 3", 4", L,, a,, and b, modulo 5, corresponding to all possible values of n
modulo 4. Here, [z] denotes the value of z modulo 5.

n mod 4 || [3"] | [4"] | [Ln] || [an] | [bn]
0 1 1 2 3 3
1 3 4 1 2 2
2 4 1 3 3 2
3 2 4 4 2 3

Clearly, neither a, nor b, is ever divisible by 5, so there are no positive integer solutions to
either of the given equations.

Also solved by Michel Bataille, Hideyuki Ohtsuka, Raphael Schumacher, Jason
L. Smith, Albert Stadler, Andrés Ventas, and the proposer.
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H-904 Proposed by Robert Frontczak, Stuttgart, Germany
(Vol. 60, No. 3, August 2022)
Show that the following identities are valid for each even integer m > 2:

i Lomn — Loy _ m—1
n=1 (LQn + L2m)(L2mn + LQm) \/5F2m

and

i Loymn + Loy + 2Ly, . m+1 _ 1
(L2n + L2m)(L2mn + L2m) \/5F2m L2m + 2.

n=1

Solution by Brian Bradie, Newport News, VA

Let m > 2 be an even integer, and let

> 1 > 1
5= —— and S=> —— .
! ; L2n + L2m o 2 ; L2mn + LZm

Using the Binet form for the Lucas numbers,

> 1 e a2n
S1 = =
;Oﬂn_i_a%n_i_a?m_i_a%m ;a4n+(a2m+a21m)a2n+1

o 2n

(o
- Z (a2n +a2m)(a2n + a%m)

n=1
o'} 2 1
VBFyn S\ 0?2 a2 4
Note that this last sum telescopes after 2m terms. Thus,
2m
1 a2m
Sl - Z 2n 2m
VB Fym = o’ + a

1 1 a2m m—1 a2m a2m
B \/gFQm 5 + adm 4 o2m + nz:l <a2n + a2m + odm—2n 4 a2m>

1 N am 1
= m N
\/5F2m C¥4m -+ Oé2m 2

m 1 an . a4m
V5Fsy,  2V5F, o*+aim
V5F,, m 1

m
\/gFQm - 2\/5F2mLm B \/gFQm B 2LZrL
Because m is an even integer, L2, = Lo, + 2. Therefore,

m 1

C VBFy  2(Lam +2)
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Next,
g > 1 o a2mn
2 = Za2mn+ 1 4+ a2m 4 1 _Za4mn+(a2m+ 1)a2mn+1
n=1 O62m,n OéQm n=1 O621%
o0

a2mn

1
7;1 <a2mn + a?m)(Qan + W)

1 > a2m 721
_ _ a=m
 VBF, nz:: a4 a?m g2mn 4 S )

1 a2m

which telescopes after two terms. Thus,

g ! (1+ a?m )_ 1 1
S VBRu \2 ot 0 ) T \BR,  2Lom +2)

Finally,
i Lamn — Lon zsl_SQZE
= (Lan + Lom)(Lamn + Lom) NGIa™
and
i Lomn + Lon + 2Lom S 48— m+1 1

(LQn + L2m)(L2mn + L2m) \/gFQm a L2m + 2 .

n=1

Also solved by Michel Bataille, Dmitry Fleischman, Won Kyun Jeong, Hideyuki
Ohtsuka, Albert Stadler, Yunyong Zhang, and the proposer.

H-905 Proposed by Kai Wang, Henderson, NV
(Vol. 60, No. 3, August 2022)
Prove the following identities:

2 o0
m 1
(i) — = Z (arctan arctan — arctan arctan >, where F_; = 1.
16— Fuia 4i+1 4i+1 4i+3
T ad 3
ii) — = -1)* arctan
(ii) 7 Z:( ) Fimt
=0
Solution by Angel Plaza, Gran Canaria, Spain
Note that for ¢ > 0, we have
1 3
tan |arctan — arctan S TSR N AR 2 e W i Rl
Faia Fuipr 1+ - %ﬂ Fiy1Fun+3  Fi+4  Fugs
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Therefore, arctan = arctan + arctan , and so
4i+1 4i—1 4i+3
G 3 - 1 1
(i) ¥ (-1)"arctan =Y (-1) <arctan + arctan )
; Faita ; Fuiy Fuiys
1
= arctan — — lim arctan
-1 1—00 F42‘+3
tanl = —
=arctanl = —.
4
- 1
(i) Z (arctan arctan — arctan arctan >
— Fyi 4i+1 4i+1 4i+3
- s 1 o 1
= Z arctan — arctan
= Fyiq Fuiys
1 72
= arctan? — — lim arctan® = —.
-1 1—00 45+3 16

Also solved by Michel Bataille, Brian Bradie, Dmitry Fleischman, Hideyuki
Ohtsuka, Albert Stadler, Andrés Ventas, Yunyong Zhang, and the proposer.

Late Acknowledgement. Jesis Jiménez, San Diego, CA, solved H-871.
He showed the following generalization: If p > 2 is a prime number and the sequence (U )52
is defined by the linear recurrence relation U,12 = a1Up+1 + agU,, where Uy = 0, Uy = 1,
and ap, aj are integers satisfying a? — 4ag # 0, agp #Z 0 mod p, a? — 4ag = 0 mod p, and the
characteristic polynomial f(z) = 22 — a1 — ag is irreducible in Fy[z], then
UnUan - UQnUpn

i = 0 mod 2p.
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