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PROBLEMS PROPOSED IN THIS ISSUE

H-773 Proposed by H. Ohtsuka, Saitama, Japan.
Let B, be the Bernoulli numbers defined by the generating function

o0
et —1 n! "
n=0

For integers n > 0 and m > 0, prove that

" (2n
Z <2l€> F2ka2(n k) [22 2n 1 Lm(2n—1)

k=0

H-774 Proposed by G. C. Greubel, Newport News, VA.
1. Let m > 0, p > 0 be integers. Evaluate the series

i Fn+an+m
= (n+p)l(n+m)!

in terms of the Bessel functions.

2. Evaluate the case m = p in terms of a series of modified Bessel functions of the first
kind. Take the limiting case m — 0.

3. Show that when p = 0 the series is given by

o0

FnLn+m _i a) — B
gm—\/ﬁﬂm@) In(28)) — Epdim(2).

H-775 Proposed by H. Ohtsuka, Saitama, Japan.
Let ¢ be any real number ¢ # 2, —Lon for n > 0. Let

WH<1+L2n>_1.
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Prove that

i 1 _ Ye+c—3
k:l (Lo4+c)(Ly+c¢)- (Lox +¢) c2—c—2

H-776 Proposed by H. Ohtsuka, Saitama, Japan.

Determine
> 1 1
i —1)"tan" " and tan~! — tan ! .
(@) nz:;]( ) L3n Z an Lgn

SOLUTIONS

Sums of Fibonacci Numbers with Indices Given by Quadratic Forms

H-742 Proposed by H. Ohtsuka, Saitama, Japan.
(Vol. 51, No. 3, August 2013)

For positive integers n, m and p with p < m find a closed form expression for

n
Z Fop, - F2kmF2(k2+ AkZ—k2  ——k2)

p+1
klv---vkm:l

Solution by the proposer.

We have
n p n m—p n
2 2 2 ... 2_1.2 2
(Sor) (Smr) = 5 atesot i, o,
k=1 k=1 k1, km=1
and
2k2 2k2 2(k3+-+h2—kZ,  ——k2,
<25 F2k> < o F2k> = > p. pi ) By P
k=1 k=1 1y k=1
We have

n

2%2 —~ g2 (a*F —a 1 ¢ 2%k(k+1) _ 2(k—1)k
ZO( ng:Za T :—52(04 — )
k=1

k=1 et
= L (a2 gy = grn). a1 gnnt)
v V5

Similarly,

S 8% o = BV Fy .

k=1

(4)
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Using (1), (2), (3) and (4), we have

n
Y FoFog o For Fagagiip—i2

p+1 '“_k'?n)
klr“vk'm:l

n p n m—p n p n m—p
=%{(ZM> (W&) — (WF%) (&) )
k=1 k=1 k=1 k=1

1 —m )n{n m)nn m
= ﬁ(a@p )n(n+1) /8(2117 n( +1)) n(nt1) = F(2p—m)n(n+1)Fn(n+1)'

Also solved by Dmitry Fleischman.

On the Fermat Quotient Modulo p

H-743 Proposed by Romeo Mestrovié, Kotor, Montenegro.
(Vol. 51, No. 4, November 2013)

Let p > 5 be a prime and ¢,(2) = (27~ — 1)/p be the Fermat quotient of p to base 2. Prove
that
(p—l)/2

(mod p).

l\’)l}—t

k=1

Solution by the proposer.
Since
14iV/3 =2 (cos% j:isin%) ,
applying the de Moivre’s formula, we have
1+iv3)P + (1 —iv3)P =2 ((cos = +isin~) + (cos~ —isin_ )
( 3 3 3 3
:2p-2005%:2p, (1)

where we used the fact that p > 5 is odd and so cos(pm/3) = 1/2.
On the other hand, by the binomial theorem, we obtain

(1+ivV3)P + (1 — iV3)P = Ep: <Z> (iV3)F + ki:;o <Z> (—1)%(iv/3)E

k=0
» (p—1)/2
_ 2k
- ¥ (Yavs > () ava
0<k<p—1
2k

2”2”2( a2 @
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The equalities (1) and (2) obviously yield the identity

—1
By the identity <p> = £<p > with k=1,...,(p—1)/2, (3) becomes

(p—1)/2 (—3)* <p ! > - 21)_17_1 1= qp(2). (4)

Finally, since

(2k —1)!
_ (D2 (=R 1))
= I (mod p)

(-1)*71 (mod p) = -1 (mod p),

(p—1> _=Dp=2)---(p-(2k-1))

substituting this into (4), we obtain the desired congruence.

Inequalities Involving Sums of Reciprocals of Fibonacci and Lucas Numbers

H-744 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.
(Vol. 51, No. 4, November 2013)

Prove that
A P (T
n = Ly, n = L;
(3) entizfnz < (3 zn: i>n; (4) erInfnn < (1 Y %)n
n Fy n F;

Solution by Robinson Higuita, Medellin, Colombia.

First of all, we prove that if > 1, then ex < €%, or equivalently, e! =% < % Let g(x) =
e’ —ex. Since ¢'(x) = €* —e > 0 for x > 1, we have that ¢ is increasing in (1, 00]. It is easy to
see that e —ex > 0 for = > 1. This implies that ex < e® all 1 < z. Therefore, e! ™% < % From
this and the inequality of arithmetic and geometric means, we have that for every sequence
{zk }1<k<n, wWith 1 < zy, it holds that

namely,

1~ 1)
i < <_ _> | O
n T

282 VOLUME 53, NUMBER 3



ADVANCED PROBLEMS AND SOLUTIONS

On the other hand, it is known that (see for example pages 70, 77 and 78 in [1])

n n n n
> Ly=Lny2—3,> Fr=Fno—1, Y Li=LyLpy1—2and Y FP = FFpy.
k=1 k=1 k=1 k=1

Therefore, if in (1) we take x = Ly, z = Fj, ) = Lz and ) = Fk2, we obtain

1< 1)
n—(Lnt+2-3) _ ;n—> p_; L < | = g —
€ ¢ - (n Lk> ’

k=1
1< 1)
e (Fry2—1) en—ZLL:1 Fy, < (_ _) ,
n
=1k
1<~ 1\"
en_(LnLn+l—2) — e”_zzzl L% < (— ﬁ) ,
n
k=1 "k
n n
en_FnFn+1 — en—Zﬁzl sz l L
—\n F2 ]
k=1"F

respectively.

REFERENCES

[1] T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley and Sons, Inc., New York, 2001.

Also solved by Kenneth B. Davenport, Dmitry Fleischman, Harris Kwong,
Hideyuki Ohtsuka, and the proposers.

On a Trigonometric Equation

H-745 Proposed by Kenneth B. Davenport, PA.
(Vol. 51, No. 4, November 2013)

Prove that (a? — 1) cos(n + 3)§ — 2\/acosnf = (a — 1) cos(n + 1)d, where a is the real
number satisfying a® = a® + a + 1 and 6 is given by cosf = (1 — a)/a/2.

This problem was withdrawn in Vol. 52, No. 1, February 2014. Meanwhile,
Dmitry Fleischman, G. C. Greubel, Zbigniew Jakubczyk, Anastasios Kotronis,
and the proposer had provided solutions.

An Identity with Fibonomial Coefficients

H-746 Proposed by H. Ohtsuka, Saitama, Japan.
(Vol. 51, No. 4, November 2013)

Define the generalized Fibonomial coefficient <Z> by
Fym

EonFoim 1y o
<n> — (n—1) (n—k+1) for 0<k<n
k F;m kaFm(k—l) < Fip
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with <n> =1 and (n) = 0 (otherwise). Let g; = (—1)(™*+Di For positive integers

n n n
£ 4(),.0),.-+0),..
i+j=2s v) Fim \J/ Fym § Fi2m

) )

n,m and s prove that

Solution by the proposer.

Let <Z> be the g-binomial coefficient. The g-binomial theorem is given by
q

S atg 2 (1) < [[0 gt )

k=0 k=1

Let z = o™tz ¢ = (B/a)™ = (—a~2)™. We have

1— 5/0[ m n—r+1)
k k(k+1)/2 mk(n+1) mk (k+1)/2
x"q o
];) < > Z H 1_ B/a)mr
k m n—r m n—r
_Z mk (k+1)/2 o ymk(n+1)—mk(k+1) H (n=r+1) —5 ) o 2mr—m(n+1)
st _ 5mr
_ 3 (—1)mk(k+1)/2 kH Finn—r+1) _ 3 (—1)mk+1)/2 <"> P
k=0 k=0 k) pim

and

n n n
Hl—I—xq H(1+amn+1 5/0[ mk H1+amn k—i—lﬁmk )
k=1 k=1

k=1

Therefore, by (1), we obtain

Zn:(_l)mk(k+1)/2 <k> ﬁ 1_|_amn k+1) Bmk ) (2)

k=0 1 k=1
Replacing z by —z in (2) we get
n

m n < m(n— m
So(ay ek () k=TT amin kg 3)
Fym

k=0 k=1
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Using the identities (2) and (3), we have

n n

Z(_l)k <Z> S2k _ H(l — 2m(n—k+1) g2mk 2

F;2m k=1

k=0
H(l o am(n—k-ﬁ-l)ﬁmkz)(l + am(n—k-ﬁ-l)ﬁmkz)

( 1)mz(z+1)/2+z < > P (_1)mj(j+l)/2 ( > i
( i—0 Fim Z J Fim

J=0

2n
= Z (m/2)(z +itj24j)+i <"> (") T
v Fym J/) Fim

Z—l—] T )

By comparing coefficients of 2>* we get

Z (_1)(m/2)(i2+i+j2+j)+i(ﬁ) <”> :(_1)s<n> '
; ¢ Fi;m J Fym s F2m

i+j=2s
Here, since i + j = 2s, we have

%(i2+z’+j2—|—j) = %(i2+i+(2s—i)2+(2s—i)) = mi® + 2ms® — 2msi + ms.

Z (e <7Z> Fym <?> Fim - <Z> F;2m7

i+j=2s 5

Therefore, we have

which is the desired identity.

Solver’s note: From the identity in this problem, we obtain the following identity easily:

2n on) 2 2n
E Ek k = &n .
k=0 Fim n F;2m

Moreover, we obtain the following identity in the same manner:

Z n n n n n
2)=2"'s ) pm \O1/ . \A2/ F.om Qr/ por—1m 5/ Form

f(a,al,...,a
where f(a,a1,as,...,a;) =a+a; +2as+---+2""la, and g;; = (—1)m/2(i2+i+j2+j)+i.

Also partially solved by Dmitry Fleischman.
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