
FIBONACCI NUMBERS AND GEOMETRY 
BROTHER ALFRED BROUSSEAU 

St Mary's College, California 

The Fibonacci relations we are going to develop represent a special case 
of algebra. If we are able to relate them to geometry we should take a quick 
look at the way algebra and geometry can be tied together,, 

One use of geometry is to serve as an illustration of an algebraic rela-
tion. Thus 

(a + b)2 = a2 + 2ab + b2 

is exemplified by Figure 1. 

Figure 1 

A second use of geometry is to provide a PROOF of an algebraic rela-
tione As we ordinarily conceive the Pythagorean Theorem (though this was not 
the original thought of the Greeks) we tend to think of it as an algebraic rela-
tion on the sides of the triangle5 namely f 
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c2 =• a2 + b2 . 

One proof by geometry of this algebraic relation is shown In Figure 2„ 

a b b a 

Figure 2 

In summary, geometric figures may illustrate algebraic relations or they may 
serve as proofs of these relations. In our development, the main emphasis 
will be on proof though obviously illustration occurs simultaneously as well. 

SUM OF FIBONACCI SQUARES 

In the standard treatment of the Fibonacci sequence, geometry enters 
mainly at one points summing the squares of the first n Fibonacci numbers„ 
Algebraically., it can be shown by intuition and proved by induction that the 
sum of the squares of the first n Fibonacci numbers is 

n n+1 

But there is a geometric pattern which ILLUSTRATES this fact beautifully as 
shown In Figure 3„ 
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M l 1 I 

Figure 3 

The figure is built up as follows* We put down two unit squares which are the 
squares of Fj and F2« Now we have a rectangle of dimensions 1 by 2* On 
top of this can be placed a square of side 2 (F3) which gives a 2 by 3 rectangle* 
Then to the right can be set a square of side 3 (F4) which produces a rectangle 
of sides 3 by 5. On top of this can be placed a square of side 5 (F5) which 
gives a 5 by 8 (F5F6) rectangle, and so on. 

This is where geometry begins and ends in the usual treatment of Fib-
onacci sequences,, For if one tries to produce a similar pattern for the sum of 
the squares of any other Fibonacci sequence, there is an impasse. To meet 
this road block the following detour was conceived, 
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Suppose we are trying to find the sum of the squares of the first n Lucas 
numbers. Instead of starting with a square, we put down a rectangle whose 
sides are 1 and 3, the first and second Lucas numbers,, (Figure 4 illustrates 
the general procedure.) Then on the side of length 3 it is possible to place 

E T2 = T T 
k=l nAn+l M 

Figure 4 

1"! (T2 - Ti ) 

a square of side 3: this gives a 3 by 4 rectangle. Against this can be set a 
square of side 4 thus producing a 4 by 7 rectangle. On this a square of side 
7 is laid giving a 7 by 11 rectangle. Thus the same process that operated for 
the Fibonacci numbers is now operating for the Lucas numbers. The only dif-
ference is that we began with a 1 by 3 rectangle instead of a 1 by 1 square. 
Hence, if we subtract 2 from the sum we should have the sum of the squares 
of the first n Lucas numbers. The formula for this sum is thus: 
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(5) E LL = W i - 2 

k=l 

Using a direct geometric approach it has been possible to arrive at this alge-
graic formula with a minimum of effort. By way of comparison it may be 
noted that the intuitional algebraic route usually leads to difficulties for students* 

Still more striking is the fact that by using the same type of procedure 
it is possible to determine the sum of the squares of the first n terms of ANY 
Fibonacci sequence. We start again by drawing a rectangle of sides Tj, and 
T2 (see Fig. 4). On the side T2 we place a square of side T2 to give a r e c -
tangle of sides T2 and T3. Against the T3 side we set a square of side T3 

to produce a rectangle of sides T3 and T4* The operation used in the Fib-
onacci and Lucas sequences is evidently working again in this general case, 

th the sum being T T _. if we end with the n term squared* But instead of 
having the squre of TA as the first term9 we used instead TiT2. Thus it is 
necessary to subtract 

TiT2 - T? 

from the sum to arrive at the sum of the squares of the first n terms of the 
sequence* The formula that results 1st 

n 

^ E T k = T n T n+l " T l ( T * - Ti> = T n T n + l " T ^ 
k=l 

ILLUSTRATIVE FORMULAS 

The design in Figure 1 for (a + b)2 = a2 + 2ab + b2 can be used to illus-
trate Fibonacci relations that result from this algebraic identity. For exam-
ples Formulas (2), (3), and (4) could be employed for this purpose. Thus 

L2 = F 2
X 1 + 2F x 1 F , + F2 -n n+1 n+1 n-1 n-1 
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This evidently leads to nothing new but the algebraic relations can be exempli-
fied in this way as special cases of a general algebraic relation which is de-
picted by geometry. 

LARGE SQUARE IN ONE CORNER 

We shall deal with a number of geometric patterns which can be employed 
in a variety of ways in mway cases. In the first type we place in one corner of 
a given figure the largest possible Fibonacci (or Lucas) square that will fit in-
to it. Take? for example, a square whose side is F . (See Fige 5.) 

V2 

1 Fn-3 

F n - 1 

I 

n-2 

F2 

n 
F2

 n + 3F2
 0 n-1 n-2 

n-3 

k=l 

Figure 5 

This being the sum of F ^ and Fn__2? a square of side F . can be put in-
to one corner and its sides extended. In the opposite corner is a square of 
side F . From the two rectangles can be taken squares of side F 0 leav-

YL—u n-Z 
ing two smaller rectangles of dimensions F 9 and F Q. But by what was 

n—& n—o 
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found In the e a r l y p a r t of this discussion* such a rec tangle can be r ep re sen t ed 
a s the sum of the f i r s t n - 3 Fibonacci s q u a r e s . We thus a r r i v e a t the 
formula.8 

n - 3 
(7) F 2 

n 
F 2

 1 + 3F2
 0 + 2 V * F 2 

n - 1 n™2 *-Ji k 
k=l 

A s a second example , take a square of s ide L = 

Fig . 6.) 
F n + l + Pn-r ( S e e 

"n-1 •n-2 

I 

~F 

• 

F n+1 

i 

•2 _ 
n-2 

F* + 5 F 2 , + 2 £ F 2 
n+1 n - 1 *-* k 

K—1 

Figure 6 
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In one corner is a square of side F .. and in the opposite a square of side 
F._ ^ 9 The rectangles have dimensions F„ . „ and F, . 19 The rectangles have dimensions F , 1 and 

n—i n+i -n-r But F + 1 equals 
2F 1 + F 9 by (3)f so that each rectangle contains two squares of side F -n~x n—u n—1 
and a rectangle of sides F 1 and F 0« Thus the following formula re suits: 

n~x H—A 

(8) L2 
n F n + 1 + 5 F n - l + 

n-2 
2E 

k=l 
CYCLIC RECTANGLES 

A second type of design leading to Fibonacci relations is one that maybe 
called cyclic rectangles. Take a square of side T. n+19 a general Fibonacci 
number8 Put in one corner a rectangle of sides T and T ^ (Fig. 7). The 

Ln-1 

T n-2 [ 

n+1 

T2 = 4T T , + T2
 0 n+1 n n-1 n-2 

Figure 7 
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process can be continued until there are four such rectangles in a sort of whorl 
with a square in the center. This square has side T Vl 0 r Tn-2' 
Accordingly the general relation for all Fibonacci sequences results: 

0) T n + 1 = 4 T n T n - l + T n - 2 ' 

As another example of this type of configuration consider a square of 
side L and put in each corner a rectangle of dimensions 2F - by F , 

n ^ b n-1 J n 
(See Fig, 88) 

2F n-1 

F 1 n-3 

L2 = 8F F - + F2
 Q n n n-1 n-3 

Figure 8 

Again, there is a square in the center with side 2F n _ 1 - F n or F^_ 1 - F n _ 2 

= F oe Hence: n-3 

(10) L2 = 8F F n + F2 o n n n-1 n-3 
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OVERLAPPING SQUARES IN TWO OPPOSITE CORNERS 

[Apr* 

Cons t ruc t a square whose side i s T + 1 which equals T + T - . In two 

opposite c o r n e r s place s q u a r e s of side T (Fig* 9). Since T is g r e a t e r 

n - 1 

T 
n -2 

n+1 

T2 
n+1 2T2 + 2T2 , n n - 1 n-2 

F igure 9 

than half of T - it follows that these squa re s m u s t over lap in a square . The 

T _2 . The en t i re square i s composed of side of this square i s T - T -M n n - 1 
two squa re s of side T and two s q u a r e s of side T n - l e But since the a r e a of 
the cen t ra l square of side T 0 h a s been counted twice , it m u s t be subt rac ted 

n ~ dt 
once to give the p r o p e r r e su l t . Thus: 

(11) T2 
n+1 2T2 + 2T2

 n n n - 1 n-2 ' 

a r e su l t applying to all Fibonacci sequences . 
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Example 2. Take a square of side F = 2F 1 + F 0 . In opposite 
n+x n.—x n—A 

c o r n e r s , place squa re s of side 2 F n _ r (See Fig, 10). Then the over lap square 

2 F 
n - 1 "n-2 

"n+1 

"n+1 = 8F2 - + 2F' n - 1 n-2 n -2 

F igu re 10 

in the cen te r has side 2F - - F Q = F ., + FM 0 = L _. Thus-
n - 1 n - 2 n - 1 n - 3 n - 2 

(12) F 2 = 8F2 - + 2F2
 0 - L2

 0 
n+1 n - 1 n-2 n-2 

Thi rd example . A square of side L = F - + F 1 ha s a cen t ra l over -

lapping square of side F - - F - = F . Accordingly.9 

(13) L2 = 2F2
 M + 2F 2 , - F 2 

n n+1 n - 1 n 
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Final example. In a square of side L = 2F - + F , place in two 
opposite corners squares of side 2F ... The overlap square in the center has 
side 2F n-1 F = F n n-1 

F n -2 = F n - 3 ' {See Fi& n - > 

2F 

Hence: 

L2 = 8F2 , + 2F2 - F2
 0 n n-1 n n-3 

Figure 11 

(14) L2 
n 8F2 - + 2F2 - F2

 Q n-1 n n-3 

NON-OVERLAPPING SQUARES IN FOUR CORNERS 

Consider the relation T _,- = 2T i + T 0 . 
n+1 n-1 n-2 

Each side of the square 
can be divided into segments T - , T _„, T - in that order (Fig. 12). 



1972] FIBONACCI NUMBEES AND GEOMETRY 315 

n-l xn-2 

1 

x n - l 

n+l 

T2 
n+1 

4T2 + 4x T 0 + T2 „ n - l n - l n -2 n -2 

F igure 12 

T h e r e a r e now four squa re s of side T n _ x in the c o r n e r s , a square of side 
T rt in the cen te r and four rec tang les of d imensions T 1 and T 9 . F r o m 

n-2 I 1 ~ x ii-A 

(15) T2 
x n + l 

4T2 + 4T T + T2
 n 

4 i n - l n - l n-2 n-2 

which appl ies to ALL Fibonacci sequences8 

OVERLAPPING SQUARES IN FOUR CORNERS 

We s t a r t with F = F + F - and put four squa re s of side F in 

the c o r n e r s (Fig. 13)8 C lea r ly there i s a g r e a t deal of overlapping. The 
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F n - 2 

J F n - 1 

I F n + 1 , 

F n + 1 " 4 F n - 4 F n - l F n - 2 " 3 F n - 2 

Figure 13 

square at the center of side F - F .. = F 0 is covered four times; the four ^ n n-1 n-2 
rectangles are each found in two of the corner squares so that this rectangle 
must be subtracted out four times. The central square being covered four 
times must be subtracted out three times. As a result the following formula 
is obtained: 

(16) F2 = 4F2 - 4F , F 0 - 3F2
 0 

n+1 n n-1 n-2 n-2 

OVERLAPPING SQUARES PROJECTING FROM THE SIDES 

We start with the relation L = F + 2F - and divide the side into 
n n n-1 

segments F .., F , F - in that order (Fig. 14). On the F segments 
build squares which evidently overlap as shown. The overlap squares in the 
corners of these four squares have a side F - F - = F 0 while the central M n n-1 n-2 
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• n - 1 n - 1 

j n-2 

F n-3 

L2 
n 4F 2 + 4F 2 -n n - 1 4F 2

 0 + F2
 0 n -2 n - 3 

F igure 14 

squa re has a side L„ - 2F^ = F M ± 1 + F n 1 ^ n n n+1 n - 1 2F„ : 2F 1 - F = F 1 n - 1 n n - 1 c n - 2 
= F n-3° 

Taking the overlapping a r e a s into account gives the re la t ion: 

(17). L2 = 4F 2 + 4F2 -n n n - 1 4F 2
 0 + F 2

 Q n -2 n - 3 

FOUR CORNER SQUARES AND A CENTRAL SQUARE 

A square of side F - 2F - + F n has i t s s ides divided into s e g -n - 1 n -2 to 

: - , F oS F - in that o r d e r (Fig. 15). In each c o r n e r s a square n - 1 n -2 n - 1 & ^ 
of side F - is cons t ruc ted . Then a cen t ra l ly located square of side L „ 

i s const ructed . It may be wondered where the idea for doing this came from* 

Since 
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' n - 1 n-2 n - 1 

n-2 

•n+1 

F 2 - 4F2 + 4^2 + L 2 
n+1 n - 1 n - 2 n-2 

F igu re 15 

4F 2
 Q n - 3 

L n - 2 = F n - 1 + F n - 3 = F n - 2 + 2 F n - 3 • 

it follows that such a square would projec t into the c o r n e r s q u a r e s in the 

amount of F Q9 thus giving th ree sc n—o 
lap into account l eads to the formula: 

amount of F Q9 thus giving th ree s q u a r e s of this d imension. Taking o v e r -n—o 

(18) F 2 , = 4 F 2 , + 4F2 + L 2 _ 4 F 2 
n+1 n - 1 n -2 n-2 n -3 

CONCLUSION 

In this a l l too brief sess ion we have explored some of the re la t ions of 
Fibonacci n u m b e r s and geomet ry . It i s c l e a r that the re i s af ie ld for developing 

[Continued on page 323. ] 


