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Consider a number of cities along a major water course which dis-
charge presently their wastes untreated to the stream* To control the pol-
ution of the waters they have the obligation to build treatment .plants. The 
major question i s , where should one build these plants to minimize the cost 
of pollution control ? Construction as well as operation costs of treatment 
plants exhibit large economies of scale, and therefore It Is generally econ-
omically advantageous to build one or more central treatment plants. Given 
one possible location for a treatment plant for each city, and the possibility 
to transport the waste waters from any city to another one, the problem 
arises of how many possible solutions there are. Due to the economies of 
scale It Is known that it would not be economical to "split" the waste flow of 
one city, that is , transport part of the waste upstream and part of it down-
stream. 

Consider two cities only: 

The number of possible solutions Is A(2) = 3; namely, a treatment plant at 
each city, one treatment plant at city 1, and finally, one treatment plant at 
city 2. 

Consider now 3 cities: 
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The Interconnecting s e w e r s between the c i t i e s a r e the only decis ion va r i ab l e s . 

Le t a ze ro Indicate no t r a n s p o r t between c i t i es , a 1 for u p s t r e a m t r a n s p o r t 

of w a s t e s , and a 2 for downs t ream t r anspo r t of w a s t e s . F o r n c i t i es there 

a r e (n - 1) connecting s e w e r s between the c i t i e s , each of which may take on 

3 values . So the total number of solutions would be 3 were It not for the 

economic r equ i r emen t that a ci ty may not s imultaneously t r a n s p o r t was te s 

u p s t r e a m and downs t ream. F o r t h r ee c i t i e s , the total number of solutions 

m a y be r ep re sen t ed a s follows: 

00 01 02 10 11 12 20 21* 22 

th The 8 solution indicated by an a s t e r i s k Is ru led out, since we do not allow 

t r a n s p o r t of was te wa te r f rom city 2 s imultaneously to 1 and 3. And thus 

the total number of economical solutions will be A(3) = 8. 

Cons ider now n c i t i e s : 

Le t A(n + 2) stand for the number of solutions for n + 2 c i t i e s , 

A(n + 1) for the number of solutions to n + 1 c i t i e s , and A(n) for the solu-

tions for n c i t i e s , 
Then, the following r e c u r s i v e re la t ion can be es tabl ished: 

A(n + 2) = 3A(n + 1) - A(n) . 

A(n) 

Th is re la t ion may be deduced by the following reasoning* Given the value of 

A(n + 1) , the adding of one ci ty i n c r e a s e s the number of solutions to 

3 • A(n + 1) 

s ince the new added sewer may a s s u m e the values of 0 , 1 , o r 2„ However, 

of this total number there a r e some which a r e not economical , namely , al l 

those which end in a 2 1 sequence. But the number of those i s exact ly A(n). 
[Continued on page 302. ] 


