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1. Let 
(1.1) A = (a..) (i9 j = 1, 2, 3) 

denote an a r ray of non-negative integers. Let H(r) denote the number of a r rays (1.1) such 
that 

n n 

(le2) 2/ij= r = 2^ "i (i = l j 2s 3) 

3=1 3=1 

MacMahon [2, p . 161] has proved that 

oo 
r 1 - x 3 1 + x + x 2 (1.3) > H(r)x 

^ 0 ( 1 ~ x ) ( 1 " x ) 

This resul t has recently been rediscovered by Anand, Demir and Gupta [l]„ 
Let H(r, t) denote the number of a r rays (1.1) that satisfy (1.2) and also 

3 
(1.4) V a,, = t 

and let H( r , s , t ) denote the number of a r rays (1.1) that satisfy (1.2), (1.4) and 

(1.5) 
i=l i=l 

MacMahon [2, pp. 162-163] has proved that 

oo 
> H(r9r) / i n\ "% TT/ \ r 1 - Xb 1 + X" 

(1.6) > H(r9r)x = 
= 0 (1 - x)3(l - x3)2 (1 - x)3(l - x3) 
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and 
oo 

H ( r , r , r ) x = — • 
ti _ -

r=0 

/i ^ V ^ X J / \ r (1 - x 6 ) (1 + x3)2 
(1.7) / H ( r , r , r ) x = ± *- = •* £-

(1 - x 3 ) 5 (1 - x 3 ) 3 

In the present paper we show first that if 

(1.8) H(r; \ u A2, A3, A4) = J ^ \hzXhi 
a+b<r 
c+d<r 
a+c^r 
b+d<r 

a-fb+c+fer 
then 

r=0 

(1.9) 

/ j H(r; Xx, A2, A3s A 4 )x r 

1 - A1A2A3X4X3 

(1 - AiX)(l - A2x)(l - A3x)(l - A4x)(l - AiA4x)(l - A2A3x) 

We show next that (1.9) implies 

2^ H ( r ! , s , t ) x r y S z t 

TiS,t=0 

( 1 , 1 0 ) = l - x 3 y 3 z 3 

(1 - xy)2(l - xz)2(l - x y ^ H l - xyz3) 

This in turn implies 
00 

(1.11) Y " * H(r, t) x r z* = * ~ x 3 z 3 

^ (1 - x)2(l - xz)»CL - xz3) 

which we show implies (1.6). 
In the next place we prove 

r,t=0 
(1.12) 

00 

/ ] H(r , t , t ) 
r t x z 

(1 - x 2 z 4 ) ( l - x 3 z 3 ) ( l - x2z)3 
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which we show implies (1.7), We also give a combinatorial proof of (1.7). 
Finallys if 

' H( r , s , t ) (s + t = 2r) 
( 1 ' 1 3 ) K ( S s t ) " } 0 (s + t o d d ) , 
we show that 

oo 

/ ^ K ( s , t ) y £ (1.14) > K ( s f t ) y s z t 

sst=0 

= (1 + y V H l + 4y3z3 + y*z8 + 4y2z2(y2 + z2) + yz(y4 + z4)] 
(1 - y5z)2(l - y z * ) 2 

Moreover (1.14) contains (1.7). 
2. Proof of (1.9). It follows from (1.8) that 

(2.1) H(r; Xu X2, X3, X4) = S^r) - S2(r) , 
where 

(2.2) St(r) = 22 X*X*X*X* 
a+b^r 
c+d^r 
a+c^r 
b+d^r 

and 

(2.3) S2(r) = } J x f x ^ X ^ . 
a+b+c+d<r 

Then by (2.2) 

b jC^r a ^ r - b d ^ r - b 
a ^ r - c d ^ r - c 

= 2 x^b x^~c2x i a2X 4 
b 9 c ^ r a^b d^b 

a<c d^c 

A4 

b<c<r a<b d^b 

c < b ^ r a^c d^c 
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b ^ r a<b d^b 

- . r-b+1 - , b + l , . b+1 

Z^ r - b 1 " A? 1 ~ A l -1 " A4 
^X 2 1 - A3 1 - Ai 1 - X4 

b ^ r 

r-c+1 ^ x c+1 ., x c+1 
-c ± - A 

3 + > 'A.? ' 0 1 ~ A2 1 - A l * - A4 
1 - X2 1 - Xj_ 1 - X4 c< r 

E. r-b. r-b 1 - xrrx 1 - x r x 
A2 A3 1 - A l " 1 ^ X 7 -

It follows that 

E «-—<* .t . b+1 - . b+1 , ——- - . r+1 

.=0 r=0 

00 00 

Z i n . c+1 - N c+1 m ^ n . r+1 

vb+l - . b+1 , , _ . ., x r+1 

r=0 b=0 r=0 

c+1 - c+1 _ _ _ ., N r+1 
L l _ 1 - A4 X

C V * 
XI 1 - X4 / I / 

c=0 r=0 

b+1 1 . b+1 
U 1 - A4 
Xi 1 - X4 

b=0 r=0 

V 1 - A" 1 - A" * b Y^> r > r 

"2Lr 1 - X t 1 - X 4
 X Z^2*3 

r r x 

Carrying out the summations and simplifying, we get 

(1 - XiX4x2)(l - X2X3x2) 
(2, •4) J2*{T)xT =TT x H l - Xtx)(l - X2x)(l - X3x)(l - X4x)(l - XtX4x)(l - X2X3X) 

r=0 

Similarly we find that 

(2.5) J^SjdOx* = x 
W- x)(l - XiX)(l - X2x)(l - X3x)(l - X4x) 

r=0 

Since, by (2.1) 
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/ ,H( r ; Xlf X29 X39 XA)xT = > ] S^rjx* - > > 2 ( r ) x r , 
r=0 

OO OO 

r=0 r=0 

it is easily verified that we get (1.9). 
3. Proof of (1.10) and (1.6). Consider the a r ray 

(3.1) 

(3.2) 
If 

a b r - a - b | 
c d r - c - d 

r - a - c r - b - d k 

a + b + c + d = k + r 

then clearly all row and column sums of (3.1) equal r . It follows that 

Let 
H(r; 1, 1, 1, 1) = H(r) 

a + d + k = t (3.3) 
and 
(3.4) 2 r - 2 a - b - c + d = s . 

It follows from (3.2) and (3.3) that 

(3.5) t + r = 2a + b + c + 2 d . 

In (1.9) take 
(3.6) Xi = y"2z2, A2 = X3 = y ^ z , X4 = yz2 

and replace x by xy2z"1 . The left member of (1.9) becomes 

2 jH(r; y"2 z2
5 y"1 z, yz2)(xy2z-1) 

r=0 

OO 

2r-2a-b-c+d 2a+b+c+2d-r 
y z 

r=0 a+b^r 
c+d<r 
a+c^r 

a+b+c+d^r 

/ A H( r , s s t ) x r yS z s 

r s s , t=0 

where H( r , s , t ) is the number of a r rays (3.1) that satisfy (3.3) and (3.4). We have therefore 

the generating function 
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oo 

(3.7) 7 H(r,s,t) x r yS * = 1 " x 3 ?* Z* 
T^f=0 (1 - xy)2(l - xz)2(l - xfz)(l - xyz3) 

To obtain a generating function for H(r , t ) , the number of a r r ays (3.1) that satisfy (3.3), 
we take y = 1. Thus 

QO 

(3.8) > ^ H(r, t) x r z t - 1 ~ x 3 z 3 

r j t = 0 (1 - x)2(l - xz)3(l - xz3) 

We shall now show that (3.8) implies (1.6). Since 

. QO 

(1 - x)-2(i - xz3)-* = ^ T (a + l ) x a + b z 3 b , 
a,b=0 

it follows that the te rms in which the exponents of x and z a re equal contribute 

(2b + l ) x 3 b z 3 b = 1 + x 3 z 3 . 
b=o' ( 1 " x 3 z 3 > 2 

Therefore 
OO 

** ~ + X3 1 + X3 

^ T ^ (1 - x)3 (1 -^ (1 - x)3 (1 - x3) 2 (1 - x)3(l - x3) 

4. Proof of (1.12) and (1.7). Returning to (3.7), we shall now obtain a generating func-
tion for H( r , t , t ) . We have 

(1 - xy)-2(l - xz)-2( l - x y S z f ^ l - xyz3)"1 

/ ± i \ / u x i \ a+b+c+d a+3c+d b-K5+3d (a + 1) (b + l)x y z 
a ,b ,c ,d=0 

For those t e rms in which y and z have equal exponents 

a + 3 c + d = b + c + 3 d , 
so that 

a + 2c = b + 2d . 

We accordingly get 



1972] ENUMERATION OF 3 X 3 ARRAYS 495 

2 2 X/b " 2C + 2d + lKb * l)^b"C+3d(y^b"K;+3d - T V + D2x2 a + 2 c(yz)a + 4 c 

c<d b a ,c 

= 2 ^ (b + 2d + l)(b + l ) x 2 b + 2 c + d ( y z ) b - t 4 c + 3 d - V ( a + l ) 2 x 2 a + 2 c ( y Z ) a + 4 c 

b j C s d a , c 

E(b + 2d + l)(b + l ) x 2 b + 3 d ( y z ) b + 3 d - _ J L _ V ^ ( a + l ) 2
x

2 a ( y z ) a . 
. - A v „ , b j d l - x 2 ( y z ) 4 2 L ^ 

Carrying out the indicated summations, we get 

1 ) 2 1 + x2yz + 4(xyz)3 _ 1 + x2yz | 
1 - x2(yz)4 ( l - x3(yz)3 (1 - x2yz)2 (1 - x2yz)(l - x3)(yz3)2 (1 - x2yz)3 ) 

which reduces to 

1 + x2yz + 4x3(yz)3 - 4x5(yz)4 - x6(yz)6 - x8(yz)7 

(1 - x2(yz)4)(l - x3(yz)3)2(l - x2yz)3 

It follows therefore that 

r t H(r9t j t)x z 

r , t=0 
(4.1) 

1 + x2z + 4x3z3 - 4x5z4 - x6z6 - x8z7 

(1 - x2z4)(l - x3z3)(l - x2z)3 

To get a generating function for H ( r , r s r ) we observe that the right member of (4.1) is 
eq[ual to 

(4.2) (1 + x2z)(l + x3z3) 4x3z3 

(1 - x2z4)(l - x2z)d (1 - x2z4)(l - x3z3)(l - x2z) 
The f irst fraction 

a s b 

which will contribute 

/1 , 3 3 \ \ T * / . i\2 2a+2b a+4b = (1 + x6z6) J (a + l r x z 

/1 ^ 3 3\ \ ^ " /OK _, -n2, ^6 b (1 + x3z3)(l + 6x6 + x1 2z1 2) (1 + x6z6) / (2b + l r (xz ) = ^ — — — 
£-J ( 1 _ X 6 Z 6) 3 
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The second fraction in (4.2) 

[Nov. 

1 - x3z3 4 ^ a ,b 
(a + l ) x 2 a + 2 b

z
a 4 4 b 

which will contribute 

4x3z3 V ^ 
1 _ X3Z3 jLj 

(2b + l)(xz) 6b 4x3z3 1 + x6z6 

1 - x3z3 (1 - x6z6)2 

The total contribution is evidently 

(1 + x 3 z 3 ) 4 _ (1 + x 3 z 3 ) 2 

(1 - x3z3)(l - x8z6)2 (1 - x3z3)3 

We have therefore 

(4.3) H ( r , r , r ) x r = ±±*L 

r=0 (1 - x3)* 

As noted by MacMahon, Eq. (4.3) is equivalent to 

(4.4) H(3m, 3m, 3m) = m2 + (m + l ) 2 

We shall now give a combinatorial proof of (4.4). With the notation (3.1) it is c lear that 
H ( r , r , r ) is equal to the number of solutions of the following system 

(4.5) 

a + b + c + d = k + r 
k + a + d = r 

2a + b + c - d = r 
a + b ^ r , c + d ^ r 
a + c ^ r , b + d ^ r 

It follows that 3d = r . Thus, for r = 3m, Eq. (4.5) reduces to 

(4.6) 
2a + b + c = 4m 

a + b ^ 3m 
a + c ^ 3m 

b ^ 2m, c < 2m 

For 0 < a =£ m, Eq. (4.6) implies 
b 2> 2m - 2a, c ^ 2m - 2a 

Hence 
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m - 1 2m m - 1 2m 
H(3m,3m93m) = \ y ^ 1 + \ ^ > l 

a=0 2m-2aTb<2m a=m b+c=4m-2a 

m-1 2m 
\ ^ (2a + 1) + \ ^ (4m - 2a + 1) 
a=0 a=m 

m 
= m2 + y (2a + 1) 

a=0 

= m2 + (m + I ) 2 

5. Proof of (1.14). Returning to (1.10) we replace x by x2, y by x" y and z by 
x~ z. If K(s, t) i s defined by (1.13) it is clear that 

OP 

VK(s,t) s t y z 

sst=0 

is equal to the sum of the t e rms in 

(5.1) 1 - y*z 
(1 - xy)2(l - xz)2(l - x - y z ) ( l - x-2yz3) 

that a re independent of x. Expanding (5.1) s this sum is seen to be 

tt JS 3\ X""^ / _!_ iwu _!_ i\ a+3c+d b+c+3d (1 - y V ) y (a + l)(b + l)y z 

where the summation is over all non-negative as bs c , d such that a + b = 2c + 2d. This 
gives 

00 

/i sh \ ^ / 0 , - W o . , -v 2a 2b, xa+b \ ™ ^ 2 c 2 d 
(1 - yV) y j (2a + l)(2b + l )y z (yz) / A y z 

a,b=o c4d=a+b 

00 

, /-. J5 3\ \ ~ ^ /o , 0\/ou , o\ 2a+l 2b+l, va+b+l \ ^ 2c 2d + (1 - y V ) y ^ (2a + 2) (2b + 2)y z (yz) / ^ y z 
a,b=o c+d=a+b+l 

Carrying out the indicated summations, we get 
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I^fJy2^ 
y2 - T? \ (l 

+ y5z 1 + y ^ 3
 2 1 + y3z3 1 + yz5 

- y«z)2 (1 - y V ) 2 Z (1 - y3z3)2 (1 - yz*)2 

£j? 4z4 tJi 
(1 - y5z)2(l - y V ) 2 (1 - y»z»)'<l - yz*)2 

A little manipulation gives 

(1 + y V ) ri + 4y3z3 + y6z6 + 4y2z2(y2 + z2) + yzCy4 + z4)l 
(1 - y5z)2(l - yz*)2 

This completes the proof of (1.14). 
To show that (1.14) contains (1.7), we take 

(1 - ySz)-*& - yz*)-2 = y ^ (a + l)(b + l ) y 5 a + b z a + 5 b 

a,b=o 
Since 

1 + 4y3z3 + y6z6 + 4y2z2(y2 + z2) + yz(y4 + z4) 

= 2(1 + y V ) 2 - (1 - y5z)(l - yz5) + 4y2z2(y2 + z2) , 
it follows that 

OO 00 

V H ( S , S , S ) Z S = S K(s, s)z 

s=o 

^ jP (a + l)2 = 2(1 + z3)3 > (a + l ) 2 z 6 a - (1 + z3) > z 6 a 

a=o 

= 2 (1 + Z3)3 J _ + *6 1 + *3 

(1 - z6) 3 1 - z6 

2(1 + z6) 1 (1 + z3) 
(1 - z3) 3 1 - z3 (1 - z3)3 
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