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INTRODUCTION 

This paper will deal with the periodicity of Fibonacci sequences; where the Fibonacci 
sequence {Fn}°^_ is defined with F0 = 0S F* = 19 and F 2 = F - +'F ; the Lucas 

n=0 

sequence 
1 n J 

n 
is defined with L0 = 2, Lj = 1, and L = L - + L ; and the generalized Fibonacci se -
quence {H n } = 0 has any two starting values with H + 2 = H - + H . We will see that in 
one casej that of modulo 2 5 all generalized Fibonacci sequences will have the same pe r -
iod,, In a second case , that of modulo 5 , different sequences will have different periods, 
We will also consider the periods modulo 10 . In each case except that of 10 , the method 
of proof will be to show that with sequence {A }, modulus ms and period p9 then A -
A (mod m) and A = A - (mod m). Identities in the proof may be found in [ l ] , 

2. THE FIBONACCI CASE MOD 2 n 

Theorem 1. The period of the Fibonacci sequence modulo 2 is 3»2 ~ . We will 

prove that: (A) F 3 # 2 n - 1 = F0 (mod 2 n ) and (B) F3.2n-l.KL = F4 (mod 2 n ) . 
A. The proof is by induction. 

(1) When n = 1, F Q ^ i = F 3 = 2 = 0 (mod 2l) . 

(2) Suppose F 3 o 2 k - 1 = ° ^ m o d 2 ^ ° 

® N o w > F3«2k = F3*2k-1 L 3 -2k- l 
from the identity F 0 = F L 

J 2n n n 
(4) We claim L g k = 0 (mod 2) . 

The proof is by induction. 
(5) When k = 1, L 3 e l = 4 = 0 (mod 2) . 
(6) Suppose L 3 m = 0 (mod 2) , 
( 7 ) L3(m+1) = 2 L 3 m + l + L 3 m = ° ( m o d 2 ) 

and statement (4) is established. 
Using (3) s with the induction hypothesis (2), and (4), it follows that 
(8) F 3 s 2 k = 0 (mod 2 ^ ) 

and P a r t A is proved. 
B. (9) First, F 3 # 2 n _ 1 + 1 = ( F g . 2 n _ 2 + 1 ) 2 + (Fg . 2 n _ 2 ) 2 

using the identity F m + n + 1 = F m + 1 F n + 1 + F m F n . Now, since F ^ j . - 0 
(mod 2 ) from Par t A, it follows that 
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(10) (F
3 . 2n-2>2 s ° ( m o d 2 n ) « 

(11) Also ( F
3 . 2 n - 2 * l ) 2 " X ( m 0 d ^ ) 

from the identity F' ^ -F . - F2 = ( - l ) n and (10). J n+1 n-1 n 
Pa r t B follows from these three steps. 

3. THE GENERAL FIBONACCI CASE MOD 2 n 

Theorem 2. The period of any generalized Fibonacci sequence modulo 2 is 3-2 " . 

We will prove that: (A) ^3.2n-l+1 = H i ( m o d 2 n ) ^d (B> H3.2n-l+2 - H2 ( m o d 2 £ ) ' 
A. We will have to consider three cases . 

Case 1: n = 1. H3e 2 i - i + 1 = H4 = 2H2 + Ht B Hj (mod 2 1 ) . 
Case 2: n = 2. H 3 e 2 2 - l + i = H7 = 3H2 + 5Ht s Hj (mod 2 2 ) . 
Case 3: n > 2. 

(12) F i r s t , H 3 # 2 n _ 1 + 1 = H 3 .2 n -2+ i F 3 .2 n -2+ l + H 3 . 2 n - 2 F 3 . 2 n - 2 > 
from the identity H ._,_.,= H ^ F x 1 + H F . J m+n+1 m+1 n+1 m n 

(13) We need the fact that F 3 # 2 n _ 2 = 0 (mod 2 n ) for n > 2, which can be 
proved by induction in the manner of the proof of 1-A. 

(14) Next we claim H 3 # 2 n_2F 3 # 2 n -2 + 1 = H i (mod 2 n ) for n > 2. 
Since H - = H-F _- + H 2 F , we can multiply both sides by F -

(15) so H 3 . 2 n ~ 2 + 1
F

3 . 2 n - 2 + 1 = H i F 3 - 2 n - 2 - i F
3 . 2 n - 2 + l 

+ H 2 F 3 . 2 n - 2 F 3 . 2 n - 2 + l ' 
(16) Now, F 3 .2n-2- l F 3 .2* i -2 + 1 » 1 (mod 2n) n > 2 

using the identity F + 1 F - F^ = ( - l ) n and (13). 
Our claim in (14) follows from (15), (16), and (13) and Case 3 follows from (12), (13), 
and (16). 
B. (17) F i r s t , H 3 e 2 n , 1 + 2 - H ^ . ^ + H 2 F 3 > 2 n . 1 + 1 

from the identity H n + 2 - H ^ * F ^ . 
Since F q o n _ i == 1 (mod 2 n ) f rom 1-A, and F n i = l*mod£n) f r o m l - B , 

o.^ 3 * 2 + 1 
Pa r t B follows immediately. 

One of the key par t s in the proof of Theorem 1 is being able to write F 3 > 2 ^ in t e rms 
of Fo#ok-1 a s m statement (3). For the next theorem, an analogous result is needed for 
F

5 n+1 m t e rms of F 5 n . 

4. THE FIBONACCI CASE MOD 5 n 

We need a simple lemma 

Lemma. F^n+1 
Proof. We will use the Binet forms 
Lemma. F

5 n+1 * F
5 n ( L

4 . 5 n ~ L
2 . 5 n + D» n * ^ 2 , 

n nn 
Y = — g~ and L = a + fi 

n a - B n r 

where 
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1 + N/5 , D 1 - N/5 a = — _ _ and p = — 
Note that af$ = - 1 . 

,-n+l _n+l _n c Kn -
F _ <* - P _ or - 0 

n+1 or - j3 a - |8 

/ ^ o5 \ Kn , _n 0 _n Kn _ cn _ _n ..n 0 cn , 
= (a

a-_P } (a5 ' 4 + a5 ' V + a 5 *2 + /35 - 2 + a 5 0 5 , 3 + ,35 ' 4 ) 

/ 5 • n5 x cn , r n „ ,-n ,-n _ cn _ ,_n rt 
= ^ __ Q—- [« + P + (<*£) (a + j3 ) + (o0) ] 

= F (L - L n + 1 ) 
5 n 5n.4 5n.2 

Theorem 3. The period of the Fibonacci numbers modulo 5 is 4*5 . 
Proof. We will prove that: (A) F „ = F0 (mod 5n) and (B) F n E F i ( m o d 5 n ) . 

465n ° ' 4-5n+l 
A. (18) Since F f F, , F n = F n (mod 5 ) v nl kn' 4.5*1 5 n ' 

(19) Next we claim F = 0 (mod 5 ) , 
511 

The proof is by induction. 
(20) When n = 1, Fg = F 5 = 5 = 0 (mod 51). 
(21) Suppose F k = 0 (mod 5k) . 
(22) Now9 F u..-, = F t (L u- - L t + 1) from the Lemma. 

5K+1 5R 4 . 5 K 2 . 5 K 
(23) L k = 2 (mod 5) 

from the identity L . - 2 = 5 F | f 
(24) and L w 8 -2 (mod 5) 

2«5 
from the identity L 2 ( 2 n + 1 ) + 2 = 5F2

2
n+1 . 

Using the induction hypothesis (21), with (22), (23), and (24), 
(25) F k + 1 = 0 (mod 5 k + 1 ) 

o 
and Pa r t A follows. 

B. (26) F i r s t F 4 _ 5 n + i = ( F ^ ) ' + ( F ^ ) ' 

using the identity F m + n + 1 = F m + 1 F n + 1 + F m
F n ' 

F rom (19) it follows that 
(27) (F n ) 2 s 0 (mod 5n) . 

2e 5 
(28) Also (F n )2 = 1 (mod 5n) 

using the identity F
n + 1

F
n _ i ~ F n = ( - l )* and (27). 

Consequently Pa r t B is proved. 

5. THE LUCAS CASE MOD 5 n 

Theorem 4. The period of the Lucas numbers modulo 5 is 4-5 " . 
Proof. We will prove that: (A) L n - 1 = L0 (mod 5n) and (B) L n - 1 s LA (mod 

n 4»5 4 * 5 + 1 
5 n ) . 
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A, (29) F i r s t 
from the identity 

L n_i = 5(F n -j 
4-5n x 2.511-1 )

2 + 2 

4n 2 = 5F% 
2n From (19) it can be shown that 

(30) ^ 2 . 5 * - ! ^ ~ ° ( m ° d 5 n ~ 1 ) 

(31) So 
2- sn-
5(F n i )2 = 0 (mod 5n) 

2-511 x 

and Pa r t A is proved. 

L
4 . 5 n + 1 + 2 

L4n+2 

5 ( F 2 . 5 n - l + l ) 2 B. (32) F i r s t 
from the identity 

(33) In a method s imilar to that used in showing (28), it can be shown that 
5FL+i - 2 

( F 2 . 5 n " 1 + l 
)2 = 1 ( m o d 5 n ) . 

L
4 . 5 n - l + 2 = 3 (mod 5 ). (34) Therefore 

(35) From A and (34), L>A _ -, - L n . = 1 (mod 5X1) 
4«5n~"-H-2 4»5n~i 

(36) since n+2 n+1 n L 4 . 5 n - 1 + 1 - 1 (mod 5n) 
As shown in [ 2 ] , the periods of the Fibonacci sequences modulo 10n will be the least 

common multiple of the periods mod 2 and mod 5 . A summary of the periods is below. 

Sequence 

Fibonacci { F } 

Lucas { L } 

Generalized 
Fibonacci { H } 

mod 2 
n = l , 2, ••-

3.211-1 

3-211-1 

3.211"1 

mod 5 
n = l , 2, ••• 

4-5n 

4.51 1-1 

variable 

mod 10 

60 

12 

variable 

mod 100 

300 

60 

variable 

mod 10 
n = 3, 4, . . . 

i ^ i o 1 1 " 1 

3-1011-1 

variable 

6. SOME PARTING OBSERVATIONS 

We note in passing that we have found some solutions to nj F in the statement F n s 0 
n mod 5 . To this we add two statements also involving solutions to L = 0 mod n. 

Theorem; 
Theorem; 
Theorem; 

mod n for n a prime 
ok 

. . * 2-3J 

2 ok 2**3J 

0 mod 2-3 
= 0 m o d 2 2 . 3 k

s 

k 
k 

1, 2, 3, . . 
1, 2, 3, •• 

A new paper by Hoggatt and Bicknell will further discuss these ideas. 
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