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INTRODUCTION 

We consider triangular a r rays (n..) (j = i(l)k, i = l(l)k) and (a ) (s = l ( l )k + 1 
ij r s 

- r , r = l(l)k) and let T(n5k) and C(n,k), respectively, denote the number of these a r -
rays in which the entr ies a re non-negative integers subject to the conditions 

(lol) n.. ^ n. . ( 1 , n.. > n. ,- ., n-,-, < n 
13 i , j+l 13 1+1,3' 11 

(1.2) a ^ a , - , a > a ,- , a~- < n . 
r s r , s + l r s r + l , s ? 11 

The conditions (1*1) and (1,2) are the same as MacMahon [ 3] imposed on multi-rowed par t i -
tions. Rectangular a r r ays subject to these conditions have been considered by Carlitz and 
Riordan [ 1 ] , 

It is easy to evaluate T( l ,k) and C( l ,k ) . Indeed, taking row sums, we find that 
T( l ,k) is the number of sequences j - , 9 8 e , j . with j . > j . - and j - < k„ It follows that 
T( l ,k ) = 2 . In the same way, we find that C(l ,k) is the number of sequences j 1 ? * • • , j , 
with k + 1 - i > j . ^ J.,-1- Hence C(l ,k) is the familiar Catalan number (c.f. [2]) 

(1.3) C(l ,k) k + 2 
/2k + 2 \ 
\k + 1 J 

It will be convenient to have an alternative description of C(n,k) and T(n,k). With 
each a r ray counted by T(n,k) we associate the n x k ar ray M = (m. . ) , where m... is the 

th number of elements in the j row which are greater than or equal to i. Similarly, with 
each a r r ay counted by C(n,k), associate the n x k ar ray B = (b..) , where b. . is the 

th number of elements in the j column which are greater than or equal to i. That i s , m.. 
= ca rd fn . Jn . , ^ i} and b. . = card (a, . la , . ^ i ) , It then follows that the entr ies of the 1 jtl jt J 13 l t j | t] J 

associated a r r ay are subject to the conditions 

(1.4) m.. ^ m. . t 1 , m.. ^ m . , - ., m-- ^ k , 
13 i , j+l s 13 i+lt3 11 
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(1.5) 
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b. . 2= b. ._,,* 
ij 1.3+1 

b. . 2: b . ^ ., 
13 i+ l . J 

b. . < k + 1 - j 
13 J 

It also is not difficult to verify that the n x k a r rays subject to (1.4) and (1.5) a re equinum-
erous with those counted by T(n,k) and C(n,k). 

Here we prove that 

(1.6) 

(1.7) 

as well as 

T(2,k) / 2k + l \ 

v k ) • 

T(S.k) = 2 k ( 2
k

k
+

+ ^ ) - 2 k ( 2 k
k

+ 2 ) 

(1.8) C(n,k) = det 

It is also shown that 

( n + k + 1 - r \ 
n + r - s J ( r , s = 1, ••• , k) 

-k(k+l) 
C(n,k)xn = Ak(x) • (1 - x) 2 

n=0 

where A, (x) is a polynomial of degree -^k(k - 1) with integral coefficients and which sa t is -
fies the symmetry condition 

(1.9) Jk(k-1) A M Ak(x) 

2. TRIANGULAR ARRAYS 

We consider triangular a r r ays 

(2.1) 

n l l n 1 2 " " n l k 
n22 ' - * n2k 

"kk 

and let T*(n,k) denote the number of these a r r ays with non-negative integral coefficients 
satisfying 

(2.2) a,- = n, n.. ^ n. . , - , 
11 13 1.3+1 

n.. ^ n . , - . , 
13 1+1.3 
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We also put 

n 
T(n5k) = 2 L j T * ( j j k ) 

j=0 

It is immediate that T(0,k) = T*(Ofk) = 1 and as observed in Section 1, it i s easy to 
see that T*(l,k) = 2 - 1. This can also be seen by classifying the a r rays according as 
n l l = ° o r ! a n ( i noting that this implies the recurrence 

T*(l ,k) = T*( l ,k - 1) + T ( l , k - 1) . 

A simple verification of the boundary conditions is then all that is necessary to anchor the 
induction. 

Next let Q.(mnj m2i , e e e
s m n l ) denote the number of n x k a r rays M = (m..)5 

where the m.. are subject to the conditions (1.4). It is clear from the remarks of Section 1 
that 

T*(n,k) = y ^ Q ( s l > e 8 8
9 s n ) , 

where the summation extends over all n-tuples (si, e 8 • 9 s n ) for which k ^ s- ^ - • • ^ s 
^ 1. A more useful reformulation of these remarks is the observation that 

(2.3) T(n9k) = Q(k + 1, k + 1, ••• , k + 1) . 

For the case n = 25 we find that 

m - 1 r - 1 m - 1 

Q(m,r) = 1 + 2^] Q ( s ) + / ] / j 
s=l t=l s=4 

r - 1 m - 1 
= 2 m -1 + 1C zl̂  Q(S9t) 5 

t=l s=t 

where we have used (2.3) for the case n = 1. A more convenient form of this las t equation 
is 

m 

Q(m, r + 1) = / j Q ( s » r ) • 
s=r 
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It is now a simple induction to show that 

^m+r-Q(m,r + 1) = 2" 1 "— 1 - 5 ^ ( 2 ^ - 1 ) ( m * J " X) Cm s= r + 1) 

which should be compared with [ l , Eq8 (1.9)] . In particulars we have 

Q(m + l , m + 1) = 2 

•j=o 

/ 2 m + l \ 

v m ; • 
It now follows from (2.3) that 

(2.4) T* (2 ,k) / 2k + l \ 

V k ) 
3. THE CASE n = 3 

The evaluation of T(3,k) is more complicated but leads to a simple result . Let 
Q (m^i, m2is m3i) denote the number of 3 x c a r rays (m..) whose entr ies are non-increasing 

C 1] 
down each column and whose positive entr ies are strictly decreasing along each row. Then, 
according to the remarks of Section 1, we have 

(3.1) T(3$k) = Qk + 2fc + 1, k + 1, k + 1) . 

It i s not difficult to show (by induction on c) that 

(3.2) 

where we put 

Qc-KL(r 9Sst ) " 2Lj De-2i,c-2j-l,c-
I=£}:5k 

2 j - l , c -2k -2 9 

D. i , j , k 

(0 
0) 
(I) 

( • • 0 
VJ + i ) 

( - ) 

( . ' 

05 
( > 

•0 
- ) 

' * ) 

In part icular , for c = m = r = s = t, it follows from (3.1) that 
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T(35m - 1) = 
i=£j<k 

( ? ) ( 2 i m i ) ( 2 1 ^ 2 ) 

( 2 ] + l ) ( 2 3 ) ( a j + l ) 

^2k + Zj ^2k + l j (^2kJ 

2^ (2k + 2 / ^ (2kl+ v 2-* w 
k s j ka j 

2 - f ( 2 i ) 2-^\2i - 1/ 2~l\2i - 2/ 
i<5 i<j 

( 2 j m
+ i ; (Ti) \ 2 J m + 1 / 

|2-/(2k) 2-fV^m+i/ 2L<(2k) 
/ m \ / m \ / m \ 
y 2 i J V 2i - 1 J \2i - 2 J 

1==] 

T 1^0 
( 2 J + 1 J [zj) ( 2 J + 1 ) 

(2i - l j (2j + l j " (2ij(2j - lj _ (2j j ( 21 - 2J 

This reduces to 
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(3.3) T(3,k) = 2k(2
k

k
+

+
1

2) - 2 k ( 2 V 2 ) 

(3.4) T*(3,k) = 2k (f;f) - 2k (2k
k

+ 2 ) - (2 k
 k

+ *) . 

It appears unlikely that this method would lead to a simple resul t for T(n,k) even 
though (3.2) can be generalized in an obvious manner. 

4. CATALAN DETERMINANTS 

We consider triangular a r rays 

a l l ' " ' a l , k-1 a l k 
( 4 a ) a21 ' • • a 2 , k - l 

* k l 

and let C(n,k) denote the number of these a r rays with 

(4.2) a-- ^ n, a.. ^ a. . - , a.. ^ a.^- . . 
11 i] i.J+1 ij 1+1,3 

Then, as observed in Section 1, we have that C(n,k) is also the number of n x k a r rays 
B = (b..) subject to the conditions (1.5). Also, if we put C( j - , • •• , j . ) equal to the num-
ber of a r rays (4.1) with a = j , then we find that 

xs s 

(4.3) C(i., • • • , ] . ) = y ••• Y ^ C(r.. •••, r. . ) , 
r k - l r l 

where the i summand extends over the range r. - . ^ r. _. ^ j . . and, for convenience, 
we put r. = 0. 

It i s an easy induction to show that (4.3) is the same as 

7 j s + k - r V 
\ k + s - 2 r / ( r , s = 1,2, ••• , k - 1) C( j 1 , ••• , j k ) = det 

In part icular , we find that 

v, , _1_ \r -i- 1 « \ I 

( r , s = 1, ••• , k) . 

Notice that the special case (1.3) follows from (4.4) and the identity 

(4.4) C ( n > k ) = d e t [ ( n
n

+ k ^ - r ) ] 
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k h(t:;)-^(k;i;>)T^{V-V) 
In the next place if we write (4.4) in the form 

(4.5) C(nsk) = det / n + k + 1 - r \ 
^ k + l - 2 r + s / 

then we can use this determinant to define C(nsk) for all real numbers n. According to 
this definition, we find that C(n9k) is a polynomial of degree -|k(k + 1) in n and satisfies 
the equation 

(4.6) 

(4.7-) 

C(n,k) = ( - l ) i k ( k + 1 ) C ( -k - n - l ,k) 

Hence if we put 
k(k+l) 

C(n,k) = • E s . C r 1 ) 
j=k ' 

then we have 
k(k+l) 

C(-k - n - l ,k) Ev^-v*- 1 ) 
j=k 

^k(k+l) 

- £«Mkr) • 
j=k 

In o rder to summarize these resul ts in te rms of generating functions, we first put 
C.(x) = ^ C ( n , k ) x and note that 

,-k(k+l) 

Ck(x) 

j=k 

a k . ( l - x) - i - i 

and 
00 

_i)ik(k+1)cyx) =y^c( -k - n - i,k)xn 

n=0 

[Continued on page 658. ] 
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