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1. INTRODUCTION 

Let P be the set of positive integers and let P be the set of n-tuples of positive in-
tegers . Many f resnmen books talk about how to count P2 but ra re ly exhibit a counting func-
tion such as [2] 

MPl» P2) = Pi + (Pi + P2 - D(Pl + P2 ~ 2)/2 . 

Ee A. Maier presented a counting function of P in this Quarterly [ l ] . In this note 
LOW another more 

and some applications. 
we show another more simple counting function of P and also discuss its inverse function 

2. THEOREM 

The following polynomial in n variables 

(1) fn(Pn P2> ° e o * P n ) = Pi + 

k=2 
where 

n / i \ 

£(V) • 
s. = Pi + P2 + B e * + P t and 

for s, - 1 < k, is a counting function of P f 

(V1) 
Proof. Consider the set9 call it the s-layer9 of lattice points of positive coordinates 

(xl9 x2, • • e , x n ) satisfying 
Xi + X2 + e • • X = S 

This s- layer contains 

(::i) 
points. For , it is the number of ways of putting n - 1 marke r s in s - 1 spaces between 
l ! s in 

1 + 1 + 8 e 8 + X = s 8 

Then the collection of s- layers9 call it a pyramid, ranging n < s < s , which is the 
la rges t pyramid without the given point (pl9 p29 • • • , p n ) 9 contains 
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points. But this sum is simply 

For* 
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( n - l / + \ n - l j + 9 ' B + \ n - l / 

(v)-
(v1)-(^:1>(\-) 

Next9 we count points (xls x2, * • • 9 x n ) such that 

^ _ 
7 x. = s j 

£^ i n 

up to (pi? P2» e B B j P )• Since x is determined by (x1$ x23 ' * • , x n _ i ) and s 9 we need 
to count only (n - 1)-tuples from (1, 1, • • • , 1) to (pl9 p2 s • • • , P n _ iK For this we may 
use the function f - (pl9 p2? ••• , pn_]_) . 

Thus9 we obtain 

fn(Pl* P2* 9 e e * P n ) = f
n _ i ( P i J P29

 o o e> Pn - l ) + I 1 

And this recursive formula gives 

£n(Pl* P2* 9 - s Pn) = Pi + £(Y)-
k=2 x K f (taking ^(pt ) = p i ) . 

Notes. 1. For s0 = 1 , 

£(V) • fn(Pi9 P2» 9 8 ' S P n ) = 
k=0 

which is a string of pyramids of each dimension from 0 to n, 
2. From its counting method f is clearly 1 - 1 . However* we can also 

prove as follows. If (pls p2, • • • , p n ) ^ (pjj p2 , • • - , p n ) s then there exists m such that 
s ^ sf and s, = s,f for k > m. Say9 s < sf (without loss of generality). Since m ' m k k J m m & J 

1 = s0 < sA < . . . < s m < s m - 1 , 
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£(V)*£rv>£(\*:r) 
k=0 x ' k=0 x * / k=0 

C-J-C)«--(\>£(Y)-
These inequalities imply f (pl5 •• • , p n ) < f (p[, • • - , p^ ) . The following section al-

so shows that f is onto* 
n 

3* THE INVERSE MAPPING f"1 : P—*P n 

n 
The following algorithm produces s , s - , • • • , s- (=p1 ) from a given positive inte-

ger p . 
Firsts determine s satisfying 

(\-x) * - s (s») 

Then s - , s o5
 e e e

9 s. from n-1 n-2 1 

Thus 

where 

( S n - 2 - l ) < v - f ' n - 1 ) - ("n-1 " * \ < j V 2 \ 
\ n - 2 / \ n / V n - 1 / \ n - 2 / 

fn - l(p) = ( s r s 2 - s l 9 . . . , s n - s n _ x ) f 

°k " °k - l = p k f o r k > 1 a n d s i = Pi * s. - s, 

(V) 4. PYRAMIDAL NUMBERS \ n f IN PASCAL'S TRIANGLE 

In the construction of the Inverse image f" (p) it is helpful to use Pasca l ' s triangle* 
st n 

in which (n + 1) diagonal line is the ordering of all n dimensional pyramids, 
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Q 
\%J ( n ) Dimensional 

f$\ pyramidal numbers 

For example, to compute f3 (100) express 100 as a sum. of pyramidal numbers of 
dimensions 3, 2, and 1 as follows: 

100 «= 84 + 1 5 + 1 

Then s3 = 10, s2 = 7, Sj = 1 and thus 

(».-')• ( v ) + 1 

f3 (100) = (1, 7 - 1, 10 - 7) = (1, 6, 3) 

5. COUNTING LATTICE POINTS IN EUCLIDEAN n-SPACE 

Take any counting function of Z, the set of integers, for example f0 defined by 

f0(z) = 28z + 1 - 6 

where 

8 

2 

j 1 for z > 0 , 
\ -1 for z < 0 . 

Then the ordinal number for (zj, Z2> ' " » z n ) is given 

fn(fo(zi)> fo(z2)> 

where 

k=0 > ' 

^ f „ ( z . ) . 

[Continued on page 627. ] i=l 


