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1. It is well known that the Catalan number 
/ i'2n' (1.1) a(n)=1t2n\ 

n + / % n r 
satisfies the recurrence 

n 
(1.2) a(n + 1) = Y* a(i)a(n " / j (n s ft 1' 2> '"l 

M 

Conversely if (1.2) is taken as definition together with the initial condition a(0) = 1 then one can prove (1.1). Thus 
(1.1) and (1.2) are equivalent definitions. 

This suggests as possible ̂ -analogs the following two definitions: 

(1.3) *M) - ̂  [ 2 ; ] , 
where 

1 1 1-q ' L"J (1-q)(1-q2)-(1-qn) 

(1.4) a(n + I q) - J^ qja(j,q)a(n - j, q), a(0,q) = / . 
hO 

However (1.3) and (1.4) are not equivalent. Indeed 
a(1,q) = I a(2,q) = 1 + q, a(3,q) = (1 +q) + q + q2(1 + q) = / + 2q + q2 + q3, 

a(4,q) = (1+2q + q2 + q3) + q(1 + q) + q2(1 + q) + q3 (1 + 2q + q2 +q3) 

= 1 + 3q + 3q2 +3q3 +2q* +qs +q6 . 
On the other hand, 

a(1'q)~ Wl^'T^T^--7' 

{'q> [3] I 2} 1 + q+q* (1-qM1-q*) Q ' 

l'q> [4] L 3 j i+g+qt+gi (J _ q)(1 _ q*)(i _ g») 

= 1 + q2 + q3 +q4 +q6 , 

*(4'g, = W [4] = 1 + V* + q3 + 2ct* + Vs + 216 + q1+2q*+q9+q1,'+q12. 
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Another well known definition of the Catalan number is the following. Let f(n,k) denote the number of sequences 
of positive Integers (aX9 a%f •-, an) such that 

(1.5) / < ax < a2 < - < an = k 

and 

(1.6) a/ < / (1 < / < n). 

Then (see for example [1]) 
f(nfk) = (Lz±±l ( n + 1 j 2 ) (1<k<n) 

and in particular n x n~ 

f(n,n-1) = f(n,n) = l (2%Z?) ~*fo-V-

Next define f(n, kfq) by means of [1] 

(1.7) f(n,k,q) = £ qai+a>+'~+a» < 

where the summation isoverall sequences (aif a2, —., an ) satisfying (1.5)and (1.6). It follows from this that the sum 

n 

(1.8) f(n,q) = Y* f(">k<q) 
k=1 

satisfies 

(1.9) f(n, q) * q~n f(n + 1, n, q) = q'n~1f(n +1,n + 1fq) 

Moreover if we put 
(1.10) f(n + 1,k+1,q) = q<k+lH-*1hHk(kH)b(ni ^ q-1} 

then b(n, k, q) satisfies 

(1.11) bin, k, q) = qn~kb(n,k- 1, q)+h(n - /, k, q). 

We shall show that 

(1.12) b(n,n,q) = a(n,q). 

2. Returning to (1.4) we put 
oo 

(2.1) A(xfq) = Y* a(n,q)xn . 

n=*0 

Then 
oo n 

A(x,q) = 1+x ] T x" Yl QJa0,q)a(n-J,q) 
n=0 j=0 

oo oo 

= 1+x Ylad< vto1*' Yl a(n'q**n > 

so that 

(2.2) A(x, q) = 1+ xA (x, q)A(qx, q). 
i 

T h i s gives 

A{x, q) - ; 
1 -xA(qxeq)' 

which leads to the continued fraction 
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(2.3) A{x.q) « ^ £ f£ £*- .... 
By a known result (see for example [3, p. 293]) 

/ _x_ _gx_ g£x = # (qx, q) 
1- 1- 1- 1- '" Q(x,q) ' 

where 

(2.4) 

and 

Therefore we get the identity 

(2.5) 

wr^ „ nn(n-1)vn 

(q)„ = (1-qHl-qll~.<1-qn). 

A(x,q}-%te>*j. $ (x, q) 

On the other hand it is proved in [1 , (7.10)] that 

(2.6) £ b(n+k-1, k,q)xk = | f j ^ (n>0). 
k=0 

In particular, for/? = /, Eq. (2.6) reduces to 

(2.7) <£b(KK.gix*.*[ff*f. 
k-0 

Comparing (2.7) with (2.5), we get 
(2.8) h(k,k,q) = a(k,qh 

3. Forx = -# , Eq. (2.3) becomes 

(3 1) A(-a a) = -i- SL -£ -£ . . 
W.U A[ q,q) 1+ 1+ 1+ 1 + 

It is known [3, p. 293] that the continued fraction 
1 I J ! . . S n (1-q5n+2)(1-q5n+3) 
1+1+1+ «-0 (l-qS^Hl-q5"*4)' 

Thus (2.5) yields the identity 

(3.2) £ (-1)na(n,q)q" = II (1 ~q
K J<1 ~q

K J ' 

Another connection in which af/?, ^ occurs is the following. It can be shown that a(n + 1, q) is the number of 
weighted triangular arrays 

(3.3) * « :;. * * * - ' 

whereby = 0 or 1 and 

(3.4) a/y > ai+i,H > aij > ai+1,j • 
More precisely 
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(3.5) a(n + I q) = ^ q Ea,y 

where the outer summation is over a!! (0,1) arrays (3.3) satisfying (3.4) and the sum 2a// is simply the number of 
ones in the array. 

For example, for n = 2, we have the arrays; 
0 0 1 .0 0 1 1 1 1 1 

This gives 

Foj"/? = 3 we have 

0 0 

1+2q + q2+q3 = a(3,q). 

1 1 0 10 1 0 1 1 
0 0 0 0 0 0 
0 0 0 

0 0 0 I 1 0 0 0 1 0 0 0 1 
0 0 0 0 0 0 0 0 
0 I 0 . 0 0 

1 1 1 1 1 1 I 1 1 1 I 1 1 1 
10 0 1 1 1 1 1 
0 0 1 0 1 1 

This gives 
1 + 3q+2q2 + 3q3 + 2q6 + q5 +q6 = a(4,q). 

Let Tk(n) denote the number of solutions in non-negative integers ajj of the equation 
k k-i+1 

fl = E E au< 
where the ay satisfy the inequalities 

a// > ai+ij, a,-/ > a,-+ij-.i. 
It has been proved in [2] that 

1 

1 1 0 0 1 1 1 1 1 
1 0 0 1 0 0 
0 0 0 

(3.6) 5 " Tk(n)xn = —r— — — — 1— _ _ _ .— 
£ (1 -~x2k~1')(l -x2k~3,f~(1 -x*)k-2(1 -x'ik-1(1-x)k 
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