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1. It is well known that the Catalan number
_ 1 2n
(1.1) a(ﬂ}—m(n)

satisfies the recurrence
n
(1.2) aln+1) =" aljlatn—j) (=012 ).
j=0
Conversely if (1.2) is taken as definition together with the initial condition a(0) = 1-then one can prove (1.1). Thus
{1.1) and (1.2) are equivalent definitions.
This suggests as possible g-analogs the following two definitions:

= _ 7 2n
(1.3) aln,g) = Iy [ ,,] ,
where
_1-g™1 | - (1—g® Y1 -g?" ) (1—g"T)
ln+1] 1-q 7 ["] (1—ql(1—q%)-(T—q") ’
n -
(1.4) aln+1,q) = E q’alj,qlaln —j, g/, al0q) = 1.
j=0

However (1.3) and (1.4) are not equivalent. Indeed
all,g) = 1, al2q) = 1+q, al3,q) = (1+q)+q+q*(1+q) = 1+2g +q* +¢q3,
af4q) = (1+2q+q* +q°) +q(1+q)+q*(1 +q) +g3(1+2q +q* +g°)

= 1+3q+3¢* +3¢> +2¢° +q° +q° .
On the other hand,

’ 2] L1 T+g 1—q
7 =1 [47 = 7 (1—g*M1—-gq%) _ .
a(24) 3] [ 2] T+g+qg* (1—qMl-q?) e,
7 =_1]6]- 7 (1—q* )1 —=q°)(1—4q*)
@l 4] [3] 1Trq+qg*+q*> (1—g)(1-qg*)(1-q3)

=7+qz+qﬁ+q4+q6 ,

aldq) = 75_—;— [il = 1+qg2+q3+2q*+q° +29° +q7 + 29 +q° +q*° + g2,
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Another well known definition of the Catalan number is the following. Let f(n,k) denote the number of sequences
of positive integers (a,, a,, -, a,) such that

(1.5) 1<a <a, <-<ap=k
and
(1.8) aj < i (1 <i<n)
Then (see for example [1])
o f(n,k)=”_‘k+7(";’_‘1-2 (1<k<nl
and in particular n
fin,n—1) = fin,n) = ,-:— 2,1”_"72 = afn—-1).

Next define f{n, k, g) by means of [1]
(1.7) fln, k, q) = Z q,a1+a,+...+a,, ,

where the summation is over all sequences (a,, a,, -, a,/ satisfying (1.5) and (1.6). It follows from this that the sum

n

(1.8) fin,q) = Y fin, k q)

k=1
satisfies
(1.9) fin, qf = ¢ fln+1,n,q) = g fn+1,n+1,q)
Moreover if we put
(1.10) fn+1,k+1, q) = q(k+1)(n+7)-Vzk(k+7)b(n, K, q—7}
then b(n, k, q) satisfies
(1.11) bin, k, q) = ¢"Xbn, k—1,q) +bln -1,k q).

We shall show that
(1.12) bin, n, q) = aln, q).
2. Returning to (1.4) we put

2.1) Alx,q) = 9 afn, ghx" .

n=0
Then

oo n X
Alx, q) = 1+x Z x" Z q’alj, glaln - j, q)
n=0 j=0
= 1+x Z alj, gJg'x! S aln, g™,
j=0 n=0

so that
(2.2) ; Alx, q) = 1+xAlx, g)Agx, q).
This gives

= _______7_.-—
gl 1—xAlgx, q)*
which leads to the continued fraction
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(2.3) Alx.q) = 7_7__. X i‘l)_(. 577_2

-~

By a known result (see for example [3, p. 2931)
1o x gx ¢’x . Dlgx.q)
1-1-1

- 71— d(x, q) *
where

s nin- 1) n
(2.4) B(x, q) = g (—1)" q—”——
and

(ghy = (1—gl1—q?*)(1—q").
Therefore we get the identity

_ Plgx, q)
(2.5) Alx, q) Blxq) -

On the other hand it is proved in [1, (7.10)] that

oo

(2.6) E bin+k— 1,k gk* = D(q"%, q) in>0).
Dix, q)
k=0
In particular, for n = 7, Eq. (2.6) reduces to
- k. Dlax, q)
(2.7) 2 blk k gi* = LA i
k=0
Comparing (2.7) with (2.5), we get
(2.8) blk, k, q) = afk, q).
3. Forx=—g, Eq. (2.3) becomes
|
g gl = L 4 9 4
@.1) Al q,‘q} 1+ 1+ 171+ 171+
It is known [3, p. 293] that the continued fraction
1 g & .. §f (1=¢""2)1-4%"3)
7+ 7 7+ n=0 (f— q5n+7}{7 5n+4)

Thus (2.5) yields the identity

(3.2) f: (=1)"a(n, glg" = E (1-g5"2)1 __05n+3}
n=0 n=0 (7 -

05n+1”7 _ 05n+4)

Another connection in which afn, g) occurs is the following. |t can be shown that afn + 7, g/ is the number of
weighted triangular arrays

I ay, dain
a as -
(3.3) u 2n-1 .
ant
where ;7= 0 or 1 and
(3.4) ajj > aj+1,j-1, gj > aj+1) -

More precisely
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{3.5) sln+1,q) = Y o=,

where the outer summation is over all {0.1) arrays (3.3) satisfying (3.4) and the sum Zaj; is simply the number of
ones in the array.
For example, for n = 2, we have the arrays
0 0 1 .0 0 1 1 1 1 1

0 ]
This gives 0 !

1+2g+q* +g° = af3, gq/.
Farn = 3 we have
000 100 010 001

110 101 611 1 110 011 111

00 60 ¢ 0 06 00 00 00 10 01 00
0 0 . 0 0 0 g 0 g 0 0
111 111 111 111
10 01 l 11 11
L. 0 0 0 1
This gives

1+3g+2g* +3g3 +2g° +q° +¢° = af4,q).
Let Ty fn) denote the number of solutions in non-negative integers aj; of the equation

k  k-i+1
n= E Z ajj,
=1 j=1
where the a;; satisfy the inequalities
dij = aj+1,j, ajj = aj+1,j-1-
It has been proved in [2] that
(3.8) . Telnk" = !
7 (1= x 26T j1 - 263" (7 x3 P27 — x2 517 _ g )k
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