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The non-hypotenuse numbers n = 1, 2, 3, 4,6, 7, 8,9, 11, 12, 14, 16, 18, -a re those natural numbers for which 
there is /?o solution of 

(1) u2 + \/2 (u > v > 0). 

Although they occur very frequently for small n they nonetheless have zero density-almost all natural numbers/? 
do have solutions. Only 1/15.547 of the numbers around 10100 are NH numbers, and, around 219937 - 1, only 
1/120.806. 

In a review of a table by A. H. Beiler [1 ] , I had occasion to remark that U NH(x) is the number of such n <x then 

(2) NH(x) ~>Ax/y/\OQX~ 

for some coefficient A. Recently, T. H. Southard wished to know this A because of an investigation [2] originating 
in a study of Jacobi theta functions, inasmuch as most of the analysis and arithmetic has already been done in [3 ] , 
one can be more precise and easily compute accurate values of A and C in the asymptotic expansion: 

(3) NHM Ax 
%/iogx 

1 + JL- + 0 
l og* 

1 
log2 x / 

Landau's function B(x) is the number of n < x for which there is a solution of 

(4) n = a2 + v2. 

Mote:/? to the first power, and all u, sallowed. Then 

(5) B(x) hx 
\J\OQX 

1 + log -+o(-1-\ 
x \ l o g 2 W 

and I evaluated 

(6) b = 0.764223654, c = 0.581948659 

in [3] . The n of (4) are those n divisible only by 2, by primes p = 1 (mod 4), and by even powers of primes q = 3 
(mod 4). If bm = 1 for any m = any such n, end bm = 0 otherwise, one has the generating function 

(7) Y: bjn = f(s)=-j- n- ; n / 
-2s 

(8) 

m=1 m" 1-2"s P 1-p~s Q 1-q~ 

n contrast, the NH numbers are those divisible by no primep, and so they are generated by 

gfs) = — ' _ n 
/ -2~s q 1-q"s 
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Since 

(9) 

we can write 

(10) 

Us) = l-3-s + 5-s-7~s + •••= n — 1 — n- 7 

P 1-p~sq 1 + q' 

g(s) = f(s)/L(s). 

Landau [4] showed that f(s) has a branch point at s = 1 and a convergent series 

(11 f(s) = - ais n + al(1-s)/a + -J 

n its neighborhood for computable coefficients a, au •••. In terms of these, one evaluates the coefficients of (5) as 

(12) aV(V2) c = (a. -a)/2a 

with the usual method using Cauchy's theorem and integration around the branch point. But L(s) is analytic at 5 = 1 
and so we have, at once, 

(13) 

for the new generator 

(14) 

Therefore 

(15) 

L(1)' d a L(1) 

g(s) dis2 

y/l-S 
[1+dx(1-s)/d + ~]. 

A = b/L(1), C = c + L'(1)/2L(1) 

give the wanted coefficients of (3). Of course, UD^itlb, and in [3] one has 

(16) LW/UV = log 

in terms of the Euler constant y and the lemniscate constant c3 . So, from [3] one has 

(17) 

and 

[(§)'?] 
A = ̂  n (l-q~2f% = 0.97303978 

(18) C = 

In [2] Southard gives 

i [ , -* (£ ) -J£„n- l 
2s 

s=/J 
= 0 70475345 

NH(99999) - NH(99000) = 295, 

while (3), (17) and (18) give 

NH (99999) - NH (99000) = 289.36. 

It is known that the third-order term in (3) is positive but it was not computed. 
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[Continued from P. 318.] ^kkkkkkk 

(1/-1) « 7, 
(-1/1) = 7, 
(1/1) = 1. 

The second entry of the Extended Jacobi Symbol is multiplicative by definition; it will be proved in the corol-
laries that both entries are also periodic. 

The following results are easily derived: 
Explicitly, 

(0/1) - 7, 
(O/b) « 0 if h ? 1, 

(0/-b) = 0 if -h f 1, 

<2/tb)*<-1)<b%-1>'8. 

(-2/h) = (-1)(b2+4b-5)/8, 

(-a*/-D » - / , 
(-1/-h*) - - 7 ; 

(-a/1) = 1, 
(a/-1) = (a/-1) (see below), 

(-a/-1) = ~(a/-1); 

(1/h)=1, 

(~1/b) = (-1)(b-1)K, 

(1/-b) = 1, 

If a =/ 0, then 

[Continued on P. 324J 


