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In [1] a group-theoretical technique was employed to prove the following: 

Theorem 1. Let 
m = 2ep?> -Pi" • 

The congruence A-2 = 1 (mod/77) has 2k solutions if e - 0, 1, 2k+1 solutions if e > 2. 
We extend this method to study the structure of the reduced residue system. Since the reduced residue system 

mod m is isomorphic to the automorphism group of cyclic group of order/7, we need several lemmas on automorph-
ism groups. Because of the existence of primitive root mod pn. we have 

Lemma 1. The automorphism group A(Cpn) of the cyclic group of orders" is cyclic, and its order is 

cpfp") = p» - p n ~ 1 . 

Lemma 2. A(C2n) is cyclic if n = 1, 2. If n > 2, 
A(C2n) = C2n-2 x C2 . 

Proof. The first statement is obvious. For n > 2, the automorphism a of C ^defined by o(a) - a 5 has order 
2n~2; in fact if n = 3, 2 

o(a) = a5, o2(a) = a, 
so |(7| = 2. By induction on n, 

o2"~2(a) = a5*"'2 = a ^ r = a<l+2n-1+k2nr = ai+2n = a on C^ . 
i.e., a 2 = the identity automorphism on C n but o2 is not, so ia| =2n~ . 

Next we show that every automorphism aonC2rj is a product of a power of crand an automorphism r of order 2. 
Let a be defined by a(a) = at

/ where t is odd, we have 

a(a) - a 

i.e., a(a) = G,r(al where 

Theorem 2. Let 
7(a) = a ' 2 

m - 2 p1
iP2

2 y-pn . 
where e > 0, e,- > 1, The reduced residue system mod m is generated by the powers of n + k elements, with 

II 0 if e - 0 or 1 
' 1 if e = 2 

2 if e > 2, 
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Proof. 
Cm = C2exCPiel x «. x CPne„A(Cm) = AfCj) x AfC^eJx »• x A(CPna„) 

A(C2e) = 

!

(1) if e = 0 or / 
C2 if e = 2 
C

0e-2 *C2 if 8 > 
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[Continued from P. 328.] * * * * * * * 

TABLE 3 
Jacobi Symbols:/? = 5 

(a/h) (h/a) (a/-b) (-b/a) 

Then 

if and only if a is positive and/or b is positive; and 

-7 
-5 
-3 
- 1 

1 
3 
5 
7 

a 

-1 
-5 
-3 
- 1 

1 
3 
5 
7 

- 1 
0 

-1 
1 
1 

-1 
0 

- 1 

(a/b) 

0 

-1 

- 1 

0 

- 1 
0 

- 1 
1 
1 

- 1 
0 

-1 

TABLE 4 
Jacobi Symbols: 

(b/a) 

0 
-1 

1 
1 
1 
1 
i 

— i 
0 

( (ihl) \ 

1 
0 
1 

- 1 

1 
-1 

0 
- 1 

b=7 

(a/-b) 

0 
-1 
- 1 

- 1 

0 

= 1 

- 1 
0 

- 1 
-1 

1 
1 
0 
1 

(-b/a) 

0 

-1 

- 1 

0 

(b/-1) 

[Continued on P. 333.] 


