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even. This is true when p = 2 q where m is a positive integer and q is odd 

and 2m~ < n <^'2m. Now we conclude that (̂  ) is odd and (L J is al-

ternately odd and even for P = 0, 1, 2, ..., n - 1 where p = 2mq and 2W~ < 

n £. 2 . 

RzmoJik 1: Care must be taken not to apply the results of Theorem 2 directly 
in order to obtain the results of Theorem 5. Similarly, the properties of 
the derivatives and the integrals of a BMS should not be applied directly to 
H in (7.3). 

RzmoJik 1: The authors earnestly hope that the reader will be able to find 
further applications of the binary sequences of BMSs. 
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1. INTRODUCTION 

In [1] the writer discussed the number of compositions 

(1.1) n = a1 + a2 + ••• + ak 

in positive (or nonnegative) integers subject to the restriction 

(1.2) a-, + ai + 1 (i = 1, 2, ..., k - 1). 

In [2] he considered the number of compositions (1.1) in nonnegative integers 
such that 

(1.3) ai f ai+1 (mod m) (£ = 1, 2, ..., k - 1), 

where m is a fixed positive integer. 
In the present paper we consider the number of multipartite compositions 

(1.4) ftj = aj± + aj2 + ••• + a^k (j = 1, 2, ..., t) 

in nonnegative a^s subject to 

(1.5). a- f ai+1 {i = 1, 2, ..., k - 1) 

or 

(1.6) ai f ai+1 (mod m) (i = 1, 2, ..., k - 1) 
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where a.t denotes the vector ( a . a . , . .., avi) and m is a fixed positive 
integer. 

Let c(n9k) denote the numb er of solutions of (1.4) and (1.5) and let 
f(n9k) denote the number of solutions of (1.4) and (1.6), where n = (n , n , 
nt). We show in particular that 

(1.7) I > i n i < 2 ••• xl'^cfrMz* 
k 

(-DJg" 

and 

)i+E : -
(1 - xf) 

(1.8) X X 1 ^ 2 ••• <'£/(w,k)^ 

= < 1 £ 
where 

,,-••,it = Q 1 + X^X^ '•• ^ * A' 

(1 - ̂ )(1 - x p -*• (1 - xm
t) 

For simplicity, proofs are given for the case t = 2, but the method ap-
plies to the general case. 

SECTION 2 

To simplify the notation, we consider the case t = 2 of (1.4); however, 
the method applies equally well to the general case. Thus, let c(n9p9k) de-
note the number of solutions of 

( n = a1 + a2 + " ' " + ak 

(2.1) I 
{p = b± + b2 + ••• + bk 

in nonnegative ai9 bi such that 

(2.2) ia^bO + (ai + lsbi + 1) {i = 1, 2, ..., k - 1); 
let c(n,p) denote the corresponding enumerant when k is unrestricted. For 
given nonnegative a, b9 let catb (n, p, k) denote the number of solutions of 
(2.1) and (2.2) with a1 = a, bx = b. 

Clearly 

o(n9p9k) =^2^a,b (n9p9k). 
a,b 

It is convenient to define c(n,p9k) and Ca^ (n9p9k)s k = 0S as tollOWSl 

1 (n = p = 0) 
(2.4) o(n9p90) = 

v0 (otherwise) 
and 
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f 1 (n=p=a=b = 0) 

0 (otherwise). 

It follows at once from the definitions that 

( 2 . 4 ) ' ca>b ( n , p , 0 ) = < 

(2 .5) oa^h (n,p,k) = ] P cr>s (n - a9p - b9k - 1) (k > 1 ) . 
(r,s) * (a,&) 

Note t h a t (2 .5 ) ho lds fo r k = 1 except when n = p = a = £> = 0. 
Genera t ing f u n c t i o n s Caj2? (x9y9k) and $k(x9y9u9v) a r e de f ined by 

(2 .6) Ca>2, (a;,z/,fc) = ] T ^ ( n , p , W ^ " / (k > 0) 
.. n ,p = 0 

and 
(2 .7 ) \(x9y9u9v) = ] T c a > i (x9y9k)uavb (fe >. 0 ) . 

It follows from (2.4) ' that 

1 (a = b = 0) 

Hence, 

(2.8) Cath (x9y90) 
.0 (otherwise) 

and 

(2.9) $0(x9y9u9v) = 1. 

In the next place, by (2.5) and (2.6), we have for k > 1, 

Ca,b &9y9k) = J2 xHyP YJ Cr,s (n ~ a>P ~ b>k ~ X) 
«,p = 0 (r,s) 4 (a,b) * 

= x V E X V | L c r > s («>P.fc - 1) - «»,& (n.p.fe - 1)1 

= x V £ xnz/P{c(n,p,/c - 1) - ^a,& (n9p9k - 1 ) 1 . 
n , p = 0 I > 

(2 .10) £aj2? (x9y9k)' = xaybic(x9y9k - 1) - C a ^ (ar,i/,fe - 1)1 (fc > 1 ) , 
where 

(2 .11) C(x9y9k) = J ( 7 ^ (a?,2/,fe) = J c(n9p9k)xnyp. 
a , b = 0 n , p = 0 

Thus, (2 .10) y i e l d s 
OO 00 

£ Ca>b (.x,y,k)u"vb = C(x,y,k - 1) £ ( ^ ) ° (yy)6 

a, b =0 a,2? = 0 

" £ ^ ,2 , fr^.fc - l)(oou)a(yv)b 

so t h a t , by ( 2 . 7 ) , fo r k > 1, a ' ^ = 0 

(2 .12) §k (x9y9u9v) = JZT^I i - yv\-i(x>y>l>1^ - ®k_1(x9y9xu9yv)-
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I t e r a t i o n g ives 

I -~-§k_2(x9y9l9l) + §k_2(x9y9x2u9y2v) 
1 - x u 1 - y v 

(fc > 2) , 
and g e n e r a l l y 

$k(x9y9u9v) =22~ . : — § k _ . { x 9 y 9 l 9 l ) 
j = i (1 - x3u) (1 - y3v) 

+ (~1)S §k_s(x9y9x8u5y8v) (k > s). 
In particular, for s = k - 1, this becomes 

*pi r-n*7'"1 
(2.13) \{x9y9u9v) = V ^—^ T-HD 0C,Z/,1,1) 

j-i (1 - *Jw)(l - 2̂ 2;) J 

+ (-i)fe-1$i Gcz/^-i^fc-i^). 

We have 

$1(x,y,u,v) = X) E ca,i (n,p,l)x»yPuavb = _ m - v v ) 

and (2.13) becomes 

(2.14) $k(x9y9u9v) = 2 J K~^ — \ (x9y9l9l) (k>l). 
j = i (1 - x°u) (1 - y3v) 

In p a r t i c u l a r , fo r w = V = 1, (2 .14) reduces t o 

k 7 

(2 .15) $k(x9y9l9l) + y ) — ^ . (x , zy , l , l ) = 6. Q . 
j - i ( i - * J ' ) d - yh 

I t fo l lows from (2 .15) t h a t 

(-1) j zJ' 
(2 .16) C(x9y9z) = <1 + X 

1 (1 - x*)(l - 2/J) 

where C(x,y9z) i s de f ined by ( 2 . 1 1 ) , 
Re tu rn ing t o ( 2 . 1 4 ) , we have 

i-iy-1^' 
^$k(x9y9u9v)zk =YJ . " — Y,$k(x,y9l9l)zk

9 
k = l , 7 - 1 . ( 1 - XJU)(1 ~ yJV)k = 0 

and t h e r e f o r e 
y (-pj'-y 

(2 .17) / i , (x9y9u,v)zK = — \ ——:—?—— 
fe=l 1 + N t -U 2 Z . 1 ( l - x J ) ( l - y3) 
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Note that the L.H.S. of (2.16) is 

(2.16)' JT- c(n9p9k)xnyPzk; 
n,p,k = 0 

the L.H.S. of (2.17) is 

( 2 . 1 7 ) ; ]jT caih (n9p9k)xnypuavbzk. 
n,p ,a,b,k = 0 

A l s o , i t can be shown (compare [ 1 , §5]) t h a t 

(2.i8) YJ °(n>p)xnyl 

n,p = 0 

11 _ V 1 x2j~1(l - x) + y^^jl - y) - (xy)2P-1g - xy) 
1 j-i (i - ^"-^d - x2j)a - y^'-^a - y

2n 
for \x\ < A9 \y\ < A9 where A >. -r-. 

SECTION 3 

We shall now discuss the problem of enumerating the multipartite compo-
sitions that satisfy (1.6). We again take t=2. Let f(n9p9k) denote the num-
ber of solutions of 

n = a-, + a2 + • • • + av 
(3.1) 

' P =h + \ + ••• +bk 

in nonnegative asS bs such that 

(3.2) (as,bs) i (as+1,bs+1) (mod m) (s = 1, 2, ..., k - 1). 

Let fi A (nsp,k), for 0 <_ i < m, 0 <L j < m, denote the number of solutions of 
(3.1) and (3.2) that also satisfy 

(3.3) a-L E i , b± E j (mod 777). 

Finally, let /. . (n9p 9k9a9b) denote the number of solutions of (3.1), (3.2), 
and (3.3) with a1 = a, b± = b. Thus fi . (n,p,k,a,b) = 0 unless a = i9 b = j 
(mod 77?) . 

It is convenient to extend the definitions to include the case /c=0. We 
define 

(3.4) f(n,p,0)= Sno&po> fif.(n,p,0) = SiQSjof(n9p90) 
and 
(3.5) f^ (n9p909a9b) = ^ao^bof^j (n,p,0). 

Thus f(n9p90) = 0 u n l e s s n == p = 0, / i s • ( n , p , 0 ) = 0 u n l e s s n = p = i = j = 0 , 
/ . . (n ,p ,0 ,a ,2?) = 0 u n l e s s n = p = i = j = a = b = 0. 

' J I t fo l lows from t h e d e f i n i t i o n t h a t 

(3.6) f(n9p9k) = J2 fu^ri9p9k) 
ij = 0 

/n - 1 
f. . 

> J 
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m -1 n p 

12 L Z ^ ' (n,p,k,a,b) (n> 0, p > 0, fe> 0), 
i,j = 0 a = Q b = 0 

Moreover, we have the recurrence 

OT-l n P 

/ \ } j . (n,p,k,a,b) ] £ ] T 5 Z / ^ ^ (n ,p ,k , a , f c ) 

[fc > 0 , a E i , 1) E j (mod 777) ] . 

i'>j'=Q a = 0 b = 0 

This reduces- to 

(3 .7 ) / . . (n,p,k,a,b) = V f . t . , ( n - a , p - b 9 k - 1) 
777-1 

z , j ' « 0 
( z ' , j ' ) * U , j ) 

[ f c > 0 , a = i , Z ? = j (mod 777) ^ 

Corresponding to the enumerants, we define a number of generating func-
tions : 

Fif3. (x,y,z) = X /\ . (n,p,fc)a;nz/p;3* 
n ,p,k = 0 

Since 

F(x,y,z) = 2^ f(n,p,k)xnyPzk 

n,p,k = 0 

Fitd (x,y,z,a,b) = ^ ft^. (n,p,k,a,b)xnypzk 

n,p,k = 0 

fo,o (̂ 'P'1'̂ *̂ ) = &na&pb [a - b - 0 (mod m)] 

fQ,Q(n,p,0sa,b) = Sna6pbSnQ6p0, 

it follows that 

^0,0 (x,y,z9a,b) = 6 a 0 S£ 0 + xayhz + xaybz / - , F ^ . ( x , y , z ) 
(i,j) ¥ (0,0) 

Summing over a and £>, we get 

(3 .8 ) FQ>0(x,y,z) 

= 1 + ' 

[a - b - 0 (mod /7z) ] . 

L L Fi,j (%>y>z) 
(1 - xm)(l - z/777) (1 - xm)(l - ym) ( i , j )*(o ,o) 

On the o t h e r hand, for (i,j) ^ (0 ,1) and a E i , 2? E j (mod 772), i t fo l lows 
from (3 .7) t h a t 

FitJ.(x,y,z,a,b) = Y, xnyp;jk V f. , ., (n - a , p - 2?, Zc - 1) 
n. .k 

— ry. <Z •: : b * •, 

•̂  .-; -̂  

( i ' . j ' ) * 0 . j ) 

E V̂ U 9y y Z ) 1 

(' ' ' . j " ) * < i , j ) 
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Hence, summing over a and b, we get 

(3 .9 ) F. . (x9y9z) — 2 ^ ^- • (x>y>z) 
(1 - * w ) ( l - yn)U\o') + ii.o) " " 

[ ( i , j ) * ( 0 , 0 ) ] , 
S ince 

2 ^ FVt.,(x,y9z) =F{x9y9z) - F. .{x9y9z)9 

(3 .8) and (3 .9 ) become 
i> J 

l + 
(1 - xm)(l - ym) 

z 

Fo, 0 ( x ' ^ ' 2 ) 

1 
(1 -xm)(l - ym) (1 - xm)(l - ym) 

F(x9y9z) 

and 

1 + xlyd z 
(1 _ xrn)(l _ ym) 

xhjj z 

(1 - s " ) ( l - ym) 
r e s p e c t i v e l y . Hence, 

Fi . (x9y9z) 

F(x9y9z) (i9j) + (0 ,0 ) : 

(I - xm) (1 - um) FQ Q(x9y9z) = 1 + ^ ^ - ^ ~ J U F(x9y9z) 
1 + 

(3 .10) 
(1 - xm)(l - z/w) 

xhj3 z 
K £ , J ) * ( 0 , 0 ) ] . 

^ ? J - (x9y9z) 
(1 - x w ) ( l - ym) F(x9y9z) 

1 + xhj3z 
(1 - * W ) ( 1 - 2/w) 

Summing over the m equations in (3.10), we get 

xhj;] z 

(3.11) 
m-l 

(1 - xm)(l - ym) >F{x,y,z) = 1. 
= " 1 + xlyJs 

(1 - xra)(l - ym) 

For brevity, put 

A 
(i - ̂ )(i - ym) 

so that (3.11) becomes 
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m - 1 i j \ 
(3.12) <jl - £ _^i^-_j>F(^5s) = i. 

i,j=o 1 4- 2^7/JAl 

Let 
m-L 

(3.13) Pm(X) = P/77(A,x,^) = n d + a : V ' * ) ; 
t, j = o 

clearly Pm (A) is a polynomial in A of degree m2. By logarithmic differentia-
tion 

AP'(A) m-l . . 
m

 = ŷ  x y ^ 
mK J i,j = o 1 + xv^\ 

Thus (3 .12) becomes 
pm (*> 

(3 .14) F(x,y,z) = 7T7TT ^ = > 
y m W (1 - xm)(l - ym) 

where 
(3.15) Qm(X) = Pm(X) - Pm'(X). 

For example, for m = 2, 

P2(A) = 1 + (1 + x) (1 + y)X + (5: + y + 2xzy + a:2z/ + xy2)\2 

+ #2/(1 + x ) ( l + y)X3 + x2y2Xh 

§2(X) = 1 - (x + y + 2x2/ + x2z/ + xz/2)A2 

- 2xy(l + x)(l + z/)A3 - 3 A \ 

SECTION h 

As in [2], the limiting case, m = °°  of .f(n,p,fc), is closely related to 
o(n,p,k) . We assume |x| < 1, |z/| < 1, so that 

z 
X = > z (m -> ° °). 

(1 - xm)(l - ym) 

Thus, (3.12) becomes 

(4.1) I1 " Z ~^LyJjL-\FHx,y,z) = 1, 
I i,j = o 1 + xiyJz J 

where 

Now 

F*(x,y,z) = lim F(x,y,z) . 

t,j=o 1 + xzyQz i,j = o s = i 

s = i (1 - xs)(l - ys) 
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Hence, we may r e p l a c e (4 .1 ) by 

(4 .2 ) 5 1 + L ( "D" ~ >F*(x,y,z) = 1. 
J a - i (1 - xs)(l - ys) j 

Comparing (4.2) with (2.16) and (2.16)', it follows at once that 

(4.3) f*(n,p,k) = c(n,p9k), 

where f*(n9p9k) is the limiting case (rn = °°) of f(n9p9k); (4.3) is of course 
to be expected from the definitions. 
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1. INTRODUCTION 

In a recent note, in [3], Worster conjectured, on the basis of computer 
calculations, that for each positive integer k there exists an odd polynomial 
Qik-i(x) °f degree 2k - 1 such that, for every zero a of the Bessel function 
J0 (x) 

l2k J„ = T„T (sy\ "|2k Qik-i(x)[JQ(x)] ZKdx = [aJx(a)]2 

'o 
The conjecture was extended and proved in [ 1 ] the extended result being: for 
each positive k there exists an odd polynomial Q(x), with nonnegative integer 
coefficients and of degree k or k - 1 according to whether k is odd or even, 
such that for every zero a of JQ (x) 

(1.1) / Q(x)[JQ (x)]kdx = (k - l)l[oJ1 (a)-]*. 
•'o 

If the factor (k - 1) ! on the right-hand side is omitted, then the coeffi-
cients in Q(x) are no longer integers. In addition, [1] also contained the 
following generalization due to Hammersley: if FQ9 F19 GQ , and G± are four 
functions of x such that 

dF0 dF-L 
G*~te = " F i ' ~dx~ = GiF° ' 

and FQ (a) = GQ (0) = 0 , so t h a t F± (0) = 0 , 

then there exists Q{x) depending only on GQ , G , and K with the property 


