
ADVANCED PROBLEMS AND SOLUTIONS 

Edited by 
RAYMOND Ee WHITNEY 

Lock Haven State College, Lock Haven, PA 17745 

Send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS to 
RAYMOND 'E. WHITNEY, MATHEMATICS DEPARTMENT, LOCK HAVEN STATE COLLEGE, LOCK 
HAVEN, PA 17745. This department especially welcomes problems believed to be 
new or extending old results. Proposers should submit solutions or other 
information that will assist the editor. To facilitate their consideration, 
solutions should be submitted on separate, signed sheets within two months of 
publication of the problems. 

PROBLEMS PROPOSED IN THIS ISSUE 
H-320 Proposed by Paul S. Bruckman, Concord, CA„ 

Let 
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's Re(s) > 1, the Riemann Zeta function* 

Show that 
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1, 2g 39 ...» the harmonic sequence. 
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H~321 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA. 

Establish the identity 
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SOLUTIONS 
A Dawn 

H~29^ Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA, 
(Vol, 16, No. 6, December 1978) 
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Solution by the proposer. 

After simplification., 

A = p P P P P 
2 r + l 62*4-3 10r+5 U r + 7 1 8 r + 9 

1 

^ 2 r + 1 

^hr + 2 

l O r + 5 1 4 r + 7 

J2 O r + 1 0 J 2 8 r + 14 xv3 62»+18 

J 4 2 r + 2 1 ^ 5 ^ + 2 7 

J 5 6 r + 28 ^ 7 2 r + 3 6 

^ 2 r + 1 ^ 6 r + 3 ^ 1 0 r + 5 ^ 1 4 r + 7 ^ 1 8 r + 9 ^ 6 r +3 + ^ 2 r + 1 ) v ^ i Or 4-5 " ^ 2 r + l ) 

( - ^ 1 ^ P + 7 + ^ 2 r + 1 ^ ^ 1 8 r + 9 ~ ^ 2 r + 1 ' (-^1 Or+ 5 + ^6r. + 3 ' ^ 1 4r + 7 "" ^ G r + s ) 

^ 1 8 r + 9 "*" ^ 6 r + 3^ ^ l ^ r +7 + -^1 Or + 5 ' v ^ l 8 r + 9 ~ ^1 Or +5 ' ^ 1 8r + 9 + - ^ 1 4 r + 7 ^ 

-,4 7̂ 4 zp3 7̂ 3 p 2 P 2 
L̂" 4 r + 2 6r + 3 8r+«+ 1 0 r + 5 

ZIO-CJS-C^ jpl* 7J73 X73 

c l 0 7 p 5 r /H 77H w o 773 r ; z 77Z 77 r? 
2 r + l 4 r + 2 6r + 3 8r+«+ 1 0 r + 5 1 2 r + 6 1 4 r + 7 1 6 r + 8 1 8 r + 9 

= 51 UF,,F; ,F , F? Fi Ft Ft Fa F0 , s where w = 2p + 1. 
W 2w 3w hw 5w 6zJ 7w 8y 9 w ' 

More Identities 

H-295 Proposed by G. Wulczyn, Bucknell University, Lewisburg, PA. 
(Vol. 17, No. 1, February 1979) 

and 

Establish the identities 

( a ) FkFk + Br+3 ~ Fk + Qr + ̂ Fk+2r+l = ^ _ 1 ) 
k + 1 ^ 3 

2 r + 1 2r +1 k + hr+2 

^ FkFk+Sr " Fk+BrFk + Zr ~ ( " ^ F 2 r L 2 r Lk + hr * 

Solution by the proposer. 
( n ' \ 7? /T7^ __ 77 7p2 
k ; fc fc+6r+3 fc + 8 r + 4 fc + 2i» + l 

7='{(a* - g f e ) [a 2 k + 1 2 r + 6 + 6^ + i 2 r + 6 + 2 ( - l )* ] 
5/5 

(-D^+1 

5/5 

(a £ + 8 r + 4 nfe + 8 r + 4 \ r 2 /c+ ' + r+2 , g2?c + 4 r + 2 + 2 (-1)*]} 

{a^-^^Ca16234-8 - 2a 
ok- hr - 2 / r t i 6 r + 8 , o 

^ + 2 + 2ax 

122- + 6 23 
(-1) fc+i 

5/5 

( -D f e + 1 

5/5 

v f c - 4 r - 2 ,- t r + 2 (a" l ) ( a ^ + 2 + l ) ; 

1) 

" r + 2 _ 1 } | 

3 fe-M-r-2 /n l +r + 2 - i ) ( ^ r + 2 + i ) 3 } 

,&-'+*• - 2 ^ , 2 r + l ,^2v + 1 ( a 2 + ^r+1)(o.^^1)i(a 2r + l \ 3 / „ 2 r + l 

+ 6fc+"r + 2 (a 2 r + 1 + B2 r + 1)(a2 2 , + 1 - g 2 r + 1 ) 3 } 

i 2 r + l \ 3 

_ / i \ fe + 1 7 7 3 7- 7-
V J . ; n 2r+l±J2r+lLjk+lir +2' 

( b ) ^ c ^ + s r ™ Fk + 8rFk+2r 

-±= {(a^ - B*)[a
2* + 12* + 62fe+12^ + 2(- l) f e + 1] 

5/5 *• 
- (a^82" - $k + 8n[a2k+fyr + S2k + 2r + 2 ( - l ) k + 1 ] } 
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5/5 
{ak+l*r(a1Gr- 2 a 1 2 P + 2 a h T - 1) - 3 ^ ^ ( 3 1 ^ _ ^ 1 2 r + 2 ^ P __ 1 } j 

(-1) ^P~{ak-hr{ahv - l)3(a^ + l) - 3 ^ r (34r - D 3 ^ + 1)} 

(-1> fc + i 

5/5 
{ak + lfP(a225 - 322V(a22' + 32p) + $k+hr (a2r - 322,)3(a2r + 32p)} 

Also solved by P. Bruckman. 

Bracket Your Answer 

H-296 Proposed by C. Kimberling, University of Evansville, Evansville, IN. 
(Vol. 17, No. 1, February 1979) 

Suppose x and y are positive real numbers. Find the least positive in-
teger n for which 

Ln + 7/J Ln J 
where [2] denotes the greatest integer less than or equal to z. 

Partial solution by the proposer. 

Solution {OK. tkn Spe.cA.al COAQ. y = 1: 

hjf+i)2 \2 
« • _I\IU . o 1 x i f m2 < x < m2 + m - I 

Let m = [/r ] and A ' 
1 + /(??? + I)2 -re if???2 + 7?? <̂  a: <_ T??2 + 2TT? 

Then the least positive integer n satisfying J, = — is given by 

_ { m ~ 1 + A if .4 is an integer 
n ( ft? + L4] otherwise. 

Vhmi} First suppose m2 £ 2? <_ 7?72 +7?? - 1, where m = [/r] . Let £ = # - 7??2 . 
Then writing k - n - m gives 

x x m2 + L , k2 + L 
__ = = = ^ _ fc -f —7—3 
n 77? + fc 777 + fc 7 7 Z + / C 

Similarly 
x 7 n (fe + I ) 2 + L 

rn =m ~k ~l + m + k + i • 
(k + 1) 2 + L The least k satisfying - — , 7 , 1 > 1 is easily found to satisfy 

J & 77? + k + 1 — 

Thus, for 
W(-•*)'-• 

- y + V(/77 + y) - # if this is an integer 

y + ./(TTZ + yj - x otherwise 

we find that Zc < y + <J\m + ~\ - a? = I + vfe - L + i, so that 
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[k - -0) < n - L + 7- and —-y- > 1. 
\ 2/ 4 m + k 

Consequently s I-—I =777 - k- Furthermore, If 

(k + I)2 + L 2 

777 + k + 1 -

then •— > m ~ k +.1» contrary to -—r < — < m - k. This shows that 
1 •+ n — J n + 1 n 

<fe + I ) 2 + L 2 
m + Zc + 1 . 

so t h a t 1 + n m - k. 

If nf < n9 then fo r n = m + k? we have kr < k; by d e f i n i t i o n of fc t h i s 
i m p l i e s 

(k f + I ) 2 + L 
m + fcf + 1 

so t h a t 
< 1 

x - , , L (&' + _ l ) z + L , 
1 + nr m + kf + I < m 

x 1 
_1 + n f J 

x k!2 + L f x ~\ 
On the other hand, —r = m - k' + Trr"* so that —r > m - kf« This shows 

that n is indeed the least positive integer for which — — - \ = — . 

In + lj L^J 
Now suppose m2 + m <_ x <_ m2 +2???, where again m = [/x] . Let 

L - x - rn2 - m and k - n - m. 

An argument analogous to that above shows that the least k for which 
r x 1 _ r x 1 
|_m + fcj " L??7 + Zc + l j 

i s given by 
( vim + I)2 - x if this is an integer 

( 1 + [/(TTZ + l)2 - x J otherwise. 
The solution stated above now follows from /c = n - m. 

hto£&: It appears likely that for any y3 at least for any positive integer y, 
the solution can be written in the form [x/j] + 1, where j is an integer,, 

Also solved by C. B. A. Peck. 

The Limit 

H-297 Proposed by V.E. Hoggatt, Jr... , San Jose State University, San Jose, CA„ 
(Vol. 17, No. lf February 1979) 

Let PQ = P1 = 1, Pn(X) = P B - I a) - XPn_2(X). Show 

ltoPn.1(X)/Pn(X) = (1 - A - 4X)/2X = X X + i * n ' 
~J"° ° n = 0 

where Cn is the nth Catalan number. Note that the coefficients of Pn (X) lie 
along the rising diagonals of Pascalfs triangle with alternating signs. 

Solution by Paul S. Bruckman, Concord, CA« 
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The characteristic polynomial of the Pn
fs is x2 - x + X = (x - u) (x - v) 9 

where 
u = u(X) = |(1 + /l - 4X)9 v = u(X) = |(1 - /l - 4X). 

It follows readily from the initial conditions that 

Pn(X) = (2^n+1 - vn+1)/(u - i;), n « 09 1, 29 ... . 

Although it is not stated in the problem, we assume that |X| < l/49 to 
avoid possible problems of convergence. Being acquainted to some degree with 
the proposer of the problem9 it is nearly safe to say that he did not intend 
the problem to involve a rigorous treatment with X ranging over all admissible 
valuess but rather a formal result valid for "nice" values of X. Moreover, we 
assume X is real. 

Let rn = Pn.1(X)/Pw(X), and f(X) = u(X)/v(X). Since uv = X9 
f(X) = u2/X = (u - X)/X = u(X)/X - 1. 

Also 

P (X) = (Mn _ Vn)/(un + l „ y» + l) = ("/v)" ~ * - ^ " * . 

:>r some constant c. 

y{(M/y)"+1 - 1} v(fn+1 - 1) 

If we consider the graph of /9 we see that the graph has asymptotes at 
X = 0 and at / = -1; however, the latter asymptote is approached only as X -*-
-°o9 and we exclude this possibility9 by hypothesis. If X > 09 clearly u > v. 
If X < 09 then u > 19 V < 09 and / < -1. It follows that9 if |X| < l/49 then 
l/l > i. 

Hence9 v - lim p exists and 

r = 1/vF = l/u = v/X = —~~ 2\~ " 

Now9 by t h e b inomia l theorem, 

(1 - 4X)" 1 / 2 - E ( - 1 „ / 2 ) ( - 4 A ) » (Provided |X| < 1/4) = £ P V . 

I n t e g r a t i n g w i t h r e s p e c t t o X9 we see t h a t 

- ( 2 n ) 
( -1 /2 ) (1 - 4A) 1 / 2 = a + £ ^ f X " + 1 3 for 

( " ) 
Setting X = 09 we find that c = -1/2. Also9 observe that Cn + 1 = n + ±> the 
(n + l)th Catalan number. Therefore, 

Also solved by the proposer. n™° 
The Big Six 

H-298 Proposed by L. Kuipers, Mollens, Valais, Switzerland. 
(Vol. 17, No. 1, February 1979) 

Prove : 
( i ) F°n+1 - 3F*+1Fn+ 5F3

n + 1F* - 3Fn + 1F5
n - F6

n = ( - 1 ) " , n = 0 , 1, . . . ; 

(±±) Fl+B - 14F*+ 5 - 9 0 F n \ , + 350F« + , - 90F*+ 2 - 14F*+ 1 + F„G 

= ( - l ) n 8 0 , n = 0 , 1, . . . ; 

(iii) F6 - 13F6 + 4LF6 - 41F6 + 13F6 - Fe 

= -40 +|(1 + (-1)")80 (mod 144). 
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Solution by L. Carlitz, Duke University, Durham, NC. 
(i) Let P(x, y) = a?6 - 3x5y + 5x3y3 - 3xy5 - yG. It is easily veri-

fied that P(y + z, y) = -P(y9 z) . 
In this identity, take y = Fn, z = Fn_1> This gives 

P(Fn+1> Fn) = ~P(Fn, Fn^) in = 1, 2, 3, . . . ) . 
Thus, 

P(Fn+1, Fn) = (-l)nP(Fl5 F0) = (-1)"P(1, 0). 

Since P(l, 0) = 1, we get 
P^n+i' *"») " H ) " (n = 0, 1, 2, . . . ) , 

as asserted. 
(ii) Put 

ffc(x) -£.Fn*+1a:» (fc = 0, 1, 2, . . . ) . 
H » 0 

It has been proved (L. Carlitz, "Generating Functions for Powers of Certain 
Sequences of Numbers," Duke Math. Journal 29 (1962):521-537; see also Riordan, 
"Generating Functions for Powers of Fibonacci Numbers," Duke Math. Journal 29 
(1962):5-12) that „ , N 

Uk (x) 

W h e r e *+1 F F . . . F 

p=0 1 2 ••' r 

and 
fc-i 

Z/kfo) = Xi^j x t 7 ' (k = l » 2> 3> •••> 
j - o 

can be computed recursively by means of 

For fc = 6, we find that 
' 6 

and 
06(ar) = 1 - 13a: - 104a;2 + 260a:3 + 260a:4 - 104a:5 - 13a:6 + x7 

U6(x) = 1 - 12a; - 53a:2 + 53a:3 + 12a:4 - x5. 
Moreover, it can be verified that 

DB(x) = (1 + a;)( l - 14a: - 90a:2 + 350a:3 - 90a:4 - 14a:5 + a;6) 
and 

Thus, t a k i n g k = 6 in ( * ) , we have 
U6(x) = (1 + x)(l - 13a: - 40a:2 4- 93a:3 - 81a:4) + 80a:5 

^ c
 ue <*> 

(1 - 14a: - 90a:2 + 350a:3 - 90a:4 - 14a:5 + a ? 6 ) ^ , ^ n + i ^ n = TTf— 
n - 0 

= 1 - 13a: - 40a:2 + 93a:3 - 81a:4 + ~ -
1 + x 

00 

= 1 - 13a: - 40a:2 + 93a:3 - 81a:4 + S0^(-l)nxn + 5. 

n = 0 

Comparing c o e f f i c i e n t s of arn + 5 , we ge t 

F n \ 6 - 14Fn
6

+5 - 90P„6
+lt + 350F„6

+3 - 90*;% 2 - 14F„6
+1 + F* 

= ( -1)"80 (n = 0 , 1, 2 , . . . ) • 
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( i i i ) We have 

1 - 14a; - 90a;2 + 350a;3 - 90a?1* - 14a;5 + a?6 

= (1 - a?)(l - 13a; + 41a;2 - 41a;3 + 13a;4 - a?5) (mod 144) 9 
so t h a t 

Ds(x) E (1 - a? 2 ) ( l - 13a? + 41a?2 - 41a;3 + 13a?4 - a?5) (mod 144). 

It follows that 
Us(x) 

(1 - 13a? + 41a;2 - 41a?3 + 13a;4 - x5)^F^+1xn = J-~T 
n = 0 

_ 1 - 11a; - 64a?2 - 11a;3 + x* 
1 + a? 

/ , f ) r h 
E l - 12a? - 52a?2 + 41a;3 - ~ - (mod 144) . 

1 + a? 
Comparing coefficients of a?n + 5, we get 

n + 6 L'Jrn+5 HL£n + k ^±rn+3 J - J i 7 rc+2 n + 1 

E (-l)n40 (mod 144) (n = 0, 1, 2, . . . ) . 

Also solved by P. Bruckman, G, Wulczyn, D. Zeitlin, and the proposer. 


