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1. INTRODUCTION

The Stirling numbers of the first and second kind can be defined by

(-log(l - z))k = k! iSl(n, K)x/n!
nok (1.1)
(e* - 1)k = k! Y S(n, k)x"/n!

n=k

These numbers are well known and have been studied extensively. There are many
good references for them, including [4, Ch. 5] and [9, Ch. 4, pp. 32-38].
Not as well known are the associated Stirling numbers of the first and sec-
ond kind, which can be defined by
(-log(l - x) - &)k = k! X d(n, k)x*/n!
=2k
" (1.2)
(e® - x - 1)k = k!' Y. b(n, k)x"/n!

n=2k

We are using the notation of Riordan [9] for these numbers. One reason they are
of interest is their relationship to the Stirling numbers:

k . . n
5,(n, m— k) = 2,d(2k - J, k - J)(Zk : j)
7=0 (1.3)
S(n n—k)—ib(Zk—j k—j)< " )
> =~ > 2% - j

Equations (1.3) prove that S;(n, n - k) and S(n, n - k) are both polynomials in
n of degree 2k. Combinatorially, d(n, k) is the number of permutations of
Z, = {1, 2, ..., n} having exactly k cycles such that each cycle has at least
two elements; b(n, k) is the number of set partitions of Z, consisting of ex-
actly k blocks such that each block contains at least two elements. Tables for
d(n, k) and b(n, k) can be found in [9, pp. 75-76].

Carlitz [1], [2], has generalized S;(n, k) and S(n, k) by defining weighted
Stirling numbers S;(n, kK, A) and S(n, k, A), where A is a parameter. Carlitz
has also investigated the related functions

{Rﬂn,h A)
R(n, k, N)

Si(ns K+ 1, X)) +8,(n, k)
(1.4)

Sn, k + 1, ) + 5(n, k)

For all of these numbers, Carlitz has found generating functions, combinatorial
interpretations, recurrence formulas, and other properties. See [1] and [2]
for details.
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T@e purpo;e of this paper_is to define, in an appropriate way, the weighted
assoc1aFed Stirling numbers d(n, k, A) and b(n, k, A\), and to examine their
properties. In particular, we have the following relationships to S1(n, k, A)
and S(n, k, A):

—_ k n —

Sy, m -k, 1) = }g%(zk e )d@K -G, k-G 1,0

+nAS;(n -1, n-1-k)
_ _ (1.5)
S(n, n -k, = < " ) -J ~-J
n, n x) sz_J+lb(2k J+1,k=-4+1, 2

i=0
+ nAS(n — 1, n -1 = k)

We also define and investigate related functions @, (n, k, A\) and Q(n, k, \),
which are analogous to FR;(n, k, A\) and R(n, k, A\). In particular, we define
@, (n, k, A) and Q(n, k, \) so that

Rl(n,n—k, A) = Q]_(Zk"j’k_j’ )\)<2kn_ j)
(1.6)

R(n, n -k, X)

>
=0
Zk: n

Q2k - 3. k- 3. My )
i=0 2k - g
which can be compared to (1.3).

The development of the weighted associated Stirling numbers will parallel
as much as possible the analogous work in [1] and [2]. In addition to the re-
lationships mentioned above, we shall find generating functions, combinatorial
interpretations, recurrence formulas, and other properties of d(n, k, \), b(n,
ks X, @,(n, k, X), and Q@(n, k, A).

2. THE FUNCTIONS d(n, k, A) AND B(n, k, A)

Let n, k be positive integers, n > k, and k,, kK3, ..., Kk, nonnegative such
that
{k—k2+k3+ e+ Ky
(2.1)

2k, + 3k + -+ + nk,.

n

Put
By Kys vves K3 A) = T (RpA? + kA + oo+ kpA") (2.2)

where the summation is over all the partitions of Z, = {1, 2, ..., n} into %k,
blocks of cardinality 2, k; blocks of cardinality 3, ..., k, blocks of cardi-
nality n. Then, following the method of Carlitz [l], we sum on both sides of
(2.2) and obtain, after some manipulation,

fz-ka %; b(n; kyy kgy «vv3 Myk = y(e™®- Az - Dexp{y(e® - =z - D}. (2.3)
n= F ks Kyt

Now we define )

b, ks N) = 2 (koA + kaA® + oo + k0N, (2.4)

(2.4)

where the inner summation is over all partitions of Z, into k, blocks of cardi-

nality 2, k3 blocks of cardinality 3, ..., k, blocks of cardinality 7; the outer
summation is over all k,, k;, ..., k, satisfying (2.1).
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By (2.3) and (2.4), we have
n),:;( B(n, k, VEL gk = y(e?® - da - Dexply(e® - @ - D}, (2.5)
and from (2.5) we obtain
k!n):jozm, k+1, )\)i—? = (e - \x - 1)(e% - x - 1)k. (2.6)

It follows from (1.2) and (2.6) that

n=-2k+2

X (p)XBor - m k- 1. 2.7

m=2

b, k, \)

For A = 1, (2.6) reduces to

xn

kK'Y b(n, k + 1, oy = (" - - DAL = (k + l)!ib(n, k + 1)z—7.
n=0 : n=0 M
Thus, we have
b(n, k, 1) = kb(n, k). (2.8)
We also have, by (2.6) and (2.7),

b, 0, \) =0,

b, 1, \) = A if n > 2,

Bons 2, 0 = (G + ()t + oo+ (7 2,
B(ns k, A) = 0 if n < 2k,

Bk, &, ) = (F)bak - 2, & - 122,

The relationship to S5(n, k, A) is most easily proved by using an extension
of a theorem in [7]. 1In a forthcoming paper [8], we prove the following:

Theorem 2.1: For r 2 1 and f # 0, let
o xt hd xt
F(x) = 20 f;57 and W, M) =1+ 3w, (M
=7 ) t=1 :
be formal power series. Define B;i?(O, eees 05 frs Frpys --+) by

AEETE SV x”
Wiz, \)(F))! = ,j!ng:an’j 05 vvs 05 £ Fopys -o oy

Then <§%>n3(n (0, ...y 0, f;’ f;+l’ -.-) = (k + Pn)(k +rn - 1) ... (n + 1)

k+rn,n

. Zk‘. nn-1) ... (n -4+ 1)/ﬂ>jB(x)

= (k + rj)! \Fn/) “ktrj g

(0’ see 0, f;+1, ...).
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It follows from Theorem 2.l and the generating function for S(#, K, A) that
if we define

(e* - 1)(e® -z - 1)k = k!ngoam, k+ 1, x)i—T, (2.9)
then
— N k n - 3 .
S, n -k, \) =j§0<2k s l)a(zk S i1, k-G +1, 0. (2.10)

By (2.6) and (2.9),
a(n: k + 1, >\) = E(ﬂ, k + 1, >\) + an(n -1, k),
and by (1.3), (2.10) can be wrtiten

_ kK — i i 7
S0 m =Ko M) = BBk 1, k=41 Wy ) # WS 1 nm 1R,
B (2.11)
which proves S(n, #n - k, A) is a polynomial in n of degree 2k + 1.
It is convenient to define
9(n, k, \) = b(n, k+ 1, A\) + nAb(n - 1, k) + b(n, k), (2.12)
which implies n=2k .
9, ks M) = X ()b - m X (2.13)

m=0
Note that (%, k, 0) = b(n, k).
A generating function can be found. If we sum on both sides of (2.12), we
have

EQCQ(n, k, X)%;-yk = eMexply(e® - x - 1)} (2.14)

If we differentiate both sides of (2.14) with respect to y and compare the
coefficients of x"y*, we have

Qn, k, A+ 1) = Qn, ky, A) + (K + 1), k+ 1, A) +n@n - 1, k, A). (2.15)

If we differentiate both sides of (2.14) with respect to x, we have

Qn + 1, k, A) = \@(n, k, A) + Q(n, k-1, x +1) - Q(n, k-1, M. (2.16)
Combining (2.15) and (2.16), we have our main recurrence formula:
Qn + 1, k, M) = (A + K)Qn, k, A) +n@n -1, k =1, A). (2.17)

It follows from (3.4) that
Q(n, k, 1) =b(n, k) + b(n + 1, k).
We also have
Qn, 0, A) = A",

Q(n, 1, A) (’g) A0 +(’£‘>x1 R ” Z)An_z’

Q(n, k, 0) = b(n, k),

]

1]

1]

Q(2k, k, A) = b(2k, k),

Qn, k, \) =0 if n < 2k.
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A small table of values is given below.

Q(n, k, A)
n kil o 1 2 3
0 1
1 A
2 A1
3 A3 1 + 3\
4 AY 1+ 4N+ 62 3
5 AS | 1+ 5% + 1002 + 10A8 10 4+ 15X\
6 A8 | 1+ 6X + 1502 + 2013+ 15\* 25 + 60\ + 45A2 15

It follows from (2.14) that
£ n
K1Y Q0 ks MV = et (et -z - 1) . (2.18)
n=0 :

By comparing coefficients of x” on both sides of (2.18), we get an explicit
formula for @(n, k, A):

k-4
k- Jg -t
() m. o, (2.19)

k .
aen, ko M) =37 2 -DF (%)
P

where (n); =nn - 1) ... n -t + 1).
It follows from Theorem2.l and the generating function for R(n, k, A) that

K
s n- Kk, \) = 2k - G, k = 4, A "oy, 2.2
ROt n= ¥ ) = 300K = §, k- (o™ J) (2.20)

which shows that R(n, n - k, A\) is a polynomial in »n of degree 2k. Equation
(2.20) also shows that R'(n, k, A\) = Q(2n - k, n - k, ), where R'(n, k, A) is
defined by Carlitz in [2].

In [1], Carlitz generalized the Bell number [4, p. 210] by defining

B(n, A) = ﬁi R(n, k, A). (2.21)
This suggests the definition ko
A(n, A) = iﬁ Qn, k, A), (2.22)
which for A = 0 reduces to ko
A(n) =ki b(n, k).
=0

The function A(n) appears in [5] and [6].
By (2.13), we have

A, N) = 3 (Z)ZE:b(n Cm N = 3 (;)x’u(n - m). (2.23)

m=0 m=0
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Also by (2.18),

o n
3 A, N = efexp(e® - @ - 1), (2.24)
and (2.24) implies "

©

- . .
T A, MV = e Vexpe® - 1) = ¥ B(n, A - DI,
n=0 : n=0 n:
soO

A, A) = B(n, A - 1). (2.25)

For example, A(n, 1) = B(n, 0), so

[(n+1)/2]

Y. (b0, k) + b(n + 1, k) = znjsm, k).
k=0

There are combinatorial interpretations of A(n, A) and Q(n, k, A) that are
similar to the interpretations of B(n, A) and R(n, k, \) given in [1]. Let A
be a nonnegative integer and let Bi, B, ..., B, denote A open boxes. Let
P(n, k, A) denote the number of partitions of Z, into X blocks with each block
containing at least two elements, with the understanding that an arbitrary num-
ber of the elements of Z, may be placed in any number (possibly none) of the
boxes. We shall call these A; partitions. Clearly, P(n, k, 0) = b(n, k).

Now, if 7 elements are placed in the A boxes, there are 4 ) ways to choose
the elements, and for each element chosen there are A choices for a box. The
number of such partitions is (2) A*b(n - 1, k). Hence,

P, ks 1) = 3 (2) b0 - m, B = Qe &y N, (2.26)

m=0

It is clear from (2.26) that A(n,\) is the number of X, partitions of Z,.

It is also clear from (2.7) and the above comments that b(n, k + 1, A) is
the number of A, partitions of Z, into k blocks such that at least two elements
of Z, are placed in the open boxes. Definition (2.4) furnishes another combi-
natorial interpretation of b(m, k, ).

Finally, we note that some of the definitions and formulas in this section
can be generalized in terms of the r-associated Stirling numbers of the second
kind b,(n, k). These numbers are defined by means of

X’i k o x"
(em > 7) - ksngob,,(n, s

=0

and their properties are examined in [3], [5], and [6]. Using the methods of
this section, we can define functions b,(n, k, A), @™, k, A) and AP, A)
which reduce to S(n, k, \), R(n, k, A), and B(n, A\) when » = 0, and reduce to
B(n, k, N\, Q(n, ks, A), and A(n, \) when r = 1. The combinatorial interpreta-
tions and formulas (2.4)-(2.7), (2.10), (2.11), (2.17), (2.18), (2.22), (2.23)
can all be generalized.

1984] 161



WEIGHTED ASSOCIATED STIRLING NUMBERS

3. THE FUNCTIONS d(n, k, A) AND @, (n, k, A)

We define {A); = A(A +1) ... (A+ 4 - 1). Now put
J

M2 (Mn ),

Ay Kyy woey Kys )\)=E<k2—ﬁ+..-+kn(7~_——17—!' (3.1)

where the summation is over all permutations of Z,,
no= 2k, + 3k; + +-+ + nky,
with k, cycles of length 2, k3 cycles of length 3, ..., Kk, cycles of length #.

Then, as in [1], we sum on both sides of (3.l) and obtain, after some manipu-
lation,

®  n
Z £r z d(n; kz: k3: veed )\)yk

n=2 1" Ky kar oo (3.2)
=y((1 - 2)™ - Ax - exp{y(-log(l - ) - x)}.
We now define
- o)) ) (M) n
d(n, ks X) =EZ(7<2 1!2 + Kk, 2!3 + ooes + ky TVL—':-l)—'—)’ (3.3)

where the inner summation is over all permutations of Zn with Xk, cycles of
length 2, k; cycles of length 3, ..., k, cycles of length n; the outer summa-
tion is over all k,, k3, ..., k, satisfying (2.1).

By (3.2) and (3.3), we have

z d(n, ks N2 yk

y((1 - 2)™ - Az - exply(-log(l - z) - z)}
y((L =)™ = - (A - ) ¥e ™,

(3.4)

and from (3.4), we obtain

k!}r_‘,c?(n, k+1, x)i—" = ((1 -2)™ = A - 1)(-log(l - x) - x)k. (3.5)

n=0

It follows from (1.2) and (3.5) that

_ n-2k+m n
dm, ky A = 3 (m)d(n -my k- DO, . (3.6)
m=2

For A = 1, (3.4) reduces to

o

dn, k, l)%ﬁ y y((1 - 2)" - x - Dexply(-log(l - =) - x)}
0

n=

aa—x exp{y (-1n(1l - x) - x)} - xy exp{(y(-log(l - x) -x)}

Tdn+ 1, 5 yk - Xondn - 1, k - 1E yk,
n k n! mk ni

Thus, we have
dmn, k, 1) =dmn + 1, k) - nd(n - 1, k - 1) = nd(n, k). 3.7)
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We also have, by (3.5) and (3.6),

dn, 0, \) =0

dn, 1, \) = {A), if n > 2,

dm, 2, \) = (g)(n - 3)1(0), +-(§)(n I, 4 e (n ? 2)1!(A>n_2,
dn, k, \) =0 if n < 2k,

d2k, k, A) = (ék)d(zk -2, k= 1){}A),.

_ To find the relationship to gl(n, ks, A), we use Theorem (2.1). We define
c(n, k, \) by

((1 - 2)™ - 1)(-log(l - =) - )k = k!iil?(n, k+1, A)%;. (3.8)

n=0

Then by Theorem 2.1 and the generating function for El(n, ks, A),
_ k
Sy, m -k, A\) =2

: (zk —7; + 1

)5(2k S, k-1, 0. (3.9)
Jj=0

By (3.5) and (3.8),
Zm, k+ 1, A =dmn, k+1, \) + vmd(n - 1, k),

so by (1.3), equation (3.9) can be written

_ ko "
Bim n-da N = XAk -G+ k- + L 0(y L, )

i=o (3.10)
+ mS,(n -1, n-1-k),
which proves gl(n, n - k, A) is a polynomial in n of degree 2k + 1.
We now define the function @, (n, k, A) by means of
Q. (ny ky A) =d, k+ 1, \) +d(n, k) +ndn - 1, k). (3.11)
then by (3.6),
n-2k n
Qr(n, k, V) = 3 <ﬂ1>d(n - my KO, . (3.12)
m=0

Note that @,(n, k, 0) = d(n, k).
A generating function can be found by summing on both sides of (3.11). We
have

2 9,(n, k, )%f»y (1 - 2) rexpl{y(-log(l - ) - x)}
n,k

(3.13)
(1 - x)™ Y~ "Y,

If we differentiate (3.13) with respect to x, multiply by 1 - x, and then
compare coefficients of x"yk, we obtain

Q. (m+ 1, ky, A) = (A +n)@,(n, k, A) +n@;(n -1, k-1, A). (3.14)

If we multiply both sides of (3.13) by 1 - x and compare coefficients x”yk,
we have
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Ql(n’ k’ A - 1) = Ql(ns k’ >\) - an(n -1, k: >\)' (3'15)

For A = 1, (3.14) and (3.15) can be combined to yield
dn+1, k+1) =ng,(n -1, k, 1). (3.16)
Also, if A = 0 in (3.15), we have
Q,(n, k, =1) =d(n, k) - nd(n - 1, k).

In addition

Ql(n’ 0, ) = <>\>n’
0,00 1,0 = = 1+ () n - 1), + e (7o,
Ql(n’ k, 0) =d(n, k),

Ql(zka k, A) = d(2k, k)

0 if n < 2k.

Q,(ny ky X)

A small table of values is given below.

QL(n, ky N)
NI 1 2 3
0 1
1 A
2 | W), 1
3 (A, S2 + 3)
4 Ay, 6 + 14X + 612 3
5 (A 24 + 70X + 50A% + 10)3 20 + 15X
6 (M 120 + 404X + 37502 + 130A% + 15)* 130 + 65\ + 450% | 15

It follows from (3.13) that
KUY 0, (n, Ky ME = (1= ) (-log(1 - 2) - @)k, (3.17)
n=0 *

and from Theorem 2.1, that

k 0k - Gu k- g 0y 18
Rl(n) n - s >\) - ‘ZOQl( - > - J>» >\) 2k - j): (3' )

i=

which shows that R,(n, n - k, A) is a polynomial in 7 of degree 2k. Equation
(3.18) also shows that R'(n, k, A) = ,(2n - k, n - k, A), where R](n, k, 1) is
defined by Carlitz in [2].
Letting ¥ = 1 in (3.13), we have
[n/2)] n
PIENCHENDNIEE MECEO Lt A KON IR
164 k=0 t=0 [May
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and more generally,

[n/2] n
k = _an-t(n
Z s ks Mgk = T et () 0+ ),

A combinatorial interpretation of §,(n, k, A) follows. Let A be a nonnega-
tive integer and let B;, By, ..., By denote A open boxes. Let P,(n, k, A)
denote the number of permutations of Z, with k cycles such that each cycle con-
tains at least two elements, with the understanding that an arbitrary number of
elements of Z, may be placed in any number (possibly none) of the boxes and then
permuted in all possible ways in each box. We call these A, permutationms.
Clearly, P, (n, k, 0) = d(n, k).

If 7 elements are placed in the boxes, there are (2) ways to choose the
elements and then A(A + 1) (A +2) ... (A + <2 - 1) ways to place the elements

in the boxes. The number of such permutations is (2)<A)id(n - 7, k). Hence,

Py T M) = (P00 - m B = @y, ks M) (3.19)

m=0

It is clear from (3.6) and the above comments that d(n, kX + 1, A) is the
number of A, permutations of Z, with k cycles such that at least two elements
of 7, are placed in the open boxes. Definition (3.3) furnishes another combi-
natorial interpretation of d(n, k, A).

We note that some of the definitions and formulas in this section can be
generalized in terms of the r-associated Stirling numbers of the first kind
dy(n, k). These numbers are defined by means of

r i\ k o n
(—10g(l -x) - 2: gL‘) = k! 2:<ir(n’ k)%&ﬁ
n=0 :

=t
and their properties are discussed in [3] and [6]. Using the methods of this
section, we can define functions d.(n, k, A) and Q@ (n, k, \) which reduce to
S,(n, k, A\) and Ry(n, k; A) when r = 0, and to d(n, k, A) and @;(n, kX, A) when

r = 1. The combinatorial interpretations and formulas (3.3)-(3.6), (3.11)-
(3.14), and (3.17) can all be generalized.
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