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1. INTRODUCTION 

A standard arithmetical trick for school children is to ask them to choose two 
positive integers, to extend this to a sequence of 10 numbers by adding any two 
to obtain the next in the Fibonacci manner, and then to add up the numbers in 
the sequence. When the exercise is complete the teacher, having unobtrusively 
noted the seventh number in each studentfs sequence while checking around the 
room to see that each is proceeding properly, can mystify the students by an-
nouncing the sum each has achieved. Given that the students did the arithmetic 
correctly, the sum is just 11 times the seventh number in their original se-
quence. If, for example, a student chooses 5 and 1, his sequence is 

5, 1, 6, 7, 13, 20, 33, 53, 86, 139 

and the sum is 363 = 11 • 33. 
Of course, as the reader will expect, this is just a special case of more 

general results which we now examine. 

2o SOME GENERAL RESULTS 

Let Fn and Ln denote, respectively, the nth Fibonacci and Lucas numbers so that 

F0 = 0, F± = 1, Fn+1 = Fn + Fn_1 for n > 1, 
and 

L0 = 2, L1 = 1, Ln + 1 = Ln + Ln_1 for w > 1. 

Also, define sequences Hn and Kn for integers a and b by 

EY = a, H2 = b, Hn+2 = Hn+1 + Hn for n > I, 
and 

K± = -a + 22?, K2 = 2a + b, Kn + 2 = Kn + 1 + Kn for n > 1. 

Then the following theorem holds. 

Theorem 1: For n > 1, 
kn- 2 4n 

(i) 2=* "i ~ ^2n-1^2n + l^ ^ "• i ~ ^2n^2n + Z> 
i = 1 i = 1 

kn- 2 kn 
(ii) 2-f %-i ~ £J2n-iK2n + i> 2-rf %-i ~ ^F2nH2n + 2 . 

i= 1 i= 1 

The arithmetical trick described above derives from the first formula of 
part (i) of the theorem with n = 3. For n = 4, it would say that the sum of 
the first 14 integers in the sequence is divisible by the ninth number in the 
sequence, and so on. 
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The proof of Theorem 1 depends on the following well-known results which we 
state for completeness. 

Lemma 1: For n > 1, 

Hn -

Lemma 2 : 

n 

i~ 1 

a?n 

For 

- 2 

n 

F 
n-

+ 

> 

f 2 

&n. 

1, 

- 1 

- 1 and Kn = aln_2 + bLn_x. 

n 
and Y.Li = Ln + 2 - 3. 

^ = 1 

Lemma 3 - For integers p and s, 

| F s L p + s s even, 
V.3J - c p + 2 s - ^ P 

( i i ) ^^+25 ~ Lr ~ 

( i 1 1 ) ^r+28 + F> 

( iv ) L r + 2 s + Lv = 

W + s s odd5 

5 ^ F P + S
 s e v e n > 

V ^ r + e S ° d d ' 

LsFr+s s even, 

^ ^ + 8 s odd, 

£ S L P + S s even, 

5F8Fr+8 s odd. 

Note t h a t Lemmas 1 and 2 a re e a s i l y proved by i n d u c t i o n and t h a t Lemma 3 
fol lows from B i n e t f s fo rmulas . A l t e r n a t i v e l y , Lemmas 1 and 2 fol low from (7) 
and (6) , page 456 of [2] for s u i t a b l e cho ices of p and q5 and Lemma 3 fo l lows 
from ( 5 ) - ( 1 2 ) , page 115 of [1] by s e t t i n g r = n - k and s = k. In f a c t , Theo-
rem 1 can a l s o be deduced from ( 6 ) , page 456 of [2] and Lemma 3 . However, for 
ease of r e a d i n g , we give an independent proof . 

Proof of Theorem 1: Since a l l t h e arguments a r e s i m i l a r , we prove only p a r t 
( i v ) . By Lemmas 1, 2 , and 3 , 

kn kn 
E * = E {aLi_2 + bL^±) 

£= 1 £= 1 kn kn 
= aL_1 + aL0 + aJ^Li_2 + bL0 + bYl^i-i 

i = 3 i = 2 

= -a + 2a + a{Lhn - 3) + 2b + b(Lkn+1 - 3) 

- 5aF2
2

n + 5bF2nF2h + 1 

= ^.2nCoF2 n + ^ 2 n + 1 ) 

= 3^ 2n^2n+2 as c la imed. 
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Setting a = b= 1, we obtain the following immediate corollary to Theorem 1. 

Corollary 1: For n > 1, 

4n - 2 4n 
( l ) 2^ ^ = ^2n-1^2n + ls *-* Fi F2nF2n + 2:> 

^=^ i= 1 
4n - 2 4n 

( l i ) E ^ i = L2n-lL2n+l* E Li = 5 F 2 n F 2 n + 2 » 
i= 1 ^= 1 

Now Lemma 1 and Theorem 1 sugges t a f u r t h e r g e n e r a l i z a t i o n . Define t h e 
sequences P , $5 P , 5 3 2% £/, F9 and P/ for n > 1 by 

P n = a ^ _ 2 + &£„_,, Qn = aLn_2 + bFn^, 

Rn = aLn_2 + 5bFn_1, Sn = 5aLn_2 + bFn_x, 

Tn = aFn_2 + 5bLn_lt Un = 5aFn_2 + bLn_x, 

Vn = aLn_2 + 52bFn_lt Wn = 52aFn„2 + bLn_x. 

Then t h e fo l lowing r e s u l t s ho ld . 

Theorem 2: For n > 1 s 

kn-2 4n 
( i ) E ^ = ^ 2 n - l P 2 n + l> E Pi = F2nR2n + 2> 

i= 1 £= 1 
4n- 2 4n 

( i i ) E Qi = £ 2 „ - i e 2 » + i . S 6 i = f 2 n f 2 „ + 2 . 
i= 1 i= 1 
4n- 2 4n 

(iii) E i ? i = F2n-lR2n+l> S ^ i = 5 P 2 n P 2 n + 2 , 
i = 1 i= 1 
4n - 2 4n 

( i v ) E ^ = L2n-lS2n+l> H$i = F2nW2n + 2> 
i=l i= 1 • 
4n- 2 4n 

(v ) E ^ = -^2n-l^72n + I s 2^ ^ i = ^2n^2w + 2» 
i= 1 £= 1 

4 n - 2 4n 
(v i ) I f f - £ 2 B - i ^ » + i ' 2 Ui = 5F2nQ2n + 2, 

i= 1 •£= 1 
kn- 2 kn 

• ( v i i ) E f; = £ 2 K - i ^ 2 n + i . E Vi = 5F2nT2n+2, 
i= 1 i= 1 
4n- 2 4n 

( V i i i ) E ^ i = ^ n - l ^ n + l* E Wi = 5-P2W
52n + 2« 

i= 1 ^= 1 

We omit the proof, since it is similar to that of Theorem 1. 

3. MORE GENERAL RESULTS 

We may generalize the results of Section 2 as follows. Define the sequences 
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/„ = 0 , f, = 1, fn+1 -afn +fn_1 
and 

J60 = 2 , x^ = a , ^ n + i = cz)in + icn_1 5 

where a = a(x) is an arbitrary function of #. Then it is easily shown, as with 
the Fibonacci and Lucas sequences, that 

nn - n" 
(1) 

(2) 

*> n 
^ 

and 

^n = 1 

fo r a l l n 

a 
P = -

A l s o , 
n 

i= 1 
n 
E * i 

i- 1 

^ - 1 -

/a2 + 4 

D n + Qn 

where 

+ Va2 + 4 
2 

f + f 
a 

^n+l + ^ 

a 

1 and I 

a i 

-

- l 

, a - Va2 + 4 
id a = ~ . 

1 
3 

a - 2 

. ^ 

= -a. 

In a d d i t i o n , we have t h e fo l lowing g e n e r a l i z a t i o n of Lemma 3 

Lemma k: For i n t e g e r s 

( i ) 

( i i ) 

( i i i ) 

( i v ) 

f - f 

^r+2s ~~ -^P 

f + f 

^p+2s + ^r 

p 

= 

= 

= 

= 

and s , 

( £ . * r + 8 s e v e n , 

1 Kfr+S 8 Odd, 

| ( a 2 + 4 ) / s / r + s s even, 

( lslP+s s odd, 

( ^sfr+s s e v e n ' 

\fe*-,+ e S 0dd< 

\ ( a 2 + 4 ) / s / r + s s odd. 

(3) 

(4) 

(5) 

Equations (1), (2), (3), and (4) can all be proved by induction, and Lemma 4 
follows as before from the Binet formulas (1) and (2). Alternatively, (1) and 
(2) are essentially special cases of (53) and (54) , page 119 of [1] and Lemma 4 
is, in the same sense, a special case of (56)-(63) of [1], 
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If we now define the sequences ft and k by 

h1 = c, ft2 = d, hn+1 = ahn + hn_± (6) 
and 

k1 = -ac + 2d, k2 = ad + 2c, kn+1 = akn + kn_1, (7) 

where o = £ ( » and c? = d(x) a r e a l s o a r b i t r a r y f u n c t i o n s of x, t h e n i t can be 
shown by i n d u c t i o n t h a t 

K = cfn_z + dfn_x (8) 
and 

K = oln_z + dln_x (9) 
for a l l n« F i n a l l y , by analogy w i th Sec t ion 2, we d e f i n e t h e sequences p, q, 
r, s, t, u, v, and w by 

p = of 0 + dl , 
rn

 J n-2 n-1 
In = C V 2 + dfn-l 
r» = cln_2 + (a2 + h)dfn_x 

sn = (a2 + 4)c£„_2 + dfn-x 
in = cfn-2 + (a2 + QdK-i 
un = (a2 +-4)o/B_2 + dln_1 

vn = o%n_z 4 (a2 + V2dfn_1 

wn = (a2 + 4 ) 2 c / n _ 2 + dln_1 

for a l l n . Then, as b e f o r e , we have t h e fo l lowing r e s u l t t h a t g e n e r a l i z e s bo th 
Theorem 1 and Theorem 2. 

Theorem 3 : For n > 1, 

4 n - 2 ^o - . ( ^ n + ^ o ) 4n f0 (& + k ) 
, .* V» •» 2 n - l v 2 n - l 2n ^^ - J 2n v 2n+l 2ny 

d ) £ ^ = — , L ^i = , 
i=1 a £= 1 a 

4 n - 2 £ (fc + fe ) • An ( a 2 + 4 ) / (ft + ft ) 
, . . v <ĉ  7 2 n - l 2 n - l 2rc £4 , v / J 2 n v 2 n + l 2n 
(11) E fci = , £ K = , 

?, = 1 a ^ = l a 

, . . . , % 2 %2n-1^2n-l + ?>2n) ^ jf2n (*2 n + 1 + 2 ^ ) 
( i n ) L P { = » E P , = 3 

kn- 2 & (Q + Q ) Ar7 f (U + U ) . q™z 2n-lKH2n-l H2nJ ™ J 2n v 2n+l 2n7 

( iv) > q. - — , V q . = , 

' , 4 ^ 2 £ 2 n - l ( r 2 , - l + Vzn) %> ^ + 4 ) ^2n ( P 2 n + l + P 2 J 
(V) E ^ - j , E ^ = - , 

* n l 2n-lK 2n-l 2nJ H . 2n v 2 n + l 2 n y 

(vi) L si = , £ s. 
a i M *• a 

, . . N v* J- 2 n - l x 2 n - l 2n ^ , Tin. 2n + l In' 
(vn) L * i = , £ tt = s 

i-1 " i= 1 a 
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(a2 

(a2 

(a2 

+ 

+ 

+ 

Vfzn 

»f*n 

Vf2n 

< < ?2»+l 
a 

. 2 n + l 

a 

^ 2 n + l 

+ 

+ 

+ 

^2r) 

*2n> 

*2»> 
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, *"-2 *2n-l<W2»-l + M 2 n } *n 

(viii) 2-, ui = 7, > L,ui = 
i= l a i= 1 

, x
 4 ^ " 2 l 2 n - l { V 2 n - l + V2n) *" 

i=l a i= l 

(x> E ^ = > E »i = 
-2,= i a ^ = x 

Proof: The proofs of these formulas are all similar to those of Theorem 1 
and require the use of (3), (4), and Lemma 4 in the obvious places. To illus-
trate, we prove the first result in (i). Since fQ = 0, we have that 

4n - 2 kn - 2 4n - 2 4n - 2 

E fcf = E <<tff.2 + # , _ , ) = o / . ! + c E / i - 2 + d E /"i-i 
i= 1 i= 1 t= 3 i= 2 

A n - 3 + An-4- ~ A n - 2 + A n - 3 ~ 1 

= e + e : + d 
a a 

<KA*-3 + An-. + a - 1) + d(An.3 + A n _ 3 " 1) 

a 

e(A»-3 " A + An-4 + A> + ^(A„-2 ~ A + An-3 " A ) 
a 

C W 2 n - 2 ^ 2 n - l + J2n-3^2n-l' ~*~ ^kj 2n - l*'2n - 1 + A w - 2 ^ 2 n - l ' 

a 

£2,-l[(^2n-2 + <#W-l) + (eA-3 + ^An-2>] 

a 

^2n-1^2n + "-2n-l' 

The formulas in Theorem 3 are still neat and tidy though not so simple as 
those in Theorems 1 and 2. The difficulty is that H2n + H2n_x = #2 n + 1 in Theo-
rem 1, whereas here we require h2n + a'h2n_1 - ^2n+i" ° ^ course, if a = 1, the 
results coincide. 

k. STILL MORE GENERAL RESULTS 

It is natural to ask if the results can be generalized even further. Indeed, 
it would be reasonable to define sequences ifn}n^Q = {fn(x^n>0 anc* {&n}n>0 = 
U„(aO}n> 0

 by 

A = o, A = i. A+i = < + ̂ A-i 
and 

where a = a(^) and b = &(#) are arbitrary functions of as. Setting 

- a + /a2 + 42? , a - /a2 + 4£ 
0 = _ ar U} 0 = 
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we obtain as before (see [1], p. 119), 

- p " - g " 
f„ = (18) 

Va2 + hb 

1n = pn - an, (19) 
» fw+1 + fc/B - 1 

S ^ = a + b - 1 ' ( 2 0 ) 
£ = 1 

n in+1 + bln - a - 2b 

<?/< = a + b - 1 • <21> 
and the following lemma. 

Lemma 5: For integers r and s, 

( i ) 

( i i ) 

(i±±) 

( i v ) 

f 
J r+ 2s 

^r+ls 

f o + 

J r+ 2s 

7 + 

Con t inu ing , i f 

h1 = c , h2 = d 

hSfT 

bs~lv 

bsfr 

bslr 

we de 

- ^ n + l 

• ' 

• 

-

-

( J s ^r + s 

^ ^sfr+s 

\ (a2 + ^)fjT+s 

\ 3cs3c r + s 

| ^sJr+s 

1 ^ S ^ P + S 

I (a2 + mfgfr+8 

f i ne In^ and k^ by 

ahn + Mn_x 

s 

s 

s 

s 

s 

s 

s 

s 

even, 

odd, 

even, 

odd, 

even, 

odd, 

even, 

odd. 

(22) 
and _ _ _ _ _ 

k1 = 2d - ac5 k2 = ad + 2bc, kn+1 = akn + bkn_1 (23) 

where a = c(x) and d = d(x) as above, we prove as before t h a t 

K = bcfn_2 + dfn_^ (24) 
and _ _ _ 

kn = bcl 0 + dl n . (25) 
" n - 2 n - 1 

I f , by analogy w i th ( 1 0 ) - ( 1 7 ) , we now def ine sequences p , qn, rn, s n , ^ n 3 un, 
Vn, and Wn by 

Pn =b<-2 +dI
n-!> ^26> 

?„ " b°\-2 + dfn-l> (27) 

? „ = £ e l n _ 2 + (a 2 + hb-)dfn_x, (28) 
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sn = (a2 + Ub)baln_2 + dfn_^, (29) 

tn = bsfn_2 + (a2 + mdln_1, (30) 

un = (a2 + bb)bcfn_2 + d\_1, (31) 

«» - b a \ - 2
 + {Q2 + kV) dfn-i' ( 3 2 ) 

and _ _ 
wn = (a2 + ^b)2befn_2 + d£n_i5 (33) 

we can then prove the following theorems that contain a l l the preceding results 
as special cases. Of course, the formulas are less elegant, but they s t i l l 
exhibit a nice symmetry. 

Theorem 4: For n > 1, 

4n-2 _ i _ £2 n _ 1 ^w-l^Aw + ^fln-0 
(i) E / i + a + £ - T = a + 2? - 1 ' 

^= 1 

(ii) E ^ + a + fc - T = a + 2? - 1 ' 
^ = 1 

, . . . . 4 V 2 7 (a + 22?) (1 - fr2"-1) _ £ ^ - i ( £ 2 n + M 2 n - i ) 
U l l j A * a + b - 1 " a + b - 1 

, . , £ 7 ( a + 2 f c ) ( l - 2?2*) ( ^ + 4fc)72w(/2w + 1 +fcf2w) 
V i -1 * a + 6 - 1 " a + 6 - 1 

The proof i s similar to that of Theorem 5 and will be omitted. 

We note that Theorem 4 specializes to Corollary 1 if we set 

a = 2? = e = d = l . 

Theorem 5: Let 

= c + d - ac „ c{lb + a2 - a) + d{l - a) 
A a + b - 1 ' a + 2> - 1 

r - e(l - a) + d(2 - a) n _ g(22? + a2 - a) + d 
° " a + b - 1 ' " a + 2? - 1 

F _ e(22? + a2 - a) + d(a2 + 42?) p _ g(a2 + 42?) (22? + a2 - a) + d 
A " a + 2? - 1 » * - a + 2? - 1 
„ g(l - a) + d(a2 + 42?) (2 - a) „ g(l - a)(a2 + 42?) + d(2 - a) 
Cr = ;—7 ~ , tl — — a + b - I 9 a + 2? - 1 

1 - a) + d(a2 + 42?) = c ( l - a) (a2 + 42?) 2 

a + £ - 1 3 a + 2? - 1 
_ e(22? + a2 - a) + d(a2 + 42?) T _ c ( l - a) (a2 + 42?) 2 + d(2 - a) 
-L ~ T~>—I ~, ' s w -

Then, for n > 1, 

4 n - 2 _ ^2n-l^h2n + 2*2«-l> 

a) E ^ + i i a - i ^ - 1 ) . -nrzn = 
•v - l 
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*» - , f2n(k2n + l + hk2n) 
L hi + A(l - bZn) = , 

i= 1 + - 1 

to _ ( a 2 + 4&)f 2 „ (^ 2 „ + 1 +bh2n) 
E fc, + 5 ( 1 - **»> - ^ ^ ^ .. 

^ = 1 

(XXX) E pt + C ( l - 6 2 , 1, = a + f e _ , .. 

4n _ ^ H ^ n + l + i r2»> 
£ p . + C(l - b2n) = a + b - 1 

t = 1 

, ^ 4 * ~ 2 - „ , 2 „ - ^ *2»-l<?2n + % n - l > 
(iv) £ < + 5(1 - b*n l) + a + & _ 1 , 

^= 1 

Z q, + D(l - b^) = a + b _ , . 
i- 1 

, , 4 ^ 2 - „ , , „ , , \n-SV2n + % n - l > 
(v) E r i + J ( l - J ^ ) - a + fc-1 ' 

^= 1 

4, _ , («2 + ^)f2n(p2n+1 +bp2n) 
.*-', T- a + b - 1 

4n-2 . • . \ „ - i C 5 2 B + ^ 2 » - l > 
(Vi) £ 8. + F(l - &2""1) . . - a + b - 1 

.E a, + Fd - b*») - a + fc_ ! . 

4 " - 2 I 2n - l ( *2n + fc*2»-l>-
(vii) £ *< + ffd - 6-1) - a : \ - 1 •' 

"Z. = 1 

%k - , , „ , An ( ^2n + 1 +fc?2»> 

E t , + c(i - i2-) a + fc _ , , 

^ = 1 

4»-2 *2»-l<"2» + M2n-1> 
(viii) L "i + #a - &2n_1) = . , * T " ' " ' a + b - 1 

4n (a2 + 4 « 4 ( ^ 2 „ + 1 + %„) 
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4n-2 £ _ nO>„„ + bv^ , ) 

L 
£ = 1 

_ _ 7 2 n - l N 2 n - l 2n 2n - 1 
( ix ) V v • + J ( l - bzn L) = —— T 
x J Lo % v a + & - 1 

£ Vi + Id - 62») - a + fc_ ! 

(x) £ «i + Jd - i ) = a + b_ l , 
^ = 1 

4n (a 2 + 42?) f ( i + b~s) 
H K ' J 2n 2n+l In £ wt + J (I - b2n) = a + b - 1 

^= 1 

Proof: Again, s i n c e t h e p roofs a re s i m i l a r , we prove only t h e f i r s t p a r t of 
( i i ) . Since / _ . = 1/2?, fQ = 0 , and £ = 2, we have from ( 2 0 ) , ( 2 1 ) , and Lemma 
5, t h a t 

4n - 2 __ 4n - 2 _ _ n x kn-2 _ 4w - 2_ 

£ = 1 i = l w / £ = 1 - z - = l 

be(fhn_3 + bfhn_, - 1) <*(*„„-2 + M4n_3 - a - 2fc) 
c + - - r = + 2d + ^ - -

a + 2? - 1 a + 2? ~ 1 
ac - c + bcfhn_3 + b2cfhn_h ad - 2d + d£^n_2 + d M ^ . 

a + 2? - 1 a + 2? - 1 

M A w - 3 - &2w-2A) + b2c(f,n_h + 2?2*-3/2) 
a + b - 1 

d d ^ . j ~ i 2 " " 1 ^ ) + db(ihn^ + p 2 n - % ) 
+ . _ _ _ _ _ 

g ( a - 1) + d(a - 2) + 2? 2 n - 1 c ( l - a) + 2?2 n"1d(2 - a) 
a..'+ 2? - 1 

b°Jin - 2^2n - 1 + ^ C J 2 n - 3 ^ 2 n - l + " ^ 2 n - l + ^ ^ 2 n - 2 ^ 2 n - l 

a + 2? - 1 
[ s ( a - 1) + d(a - 2 ) ] [ 1 - £ 2 n _ 1 ] 

a + 2? - 1 

_ ^ . J ^ - z + ^ 2 * - l + b{bcf2nrS + d l 2 n _ 2 ) ] 
a + 2? - 1 

[g(a - 1) + d (a - 2 ) ] [ 1 - fc2""1] 
a + b - 1 

= l2n'1 ( ^ 2 n + ^ 2 n - l } , [c(a - 1) + d (a - 2 ) ] [ 1 - p ^ " 1 ] 
a + 2? - 1 a + 2? - 1 

by d e f i n i t i o n of p . But t h i s i m p l i e s t h e d e s i r e d r e s u l t . 
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Of course, if b = 1, these yield the formulas of Theorem 3 as they should. 
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