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DEFINITIONS 

The Fibonacci numbers Fn and the Lucas numbers Ln satisfy 

Fn + 2 = Fn + l + Fn> F0 = ° » Fl = l 

and 
Ln+2 = Ln+l +Ln, L0 = 2, Lx = 1. 

Also, a and b designate the roots (1 + v5)/2 and (1 - v5)/2, respectively, of 
x2 - x - 1 = 0. 

PROBLEMS PROPOSED IN THIS ISSUE 

B-562 Proposed by Herta r. Freitag, Roanoke, VA 

Let cn be the integer in {0, 1, 2, 3, 4} such that 

cn E L2n + [n/2] - [(n - l)/2] (mod 5), 

where [x] is the greatest integer in x. Determine cn as a function of n. 

B-563 Proposed by Herta T. Freitag, Roanoke, VA 

n 
Let Sn = £ ^2i + iL2-i-2' F o r w n i c n values of n is Sn exactly divisible 

by 4? i==1 

B-564 Proposed by Laszlo Cseh, Cluj, Romania 

Let a = (1 + V/5)/2 and [x] be the greatest integer in x. Prove that 

[oFj + [aF2] + -.. + [aFn] = Fn+3 - [ (n + 4)/2]. 

B-565 Proposed by Heinz-Jurgen Seiffert, Student, Berlin, Germany 

Let P , P , ...be the sequence of Pell numbers defined by PQ = 0, P1= 1, 
and Pn = 2Pn_1 + Pn_2 for n e {2, 3, ...}. Show that 
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B-566 Proposed by Heinz-Jurgen Seiffert, Berlin, Germany 

Let Pn be as in B-565. Show that 

9JtpkLk = Pn + 2Ln + Pn + 1Ln+2 + PnLn_x - Pn^Ln + l - 6. 

B-56'7 Proposed by P. Rubio, Dragados Y Construcciones, Madrid, Spain 

Let a0 = a1 = 1 and an + 1 = an + nan_1 for n in Z+ = {19 29 ...}. Find a 
simple formula for 

k = o K" 

SOLUTIONS 

Lucas Geometric Progression 

B-538 Proposed by Herta T. Freitag, Roanoke, VA 

Prove that y/5gn = gLn + £n_1? where ̂  is the golden ratio (1 + v5)/2. 

Solution by Laszlo Cseh, Cluj, Romania 

It is well known that Ln = gn + #n
s where # = (1 - A/5)/2. NOW 

^Ln + L„_x = <f+1 + g -g - ̂  + ^ " x + ^ " x 

= ^ + 1 _ gn-l + ^n-1 + ~n-l 

= #n(# + ^ _ 1) = S5gn° Q.E.D. 

Remark: By a similar argument, it can be proved that gn - gFn + Fn_1« 

Also solved by Wray G. Brady, Paul S» Bruckman, L»A. G. Dresel, Russell Euler, 
Piero Filipponi, C. Georghiou, Walther Janous, Hans Kappus, L. Kuipers, Graham 
Lord, 1. Merenyi, George N. Philippou, Bob Prielipp, Heinz-Jurgen Seiffert, A, 
G. Shannon, Lawrence Somer, W. R. Utz, and the proposer. 

Not Necessarily Golden GP's 

B-539 Proposed by Herta T. Freitag, Roanoke, VA 

Let g = (1 + V5)/2 and show that 

1 + 2 E ^ 3 i 

i = l 
1 + 2£(-i)V 

i = l 
1. 

Solution by A. G. Shannon, NSWIT, Sydney, Australia 

[1 + 2±;^-3£lfi + 2 E ( - i ) V 3 i ] ki < 1 
L i = l JL i - l J 

1986] 

( con t inued) 

85 



ELEMENTARY PROBLEMS AND SOLUTIONS 

1 + 

+ 1 

19 
g5 - i 
.g3 + i. 

+ x. 

1, as required. 

(sums of GPs) 

This holds for \g\ < 1; i.e., g does not have to equal a. 

Also solved by Wray G. Brady, Paul S. Bruckman, Laszlo Cseh, L. A. G. Dresel, 
Russell Euler, Piero Filipponi, C. Georghiou, Walther Janous, L. Kuipers, Graham 
Lord, J. Merenyi, George N. Phillppou, Bob Prielipp, Heinz-Jurgen Selffert, 
Lawrence Somer, and the proposer. 

Product of 3 Successive Integers 

B-5^0 Proposed by A. B* Patel, V»S* Patel College of Arts & Sciences, 
Bilimora, India 

For n = 2,3, . .., prove that 

F F F ML L L A1 rc -1 n n+1 n-1 n n+l 

is not a perfect square. 

Solution by L. A. G. Dresel, University of Reading, England 

Using the identities F„L„ = P0 and Po P ,o = Po2 - 1, we have 
& n n in 2n - 2 2n+2 2n 
P = F F F L L L = F F F = F (F 

±n-l^nLn+l1Jn-ljUnn+l 2n -2 2n 2n+2 2nK 2n 
1 ) . 

Now for n = 2, 39 ..., we have F2n > 1 and9 therefore, (F2n ~ 1) is not a per-
fect square; furthermore, F2

2
n - 1 = (F2n ~ l)(-̂ 2n + 1) is coprime to F2n and, 

therefore9 the expression P is not a perfect square. 

Also solved by WrayG. Brady, Pauls. Bruckman, Adina Di Porto & Piero Filipponi, 
Walther Janous, L. Kuipers, Bob Prielipp, A. G. Shannon, Lawrence Somer, and the 
proposer. 

Congruence Modulo 9 

B~5^1 Proposed by Heinz-Jurgen Seiffert, Student, Berlin, Germany 

Show that Pn+3 + Pn+1 + Pn = 3(-l)nPn (mod 9), where the Pn are the Pell 
numbers defined by P0 = 0, P1 = 19 and 

Pn+2 = 2Pn+1 + Pn for n in N = {0S 1, 29 ...}. 

Solution by L. A. G. Dresel, University of Reading, England 

Pn+3 + Pn+1 + Pn = 2Pn + 2 + 2Pn+1 + Pn = 3Pn+2* 

Let iiCn = (-l)nLn. Then since Pn + 2 = Ln+1 + Ln, multiplying by (-l)n we obtain 
Zn+2 = ~Kn+i + ^n» s o t h a t K

n+2 E 2Zn+i + Xn (mod 3 ) • Thus, Kn and Pn satisfy 
the same recurrence relation modulo 39 and furthermore9 

P = 2P + P 
r2 1 ^ ^0 

and P3 = 2P2 + P1 = 5 = -1 = Zx (mod 3). 

It follows that Pn+2 = X (mod 3) for n in J = {09 1, 2, ...} and, therefore, 

86 [Feb. 



ELEMENTARY PROBLEMS AND SOLUTIONS 

3-Pn+:z = 3Zn (mod 9) for n in N9 so that 

Pn+3 +Pn+1 +Pn = 3(-l)nLn (mod 9). 

Also solved by Laszlo Cseh, Herta T. Freltag, C. Georghiou, Walther Janous, L. 
Kuipers, Imre Merenyi, GeorgeN. Philippou, Bob Prielipp, A. G. Shannon, Lawrence 
Somer, and the proposer. 

3rd Order Nonhomogeneous Recursion 

B~5^2 Proposed by loan Tomescu, University of Bucharest, Romania 

Find the sequence satisfying the recurrence relation 

u(n) = 3u(n - 1) - u(n - 2) - 2u(n - 3) + 1 

and the initial conditions u(0) = u(l) = w(2) = 0* 

Solution by C. Georghiou, University of Patras, Greece 

It is easy to see that the roots of the characteristic polynomial of the 
homogeneous equation are r± = 2S r2 - cc9 and r3 = b and that a particular solu-
tion of the inhomogeneous equation is up(n) = 1* Therefore5 the general solu-
tion of the given recurrence relation is 

u(n) = A2n + BFn + CLn + 1. 

The initial conditions give A = ls B = -29 and C - -19 and the solution is 

uin) = 2n - 2Fn - Ln + 1 = 2n - Fn+3 + 1. 

Also solved by WrayG. Brady, Pauls. Bruckman, Odoardo Brugla & Plero Flllpponl, 
Laszlo Cseh, L. A. G. Dresel, Russell Euler, Walther Janous, Hans Kappus, L. 
Kuipers & Peter J. S. Shlue, I. Merenyi, Bob Prielipp, Heinz-Jurgen Selffert, 
A. G, Shannon, and the proposer. 

Fibonacci Exponential Generating Function 

B"5^3 Proposed by P. Rublo, Dragados Y Cons trucelones, Madrid, Spain 

Let a0 = ax = 1 and an + 1 = an + an_x for n in Z+ = {l, 2, ...}-. Find a sim-
ple formula for 

G(x) = £ ^xK 
k = Q Kl 

Solution by Paul S. Bruckman, Fair Oaks, CA 

We see readily that an = F .. Hence, 

G(x) = ± Fk+1 f£ = 5"* ± (ak+1 - $k+1)^ = 5 ^ ( a ^ - fie**). 
k=0 K+1 k\ k=Q Kl 

Also solved by Wray G. Brady, O. Brugla & A. Dl Porto & P. Fllipponi, John R. 
Burke, Laszlo Cseh, L.A. G. Dresel, Russell Euler, C. Georghiou, Walther Janous, 
Hans Kappus, L. Kuipers, Graham Lord, Imre Merenyi, A. G. Shannon, and the pro-
poser. 
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