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T. INTRODUCTION

For each given pair of positive integers k, #, with k < n, a k-part partition
of n is a k-element multi-set of positive integers whose sum is #j e.g., all of
the 3-part partitions of 7 are: [5, 1, 11, [4, 2, 11, [3, 3,1], and [3, 2, 2].
In this paper we are especially interested in X-part partitions of numbers for
which k¥ = 2, 4 and all of the parts are squares. We briefly refer to these as
2-square and 4-square partitions of a number. Thus, [4, 1] is a 2-square par-
tition of 5. Also, recall that for each positive integer n, 0(n) denotes the
sum of all positive divisors of n.
We are now prepared to state our results.

Theorem 1: A nonsquare odd number n has an odd number of 2-square partitions
if and only if 0(n) is twice an odd number, i.e., n = p°m®, e, m, p € Z*, p a
prime, p/m, and p = e = 1 (mod 4).

Theorem 2: If a is odd and not of the form j(37 * 2), then 3a + 1 has an odd
number of 4-square partitions of the form

3a + 1 = 3% + (6k + 1)*, g, k € Z*
if and only if a is a square.
In Section 2, we prove these theorems, and also deduce Fermat's classical
two-square theorem as an immediate corollary of Theorem 1.
2. PROOFS OF THEOREMS 1 AND 2
Our proofs are based on two recurrences for the sum~of-divisors function.
These recurrences are best stated with the aid of several auxiliary arithmeti-

cal functions, which we now define.

Definition: For each positive integer n, b(n) denotes the exponent of the
highest power of 2 dividing »; and, 0(n) is then defined by the equation

n=22Mo@).

Hence, »(n) is a nonnegative integer and O(n) is odd. We now define the arith-
metical functions w and p by:

wmn) =ocm) +g@Om®))s pmn) =3cMH) - 50(0n))-
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The two recurrences are, for each positive integer m:

(1) o@m-1 - T w@n-1- Qk- 1D +2¥c@m-1- (2k)?)
k=1 k=1
{jz, if 2m - 1 = 42,

0, otherwise.

(2) oCm - 1) + kz;_‘,l(ak + o(@2m - 1 - 2k(6k + 2))
- kgl(f)k - Lyo(2m - 1 - 2k(6k - 2))
+ k}_:l(gk - p@m -1 - (2k - 1)(6k - 1))
- kgl(gk - 2)p(2m = 1 = (2k - 1) (6k - 5))

335 + 1)(3J + 2)/2, 4if 2m - 1 = §(35 + 2),
=¢ JdBF-2)3 -1)/2, if 2m -1 =535 - 2),

0, otherwise.

In both (1) and (2), the sums indexed by kK extend over all values of k which
cause the arguments of 0, w, and p to be positive. For a proof of (1), see [1,
pp. 215-217]. (2) is proved in [2, pp. 679-682], where p(n) = w(3, -5; n).

Proof of Theorem 1: Assume that 2m + 1, with m 2 0, is nonsquare. Recurrence
(1) then becomes

(3) o2m+1) - T w@nm+1- Qk-1%+2 0@+ 1- (2k)%) = 0.
1 1
If o(2m + 1) is twice an odd number, say 0(2m + 1) = 4a + 2, for some

a 2 0, then (3) becomes

20 + 1 ~ ):‘”(2”7+1) - 2k - 1)?)

5 + Y o@m+1 - (2k)* = 0.
T 2

1

Next, owing to the multiplicativity of o, w(n) = Zb(”)+16(0(n)). Hence, for =
even, 4 divides w(xn). It follows that the sum 20(2m + 1 - (Zk)z) is odd and,
therefore, contains an odd number of odd summands. But, from the well-known
fact: o(n) is odd < m is a square or twice a square, it then follows that
there is an odd number of pairs 2k, 25 - 1 (j, k € Z*) such that

2m + 1 = (2k)? + (24 - 1)2.

In a word, 2m + 1 has an odd number of 2-square partitions.

Conversely, if 2m + 1 has an odd number of 2-square partitions, then re-
currence (3) allows us to reverse the steps of the foregoing argument, whence
o(2m + 1) = 2 (mod 4); i.e., o(2m + 1) is twice an odd number.

Corollary (Fermat): Each rational prime p of the form 4m + 1 is expressible as
a sum of two squares.
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Proof: For such a prime p, o(p) =p + 1 =4m+ 2 = 2(2m + 1). Hence, p has at
least one 2-square partition.

Proof of Theorem 2: Assume 2m + 1, with m > 0, is not of the form j(3j % 2).
Recurrence (2) then becomes

i

(4) o@m+ 1) + X (6k + 1)o(2m + 1 - 2k(6k + 2))
k=1

- T (6k - 1)o(2m + 1 - 2k(6k - 2))
k=1

+ ¥ (3k - Dp@m + 1
k=1

- > 3k - 2)p(2m + 1
k=1

(2k - 1)(6k - 1))

(2k - 1)(6k - 5)) = 0.

If 2m + 1 is a square, then 0(2m + 1) is odd. Now,
o) = 2@3-2°™ — sys0Mm)).
Hence, the sum

Y. (6k + 1)o(2m + 1 - 2k(6k + 2)) - Y (6k - 1)a(2m + 1 - 2k(6k - 2))
1 1

is odd and therefore contains an odd number of odd summands. In a word, there
exists an odd number of pairs j, k € Z+ such that

2m + 1 = j2 + 2k(6k £ 2),
or equivalently,
3(2m + 1) + 1 = 35% + (6k + 1)%.
Conversely, if 3(2m + 1) + 1 has an odd number of 4-square partitions of

the prescribed form, then recurrence (4) allows us to reverse the steps of the
foregoing argument. And, then, 2m + 1 must be a square.
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