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This paper is an extension of the results of G. E. Bergum and V. E. Hoggatt,
Jr. [1] concerning the problem of summation of reciprocals of products of
Fibonacci and Lucas polynomials. The method used here will also allow us to
generalize some formulas of R. Backstrom [2] related to sums of reciprocal
series of Fibonacci and Lucas numbers.

1

The general numerical functions of second order which, following the notation
of Horadam [3], we write as {w,(a, b; ps g)} may be defined by

Wy, = PWy_1 — QW,_ps M 2 2, Wy = a, Wy = b,
with
w

n =wy(as by ps @)

where g and b are arbitrary integers.
We are interested in the sequences

fl

u, =w,(0, 15 ps q) (1)

and
v, = w,(2, p; ps q) (2)

that can be expressed in the form

y =ot=8" 5, (3)
n 0(4_6
and
Vyp = OLYL + Bn, n = ]-9 (4)
where

o= (p+vpZ - 4gq)/2, B = (p - Vp2 - 4q@)/2, o + B =p, aB = q»
and o -8 =26 = VA.

Using (3) and (4), we obtain

20" = v, + Su,
and

Gom* = pov, + Dugu, F S, o upvy) s

from which it follows that

- = 29°% 5
Us 4 nVs UgUs sy 2q7 Uy (5)
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and

Uy Vs — Dugtyy . = 2%V, (6)

From relation (5), we have

Vg Vs+p = 2g¢ Up
Usg z’ts+r’ usus+z’

If we replace s here by s, s + r, s + 2r, ..., s + (n — 1)»r, successively,
and add the results, we obtain, due to the telescoping effect,

n (k- Dr v v, u
q s s+nr) 1 nr
S, ( ; Py, 8) = —_—= (—— - = . 7
e 4 kgl Us + (k-1)rls + kr Ug us+mﬂ}2qsur UpUgUs +np @
Similarly, again using (5), we also have
n (k=-1)r Uy Ug 1 Uyp
0.(ps g3 75 8) = X . 5 =<Us —;;)28 = - (®)
k=1 "s+(k-DrYs+kr s+nr s/ Q7 Uy UpVsVs 1 yp
Because
u, o™, |B/a] <1
lim ” =
e o, o/l <1,
and
Uy at~"/ (@ - q), |B/a] <1
lim 5 =
rre Tnkr BYTT/BE - @), |a/Bl < 1,
we obtain
o [8/a] <1
© q(k—l)r UpUs
S(p, q; rs 8) = = 9)
k=1 Us+(k-1rts+kr g-®
Luru > lu/B] < 1,
1-
o 1
_ , fa] <1
o q(k—l)r 0(,2 - q urvs IB ]
a(p, q; r, 8) = —_—— = { (10)
k=1 vs+(k—1)1ﬂvs+kr' Bl—s 1
BT L ] < 1.
(82 - q WV
In particular, with » = s, we have
2 .
—of @ - g \2
of Z(T—qr'> s ]B/OL| <1
o - q
S(p, q; v, r) = ) (1D

: - 2
Bp-2<é§?—:—§;> . |a/B] <1,
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{ar/(w - g, |B/a] <1

BT/ (B*™ - g®"), |a/B| < 1.

3. SPECIAL CASES

(12)

It is not difficult to obtain the formulas of Bergum and Hoggatt from (9) and

(10). 1Indeed, if
fine the sequences
nomials {Lk(x)}:=l.

o(x) = (x + Va2 + 4)/2,

where

-1 <ox) <1
0<a(x) <1

Hence,

S(x, -1; r, S)

and

o(x, -1; », 8)

(9) and

we let p =

x and g = -1 in (1) and (2), these relations de-

of the Fibonacci polynomials {Fk(x)}:=l and the Lucas poly-

In this case,

B(x) = (x - Va2 + 4)/2,

and B(x) > 1 when x> 0,
and B(x) <1 when x <O0.
(10) become
st)leF()’wo’
af(x x x
= lim S, (x, -1; 7, 8) = . ¢ (13)
" 1 1 s, x <0,
| B (x) F,(x)Fg (x)
[ 1-s
: g?)F()lf:()’ 70
1 + a?(x) F.(@)Lg(x
= lim o, (xz, -1; 7, g) ={ . (14)
I M WY
L1l + B (x) F,(x)L,(x)

Comparing the results of Bergum and Hoggatt [1, p. 149, formulas (9) and

(17)] with our (13)

U(gs as bs x)
and

V(g, as bs x)

when g = b - a + k.
As particular

S(.’L‘, "1; 2, 2) =

and

o(x,
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-1; 2, 2) =

and (14) above, we find that

(-1)PF, () Fy ()5 (s

—'l; q’ b)

(-1)PF, (x)F, (x) (@? + 4)o(x, -1; g5 D),

cases, we give:

- 1 B2 (x)/x*, x> 0,

kgl Fpe @F, gy )@ {ocz(x)/xz, x <0,

o 1 a? @)/ (@ (x) - 1), x>0,
k>;1 Lo @)Ly 4 1H®) ) {Bz(x)/(sa(x) -1, x<0.

(15)
(16)
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Using the relations (5) and (6) with u_, = -¢™"u, and v_, = q"v,, we have

— Ar-8 =
UZI‘ q UZS Aur—sur+s'

Then, by the method used to obtain (7), we have

n kr U, »
AT q _ 1 (n+ 1) (17)

k=0 _ ,Stkr UglUp us+(n+1)z1
Vok+ yr+2: ~ 4 v

r
so that

E . el <1,

o a+k u,u
q Ky r-s

APZO — = (18)
= - 58+ K1 8
Yor+r+2s = € T r udu > a/g] < 1.
r-s
Similarly, from
v2p + qr—SUZS = vr—sur+s’
using (8) we obtain
i qkr 1 U+ 1)r (19)
k=0 s+ kr upv Us+(7v+l)r
v(2k+1)1ﬂ+ 28 + q Vyp :
or
o q3+klﬂ Bs+l/(q - E)T)UI,US, ’B/OLI < ]-:
= (20)
R=00 it ypaas + @7, o®* /(g - aMuvg,  |a/Bl < 1.
In particular, if we put p = -g = 1 in (17)-(20), we obtain the formulas

of Backstrom [2] concerning the Lucas numbers. These are

¢ F
1 (n+1)r
» S odd,
n 1 SFI‘FS an+1)1,+5
k=0lx+ yr+2s T L L Fnvnyn s even
. LFrLs L(n+l)1=+3, ’
an
’(‘1 + J§>s 1 s odd
E) b
: X 2 5F,F,
= 4
K=0Lioks 1yry2s L (‘/5 - >S !
5 s S8 even,

5F, T,

where r is an even integer satisfying -r < 2s S r - 2.
We notice that, from
2

- AP -8,,2 _
U, q Ug, = U

Y‘—Su

r+s?

it follows that
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f: QZ(?’L—I)Z‘
=3,(, q; 2r, s) (21)
k=1 .2 6+ 2kr, 2 "
Z'{'(27<—}.)1f’+s q ul”
and
© qZ(YL— Dr {Bs/uzrus’ IB/O(fl < 13
= 2 E -
=2l Ui yprs — 4 +2kr“§ a®/uy g, |a/Bl < 1.
Similarly,
n q2(k—1)1ﬂ
AT =5, g; 2r, &).
k=1 192 s+ 2kr,,2 "
v(zk—l)r+s - q Un
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