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1. INTRODUCTION 

This note is an extension of the results of L. Carlitz [1] concerning the 

problem of the multiple generating functions of F^ and Lk, where F, and Lk are 

the kth Fibonacci and Lucas numbers, respectively. Our proofs are very similar 

to those given by Carlitz [1]. Notation and content of [3] are assumed, when 

required. 

Consider the sequence of numbers Wn defined by the second-order recurrence 

relation 

Wn+2 = P^n + i " ^n* with WQ = a and W-^ = b9 (1) 

i.e. , 

Wn = Wn(a9 by p, q), 

where a, b9 p9 and q are real numbers, usually integers. 

From [2] and [3], we have 

Wn = Aan + B$n
9 (2) 

where 

I a = (p + d)/2, g = (p - d)/2, d = (p2 - 4<?)1/2, 
(3) 

A = (b - ap)/d, B = (aa - b)/d. 

Standard methods enable us to derive the following generating function for 

{Wn}, 
oo 

X Wnxn = {a + (b - ap)x}/(l - px + qx2) . (4) 
n = 0 
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2. MAIN RESULTS 

Define 

V x i > • • • ' xm> = 0 (1 - qxd)(l - V2x + q2x2.), 
m 

n 
3 = 1 

W1(x1, . . . , xm; k) = Aak • U (a + (b - ap)ax,)(l - g V . ) 
• 7 = 1 

+ B$k- n (a + (b - ap)$x-)(l - a2xAt 
J = l 

W2(x19 . e o 5 xmi k) = ak • n (a + (& - a p ) a # . ) ( l - $2%j) 
J = I 

+ $k ° n (a + (6 - ap )&c , ) ( l - a 2 * . ) , 
J = I 

where Fn = Wn(2, p ; p , 4 ) . That i s , VQ = 2S V± = p, V2 = p 2 - 2^5 

Theorem 1: £ ^ 1 + • . . + »m + *tf«1 ••• Km
xil ••• < m 

Kj, . . . , nm = 0 

— W -^\X -^ ) 0 o 0 5 Xffl j K) / U ̂ \X-^ 9 0 « » 5 ^ m' ' 

oo 

Proof: J ] V n i + . . . + „ B + x I / n i . . . ^ i 1 

£ Wa"1+-+"' . + fcj. c f i n i + • • • + "™+fe 

" , , . . . , «„-o 
"W . . . J/ a ^ . . . ^ " , by (2) 

Aak £ V . . . fi^ (ca^f 1 . . . (axm)n" 
nlt . . . , nm = 0 

OO 

+ B$k L W ... Wnn (fr^)*1 . . . ($xmf" 
n1, . . . , nm = 0 

m 

n Axfe • ft ( a + (& - ap)axj)/(l - V®Xj + qoi2xp 

11 (a + (b - ap)$x-)/(l - p$x, + q$2xj) , by (4) 
j - i 

= 4a* • II (a + (fc - ap)our . ) /{( l - a V . ) ( l - agar.)} 
J = I 

+ 56fe • n (a + (6 - a p ) & r , ) / { ( l - g V . ) ( l - a&fc,)}, by (3) 
J = I 

l ^ i 5 • • • > ^ m 5 K ) / C ^ { x ^ 9 » o «» s x m ) . 
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Using a method similar to that used for Theorem 15 we have 

00 

Theorem 2: £ V, + . . . + kW . . . W x? . . . <™ 
» i nm = 0 

Taking m = 2 in Theorems 1 and 2, we ob ta in 

00 

Corol lary 1: £ ^ m + n + f c ^ ^ ' V = ^ ( « » I/; k)/Cw(xs y) 

oo 

and Z Vm+n+kMmWnxmyn = J/ (a , y ; k)/C„(x, y) , 
m,n=0 

where 

C^Oc, y) = (1 - q x ) ( l - <72/)(l - F2^ + q2x2)(l - 72z/ + ? V ) » 

JZ-LGC, J/; fc) = a 2 ^ + a((fc - ap)Wk + 1 - a q 2 ^ _ 2 ) ( ^ + zy) 

- a(£ - ap)q2Wk_1(x + y)2 + ((& - ap)2R^+ 2
 + ^q^^^^xy 

+ (fc - a p ) ( a ^ V ^ _ 3 - (fe - a p ) q 2 ^ ) x z / ( ^ + z/) 
+ (fc - ccp)2qhWk_2x2y2, 

J/2(ar, yi k) = a2Vk + a((b - ccp)Vk+1 - a^2F? c_2)(x + z/) 

- a(6 - a p ) ? 2 ^ - ! ^ + */)2 + ((6 - ^ P ) 2 ^ + 2
 + ^VV^ 

+ (& - a p X a q ' V ^ g - (fc - ap)q2Vk)xy(x + y) 
+ (b - qp)2qhVk_2x2y2« 

Taking k = 0 in Co-rollary 1, we der ive 

Corol lary 2: J J ^ + ^ ^ a r V = W^x9 y\ 0)/Cw(x9 y) 

771,71=0 

oo 

and Z t U ^ m ^ V = Wz(x, y; 0)/Cw(x, y), 
m, n =0 

where 
W1(x, y; 0) = a3 + a{b2 - a 2 ( p 2 - <?))(# + y) + a(b - ap)2q(x + z/) 2 

+ ((fc - ap)2(bp - a?) + a ^ p 4 - 3p2q + q2) 
- a2b(p3 - 2pq))xy + aq(b - ap)(ap(p2 - q) 
- M p 2 - 2q))xy(x + y) + (6 - a p ) V ( a ( p 2 - (7) - bp)x2y2, 

W (x9 y; 0) = 2a2 + a(bp - 2a(p2 - q))(x + z/) - a(£> - ap)pq(x + y)2 

+ ((£ - a p ) 2 ( p 2 - 2q0 + a 2 ^ - 4p2^ + 2q2))xy 
+ ^(fc - a p ) ( a ( p 3 - 3p<?) - 2g(& - ap))xy(x + 2/) 
+ (6 - ap)2q2(p2 - 2q)x2y2. 
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Obviously, all formulas of §2 in [1] are special cases of Theorems 1 and 2 and 

Corollaries 1 and 2 since Fn = ¥n(05 1; 1, -1) and Ln = Wn(29 1; 1, -1). Note 

that (2.2), (2*3), and (2.8) of [1] are misprinted* 

Taking m = 3 and k = 0 in Theorems 1 and 2, we have 

Corollary 3: £ w
m+n+kWmKKkxmynzk = Wx(x9 y, z; 0)/Cw(x, y, z) 

m,ns k = 0 
oo 

and Y, Vm+n+*WmK\xmynzk = W> 2/> *'> 0)/Cw(x, y, z), 
m, n, k = 0 

where 
Cw(x9 y9 z) = (1 - ^ ) ( 1 - ?2/)(l - qz)(l - V2x + q2x2) (1 - F2z/ 

+ a22/ 2 ) ( l - 72£ + q 2 s 2 ) , 

W1(x9 y9 z; 0) = ah + a((£> - ap)W1 - aq2W_2)(x + y + z) + a((b - ap)2W2 

+ a2qhW_h) (xy + yz + zx) 4- ((b - a p ) 3 ^ 3 - a3qeW_6)xyz 
- a2q2(b - ap)W_1(x + y + z)2 + a2q(b - ap) 
• (JV3 - (b - ap)q)(x + 2/ + z) (xy + yz + zx) 
+ a(b - ap)2qhW_2(xy + yz + zx)2 ~ q2(b - ap) 
• ((& - a p ) 2 ^ + a 2 q 4 F _ 5 ) ^ s ( ^ + 2/ + g) + (& - ap)2 

• ((& - ap)J/_1 + aq2W_h)qhxyz(xy + yz + zx) 
- (b - ap)3q6W_3x2y2z2

9 

W2(x9 y9 z; 0) = 2a3 + a((b - ap)p - aV2)(x + y + z) + a((b - ap)2V2 

+ a2Vh)(xy + yz + zx) + ((b - ap)3V3 - a 3 F 6 ) #2/3 
- a2(b - ap)pq(x + y + z)2 + a2q(b - ap) 
• (73 - (b - ap)q)(x + y + z)(xy + yz + zx) 
+ aq 2 (£ - ap)2F2(xzy + z/s + 2x) 2 - q(Z? - ap) 
• ((fc - ap)2pq + a2Vs)xyz(x + y + z) + q2(b - ap)2 

• ((# - ap)pq + aVh)xyz(xy + yz + zx) 
- (b - ap)3qsV3x2y2z2. 

Obviously, a l l formulas of §3 in [1] are a l so s p e c i a l cases of Theorems 1 and 
2 and Corol lary 3 . Note t h a t ( 3 . 2 ) - ( 3 . 5 ) of [1*] are mispr in ted . 

Define 

W(k9 m) = Akam - (~B)k$m. 

From (2), (3), and the binomial theorem, we have 

k-l 
Lemma 1: d*"1^*, m) = £ (7< Mc-o?) V"'"1^,-; 
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Proof: dk~1Wik, m) = dk-1iAkam - (-B)k&m), by (2) 
= A^idA)*'1 + B^i-dB)*'1 

= Aamib - a g ) ^ 1 + Bgm(fc - a a ) * " 1 , by (3) 

= Aa"kt\k I ^ ( - a P ) ^ " " 1 - 1 + B^kf(k ~ l)(-aaYb 

k-^k - I 
r = 0 

^ / f e ~ 1 
p = 0 

Define 

fc - r - i 

t (k I 1 ) ( - a 9 ) 1 , i f c - r - 1 W a " , - 1 - + B g m - r ) , by (3) 

-%{k -r
l)i-mVb^-%_r^y i2). 

Dw(x, y, z) = dzH - V2x + qzxz)U - V2y + qzyz)H - V2z + qzz2) 

\w3tx, y, z-, k) = io(-q2y^{io(l)(-aqyt2-rw3k_2._ry 
where hj is the j t h elementary symmetric function of x$ y, and z. That is to 

say5 hQ = 1, h1 = x + y + s3 7z2 = xy + 2/3 + 3#, and h3 = xz/s. 

CO 

Theorem 3= £ ^m+n+fe ^n+ t+k ^t + m+k *"Vn2* = ^ 3 ( x ' I/» 3? k)/Dw(x, y, z) 
m,n, t = 0 

+ eqrfcd_2Z(Wfc - ^ 2 ^ . 2 a ) / { ( l - F2x + ?
2 x 2 ) ( l - qy) (I - qz)}. 

Proof: Y, Wm+n+kWn+t+kWt + m+kxmynZt 

m,n, t = 0 

XI (Aam+n+k + B$m+n+k)(Aan+t+k + B$n+t+k) 
m'"**~° .(Aat + m+k + B$t+m+k)xmynzt, by (2) 

= A3a3k/{(1 - a 2 « ) ( l - a2z/)( l - a 2 s ) + IAzBqkak/{(.l - a 2 x ) ( l - qy) 
• (1 - qz)} + TAB2qk8k/{(l - g2ar)(l - qy) (I - qz)} 
+ B 3 g 3 k / { ( 1 - e 2 a ) ( l - B2z/)(1 - 32s)}> by (4) 

= f(x, y, z; k)l (1 - V2x + q2x2)H - V2y + q2y2)H - V2z + q2z2) 
+ ABqkZ(Auk(l - B2x) + Bgk( l - a2x))/{(l - V2x + q2x2) 
• (1 - qy)(l - qz)} 

= d2 ' fix, y, z; k)/Dw(x, y, z) 
+ eqkd-2UWk - q2Wk_2x)/{(l - V2x + q2x2) (1 - qy) (1 - qz)}, 

where 
f(x, y, z; k) = A'a^il - g ^ ) ( l - Bzz/)(1 - $zz) 

+ B J 3 ' * (1 - azx)il - azy)il - azz) 
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j =o 

From Lemma 15 we obtain 

d2-f(x, y, z; k) =io(-q2)3'hj{jbQ(l)(-aqyb2-rW3k_2._r} 

= W3(xs y3 z\ k), 
which proves Theorem 3. 

Taking k = 0 in Theorem 3S we have 

oo 

Corol lary it: £ wn,+rfln + tVt+mxmyn*t " w
3(x> #> z> ° ) / V x > V> s> 

m,n,t = 0 
+ ed"2Z{a - q2W_2x)/{(l - V2x + q2x2) (1 - qy) (I - qz)} . 

Obviously, all formulas of §4 in [1] are special cases of Theorem 3 and Corol-

lary 4. 
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