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1. INTRODUCTION

This note is an extension of the results of L. Carlitz [1l] concerning the
problem of the multiple generating functions of F} and L,, where F;, and L, are
the kP Fibonacci and Lucas numbers, respectively. Our proofs are very similar
to those given by Carlitz [l]. Notation and content of [3] are assumed, when
required.

Consider the sequence of numbers W, defined by the second-order recurrence

relation

W,,, = PW,., - gW,, with W, = a and W, = b, (1)

W, = Wq(a, b; s q),

where a, b, p, and q are real numbers, usually integers.

From [2] and [3], we have

W, = Aa™ + BR", . 2
where
a=(+d/2, B=(p-dJ/2,d=(p>- 4", "
3
A=(b-aB)/d, B = (ac - b)/d.

Standard methods enable us to derive the following generating function for

{w,},

i W = {a + (b - ap)x}/(1 - pz + qx”). (4)
n=0
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2. MAIN RESULTS

Define

[ O 2.2
Cw(xl, cees ) —-JEE_(I - qxj)(l - Véxj + q xj),

Wi (xys «uns &ps k) = Aok e _[mIl (@+ (b - ap)ox;) (1 - Bzxj)
J=
] + BR¥ - ,I""Il (a+ (b - ap)Bu;) (1l - a’x)),
Je

Wo(Zys ooy Ty k) = ock-jf[l (a + (b - ap)oz,;) (1 - B%x;)

- + k. ﬁl (a+ (b - ap)Bx;) (1 - oczxj),
i=

where V, = W,(2, p; p, ¢). That is, V, =2, V, =p, V, = p? - 2q,
Theorem 1: Z Mo tocitn +2Wn, +o- anxfl cee X
Nys eees Ny=0

= Wy(Xys wees Xy KY/Cp(zys oovs ).

n n
Proof: E Wnjtooitm e Wy oee Wy @yt oo X"

ny

™

(At ety gt Ry Ly w2l by (2)

=4k D Wy e Wy (o) .o (omy)"

o

+ B85 DL Wy .. W, (Bm) ... (B)

Ry enns iy =0
= Aok - _ﬁl (@ + (b - ap)ox;) /(1 - pax; + qa’x?)
Rt
+ 8%+ 11 (@ + (b - ap)Be) /(1 - pa; + qB%), by (4)
- Agk . j[':]l(a + (b - ap)az;)/{(1 - a’x,) (1 - oke;)}
¥ Bek-jfjl (a+ (b - ap)Be;)/{(1 - B%;) (1 - afe,)}, by (3)

=W, (Xys voes Xy k)/CW(xl, cees X))
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Using a method similar to that used for Theorem 1, we have

©

. n, n
Theorem 2: 2: Vit ooebn e iy woe Wy oyt ooy

= Wo(@ys wuns Xy K)/Cy(ys oovs ap) .

Taking m = 2 in Theorems 1 and 2, we obtain

Corollary 1: 2 Woy,sx W, W,2™y"
ol

m, 0

Wixs y3 K)/Cy(xs y)

Me

and v

m,,n
m+n+k Wman Y

Wz(xs Ys k)/Ow(x: y)’

m,n=0

N

where
Cylxs y) = (1 -qgo)(1 -~ g1 - Vyx + q*x®) (1 - V,y + q°y?),

Wo(x, y;3 k) = a’W, + a((b - ap)W,,, - aq®W, _,)(z + y)
- a(b - ap)q?W, (@ + y)* + ((b - ap) *W,, , + a’q*W, _,)ay
+ (b - ap)(aq*Wy .3 = (b = ap)q®W, )y (x + y)
+ (b - ap)quwk_znyZ’

W,(x, y3 k) = a’V, +a((b - ap)V,,, = aq®V, _,)(z + y)
- a(b - ap)q?V, (x + y)? + (b - ap) W, , + a’q*V,_ Dy
+ (b - ap)(aq*V, _, = (b = ap)g?*V)dxy(x + y)
+ (b - ap)2q"V, _,x’y*.

Taking X = 0 in Corollary 1, we derive

[

Corollary 2: 2. Wy W, W x™y"
gl

m+n"m
m,

. Wy(x, y3 0)/C,(xs y)

and 2 Vg Wy ™y

Wy(xs y3 0)/Cy(xs y)»

where
Wo(x, y3 0) = a® + a(b? - a?(p? - @))(x + y) + a(b - ap)?q(x + y)?
+ (b - ap)2(bp - aq) + > (" - 3p3q + ¢?)
- a’b(P® - 2pg))ay + aq(b - ap) (ap(P* - @)
b(p? - 2g))xy(x + y) + (b - ap)?q®(ap? - q) - bp)x?y?,

W,(x, y; 0) = 2a% + a(bp - 2a(p? - @))(x + y) - a(b - ap)pq(x + y)?
+ ((b - ap)?(p® - 2q) + a®(p* - 4p*q + 2¢°))xy
+ q(b - ap) (a(®® - 3pq) - 2q(b - ap))ay(x + y)
+ b - ap) 22 (% - 29)xy>.
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Obviously, all formulas of §2 in [1] are special cases of Theorems 1 and 2 and
Corollaries 1 and 2 since F, = ¥,(0, 1; 1, -1) and L, = W,(2, 1; 1, -1). Note
that (2.2), (2.3), and (2.8) of [1] are misprinted.

Taking m = 3 and k = 0 in Theorems 1 and 2, we have

Corollary 3: Z Wt sk Wl Wy ™y 2%
m,n, k=0

and 2:

m,n, k=0

I

Wo(x, y, 35 0)/Cylx, y, 2)

3

Vm+ n+k Wrn Wn kamynzk

]

Wo(x, y, 2 O)/Cw(x, Ys B),
where
Cw(x, y, 3) = (1 —qx)(1 - gy)(1 - ga)(1l - V,x + qzxz)(l - Yy
+ g%y A - V,z + g°z%),
Wo(x, ¥y, 235 0) = a® + a((b - ap)Wy - aq’W_,)(x +y + 2) + a((b - ap)?W,
+ a’q"w_) (wy + yz + zx) + (b - ap)*W, - a®q®W_g)xyz
- a?q*(b - ap)W_,(x +y + 2)? + a’q(b - ap)
s Wy = (b - ap)@)(x + y + 2)(xy + yz + 2x)
+alb - ap)?qW_,(xy + yz + z22)? - q*(b - ap)
((b = ap)?W, + a’q"W_Jayz(x +y + 2) + (b - ap)?
((b = apdW_, + ag®W_)q wyz(zy + yz + ax)

(b - ap)*q®W_,x%y?s?,
W,(x, y, 23 0) = 22 + a((b - ap)p - aV,)(x + y + 2) + a((b - ap)?V,
+a®v,) (xy + yz + zx) + ((b - ap)*Vy - a’Vy) ayz

a’(b - ap)pg(x + y + 2)% + a’q{b - ap)

(Vy - (b - ap)q)(x + y + 2)(xy + yz + z2x)

aq®(b - ap)*V,(xy + yz + zx)* - q(b - ap)

((b - ap)’pq + azvs)xyz(x +y+2) +q%h - ap)?

+

((b - ap)pg + aV)xyz(xy + yz + zx)
(b - ap)3q*V x%y?22.

Obviously, all formulas of §3 in [1] are also special cases of Theorems 1 and
2 and Corollary 3. Note that (3.2)-(3.5) of [l] are misprinted.

Define
Wk, m) = Akam - (-B)*B™.
From (2), (3), and the binomial theorem, we have

k-1 - r P
Lemma 1: d* YW(k, m) = > <k , 1)(—aq) pk- le-r.
r=0
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dk-takam - (-B)¥B™, by (2)
Ao (dA)* -1 + BR™(-dB)k 1
Aa™(b - aB)* "t + BR™(b - aa)*"1, by (3)

Proof: d* ‘w(k, m)

A eawrr s

- 1)(—aq)”bk‘”-l(Aam-1’+ BB™ "), by (3)

I
B
1
o
SN S
3

Y ag)"B* ", L, by (2).

r r

Define

Dy (z, y, 2) = d*(1

V,2 + q?z®) (1 - V,y + q°y*) (1 - V,z + q%z%)

3 2
j 2 -
Vs ys 55 00 = 3 a7 g B (5 )ean b W g b
= re
where %; is the Jth elementary symmetric function of x, y, and z. That is to
say, hy =1, hy =x+y + 2, h, = xy + yz + zx, and h, = xy3.

o

Theorem 3: S Wk Vs tak Woamer €YY = Wy, ys 25 K)/Dylx, Y, 2)

myn, t=0
k g-2 2 2,2
+ eq"d LW, - qW @) /[{(1 = Vo + g®x®)(1 - qy) (1 - qa)}.

L

. t
Proof: Z Wt ntk Wt t4k Weame 1 €Ty 2

myn, t=0
o

= Z (Aam+n+k + BBm+n+k)(AOLn+t+k + BBn+t+k)
my,n, t=0 -(AOLt+m+k + BBt+m+k)xmynzt, by (2)

= 3% /{(1 - a2x) (1 - a?y) (1 - a?z) + ZA%BgkaX/{(1 - o2z) (1 - qy)
« (1 - ga)} + ZAB*q*p*/{(1 - B%x) (1 - g (1 - ga)}

+ B33 /{(1 - B%x) (1 - B*) (1 - B%2)}, by (&)
e, ys 25 K/ (1 = Vyx + q%x®)(1 - V,y + ¢°y*)(1 - V,z + g%2%)
+ ABG*I(Ack(1 - B%z) + BRM(L - o2x))/{(1 - V,z + q°x?)

c (1 - g - ga)}
d* -« f(xs y> 35 k)/Dyxs ys 2)

+ eq*d 2z (W, - q*W, @) /{1 - V@ + ¢®x*) (1 - g (1 - ga)},

where
flx, y, 23 k) = A% (1 - B2x) (1 - By (L - B%z)
+ B3 (1 - a?x) (1 - a?y) (1 - o3z)
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3 .
= 3 (-g*) W3, 3k - 24).
J=0
From Lemma 1, we obtain
2 < 2yd 2 (2 ry2
° . = - . - -r
Sy 0 = Y Y m{ 2 (2)c-a)"s o ng oo}
=W, (x, ¥y, 35 k),
which proves Theorem 3.

Taking k¥ = 0 in Theorem 3, we have

o

Corollary kL: 2: W vl 4tV @™y 2% = Wy, y, 25 0)/D(x, y, 2)

myn, t=0

+ed?%(a - ¢*W_,x) /{1 - V@ + g’x®) (1 - qy)(1 - g&)}.

Obviously, all formulas of 84 in [1] are special cases of Theorem 3 and Corol-

lary 4.
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