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The p u r p o s e of t h i s n o t e i s to p r e s e n t a n e l e m e n t a r y m e t h o d fo r 

s u m m i n g the f i r s t n t e r m s of a s e q u e n c e w h i c h s a t i s f i e s a g i v e n h o m o -

g e n e o u s l i n e a r r e c u r s i o n r e l a t i o n e The m e t h o d i s , i n f ac t , a s i m p l e 

e x t e n s i o n of t h a t n o r m a l l y u s e d fo r s u m m i n g a g e o m e t r i c p r o g r e s s i o n , 

w h i c h w e f i r s t r e c a l l . 

Le t : 

S = a + a r + a r + . . . + a r 

Then : 

T h e r e f o r e : 
- r S - a r - a r 

n n+1 
. - a r - a r 

S( l - r ) = a - a r n+1 

and if r / 1, 
n+1 

S = 1 - r 

We now t u r n to t h e g e n e r a l c a s e . If fo r e v e r y p o s i t i v e i n t e g e r j , 

G. s a t i s f i e s 
J 

(1) G . ,, + 2 c G . , , . = 0 , j+k i = 1 I j+k-i 

w h e r e t h e c . a r e f ixed q u a n t i t i e s , we w r i t e , a s a b o v e 

S = G, + G~ + G~ + . . . . + J G, , , + G, , - + . . . + G | 
1 2 3 i k+1 k+2 n I 

t i 0 , 8 = 0 , 0 , + c , G~ + . . . + g c , G, + c , G , , , + . . . + c , G , |+ c , G 1 1 1 1 2 I l k 1 k+1 1 n-1.5 1 n 

C2S: 

k 

c 2 G 1 + . c 9 G , , + c ~ G , + . . . + c ~ G ^i+c-G , + c ~ G 2 k - 1 2 k 2 n - 2 i 2 n - 1 2 n 

c v G i + c v G ? + . . . + c , G , ; + . . . + c , G ^ i- k 2 k n-ks k n 
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Since, adding ver t i ca l ly and using (1), the sum of the t e r m s inside 
the dotted lines is ze ro , we see: 

S(l +c][ +. . • + c k ) = Gx(l +c][ +. . . + c k ) +G2(1 +c x +. . , + c k ) + . . . + G k 

+ G (c. + c 0 +. . . + c. ) + G , (c0 +. . . + c. ) + -„ . + c. G . , . . n 1 2 k . n-1 2 k k n-k+1 

If 1 + c, + c . + , . . + c. , / 0, we can solve for S. 
1 2 k-1 

The same method can be used to find 

n t 
X i G- » for a given t, 

i=l 1 

if the G. satisfy (1)„ To facil i tate the presenta t ion , we collect some 
terminology and factsa 

Let E be the opera to r with the p rope r ty that 

EG. = G. ,, . 
I l+l 

To say that G. sat isf ies (1) is equivalent to the s ta tement that the 
opera to r 

v k 
0(E) = EK + 2 c. EK"X 

i=l 1 

when applied to any G., yields ze ro (E being the identi ty operator), , 
The assoc ia ted polynomial 

k k k - i 
0(x) = x + X c.x 

i=l 1 

is cal led the c h a r a c t e r i s t i c polynomial.'** The specia l role of the num-
ber one in our genera l iza t ion is now eas i ly stated, for 

1 + c, + . . . + c, ^ 0 
1 k ' 

if and only if unity is not a root of the c h a r a c t e r i s t i c polynomial . 

0(x) is unique if we a s s u m e 0 ( E ) G. = 0 for al l posi t ive j impl ies 
the degree of 0 (x) > k. 
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It is known ( [2] , pp. 548-552) that if 0(E)G. = 0, then B ^ - j ^ G . 
J J J j 

sa t isf ies 

[0(E)] t B. = 0, for t > 1. 

If 0(1) / 0 then if,(l) ^ 0, where i//(x) = [0(x)] , and the method jus t 
desc r ibed can be used to find 

n n t -1 
T = 2 B. = 2 • j G. 

j=l J j=l J 

Writing 

we find: 

0(x) = x + 2 d x "1, 
i=l 

kt - j kt-1 
p n T = I P-B. + X r . B . 

where 

k t - j kt 
p. = 1 + X d. and r . = £ d. . 

J i=i x J i = j+ i x 

Since 0(E)G. = 0 and B. = j G.? one can eas i ly obtain T in t e r m s of 

1 k-1 n-k+2 n 
The assumpt ion that unity not be a root of the c h a r a c t e r i s t i c 

polynomial has been c r i t i ca l to our d i scuss ion so far . We now a s s u m e 
\G.{ sa t i s f ies 

X(E) G. = 0 
J 

where X(E) is a polynomial with X(l) = 0o Fac tor ing out al l the fac-
t o r s x - 1 in X(x), we obtain 

X(x) = (x - l ) a 0(x), where 0(1) 4 0. 
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Lett ing C. = </>(E)G.3 we note: 

n -k k-1 
6(1)S = <t>Q . ^ G. = . ^ G . q . + . ^ C. + ^ G . s. 

where 

v k v • 
X(x) = x* + 2 c..xK_1 

i = l 1 

k- j k 
q. = 1 + X c. and s. = 2 c. 

J i=l X J i=j+L * 

However, it is known ( [2 ] , pp. 548-552) that if (E - l ) a C. = 0, 
then C. is a polynomial of degree < a ~ . l . If we a s s u m e the formulas 
for 

n 

j=l 

a r e known, for j a posi t ive in teger , the only problem remain ing is 
a-1 that of de termining the polynomial C. = d_ + d. j + . . . + d . j . It ° j 0 1 a-1 

is easy to show that the difference opera to r E - l when applied to a 
polynomial of degree r yields a polynomial of degree r - 1. T h e r e -
fore (E - 1) C-. involves only d . , d 7 . . . , d. and the sys tem of 
l inear equations on the d. obtained by computing (E - 1)JC-., j = 0, 1, 
2, . . . , a - 1 can c l ea r ly be solved for the d.. 

The above is a genera l iza t ion of the technique used by E r b a c h e r 
and Fuchs to solve problem H-17. [4 J 

Example : A s s u m e that for each posi t ive in teger j , G. sa t is f ies 
X(E)G. = 0, where X(x) = (x - I ) 3 (x3 - 3x2 + 4x + 2) = (x -1 ) 3 <#(x). If 
GL = G2 = G 3 = G 4 = G = 0, G6 = 1, then C1 = 0(E)G 1 = 0, C 2 = 0(E) 

*G2 = 0, C 3 = 0(E) G3 = 1. With C. = dQ + d} j + d2 j 2 , we find 
(E - 1 ) 2 C1 = 2d2 = 1, (E - 1) CL = dl + 3d2 = 0 and C = dQ + c^ + o^. 
Hence C- = 1 - (3/2) j + j 2 / 2 and 
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n - 3 
< £ ( 1 ) S = 4 S = 2 G , - 2 G 9 + G . + 1 (1 - ( 3 j ) / 2 + j / 2 ) + 3 G + 6 G i + 2 G 0 i L 5 . ^ ' ' n n-1 n-2 

n - 3 
2 (1 - (3j)/2 + f/Z) + 30^ + 6G , + 2G^ . 

In conclusion, we have seen how the e l emen ta ry method used to 
sum a geomet r ic p r o g r e s s i o n can be general ized to find the sum of the 
f i r s t n t e r m s of a sequence "which sat isf ies a l inear homogeneous r e -
curs ion reLation. It may be worth stating that this method is applicable 
to a sequence whose t e r m s a r e products of cor responding t e r m s of 
sequences each of which satisfy a l inear homogeneous r e c u r s i o n r e l a -
tion (see [ l ] pp. 42-45 for a specia l case) . 

We propose as a problem for the r eade r : Find in closed form 
the sum of the f i rs t n t e r m s of the sequence Jw { : 

1, 2, 10, 36, 145, . . . 

where w ' = F G with F ^ = F ,. + F (F, = F9 = 1) and n n n n+2 n+1 n 1 & 
G , ? = 2G ,. + G (G1 = 1, G9 = 2).-n+2 n+1 n 1 2 
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