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It is well known that
@ B, =FE,(5F2+3(-1")
Less well known are:
(b) F, = F,{25F} +25(-1"F? +5);
(c) F,=F{125FE° +175(-1)"E} +70F* +7(-1)"}.

In this paper we are concerned with proving a general formula which encompasses the above
identities. That is, expresses F,, as a polynomial in F, for odd m. Also we prove two additional
formulas which express F,,, / F, as a polynomial in the Lucas numbers Z,. Our first theorem is

Theorem 1:

< 2g+1 k+1
_  nyn(g+ky 4“4 k(q+kKk+ 2k
PEZqH)n _E];( 1) q+k+15 ( 2k +1 )E‘z » n»qZO-

Taking g = 1, 2, and 3, respectively in Theorem 1 gives us (a), (b), and (c) above. From Theorem
1 a couple of well-known results follow as corollaries.

pn p n ( no d p)‘

Proof: Take p=2q+1, p prime, in Theorem 1, and by Euler's criterion, we have

b (s
52 5(5) (mod p).

Corollary 1.2: For prime p and g, we have F,, =F,F, (modpq).
Proof: From Corollary 1.1 with n =1 and n =¢, we have

5 5 .
F,= (;) (mod p) and F, = (EJF" (mod p), respectively.

Hence, F,, = F,F; (mod p).
Similarly, F,, = F,F, (modgq). O
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Proof of Theorem 1: First we need two lemmas.

Lemma (i):
1 P 1 2 2m+1 k+1Y 1Y
xz’”+—)+(x2’" 24 )+---+ 4= |+1= —(m+ -
( x*" x> 2 x? ,;,m+k+l 2k+1 \¥ 7y
2m 1 2m—-2 1 m+lf 2 1 m
x +;ﬁ - x +x2’”‘2 +o+ (D" x +F +(-1

L mee 2m+1 (mik+1 1)
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=0 m+k+1 x

Now, from F, = “n'ﬁn , Where a+ =1 and affi= -1, we have for integer p>1, n>1,

a—

F pn _ pgpn
(11) %:%: xp-l+xp_2y+xl"3y2+...+xyP"2+yP"1’
n &y = Pn

where x=a", y=4"=(-1)"/x.
Now, for odd p, the RHS of (1.1) is

(xp’l +

(xp—l+ :_l)+(_l)n(xp—3 +%)+...+(_1)"(x2+_1_2)+1’ psl (mod4),
x x X

1 A s 1 1 .
x"“)+(_l) (x" 3+F)+---+(x2+y)+(—l) , p=3 (mod4),
and x+1 =" +—-=a" +(-1)"B". So that
(1.2) x+—1—:(a—ﬂ)E, for odd ».
X

(1.3) x—l=(a—-ﬂ)Fn for even n.
X

Since a—B=+/5, we have, from (1.2) and (1.3),

2
(1.4) (x+%) =5F* for odd n,

2
(1.5) (x - ;lc—) =SF? for evenn.
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So if we take p=2m+1, and assume » is even, we have, from (1.1),

pn _ 2m 2m—2 2

Now apply Lemma (i) and use (1.5) to give Theorem 1 for even n. Similarly, setting p=2m+1
and assuming #» is odd, we have, from (1.1),

I 4 -1 1 1
4 2m 2m-2 m+l] .2 m
_1"__—Lx ;+_T”T)_(x +x2m_2)+...+(_1) +(x +_x_2)+(..1) .

n

Now apply Lemma (ii) and use (1.4) to give Theorem 1 for odd n. To complete the proof of
Theorem 1, it only remains to prove Lemmas (i) and (ii). These can be proved by induction. For
example, to prove Lemma (i), we set

1

FXE T P N 1_ toet| X+ |+
m 2m 2m—2 2
X X X

and use
2 1 2m 1 _ 2m-2 1 2m+2 1
(x+;2— x +xw-x +x2”"2+x ++W
to give
. 1
(xz +F)Pm(x) = Pm+l(x) +1 —l(x)‘
Hence,
. 7
1.6) Boa(x)= {(x —;) + 2}Pm(JC) — B, (%)

Then substitute the summation on the RHS of the identity in Lemma (i) for P,(x) and P,_;(x) in
(1.6). Some careful work then gives £, ,(x) in the same form as the summation in Lemma ().

This proves Lemma (i). Lemma (ii) is proved in a similar manner, and this completes the proof of
Theorem 1. [

For our next theorem we need some additional lemmas; these can be proved by induction ina
way similar to that used to prove Lemma (i).

Lemma (iii):

1 1 1 “ +k 1 >
2m 2m-2 mll 2 m 2 : m
(x +__2;)_(x + 2m—2)+ “es +(_l) (x +__2)+(__1) kzo( )(x_.__) .

Lemma (iv):

k
x*" +L)+ (xz’”‘z +—1——] e +(x2 +i)+ 1= Zm: (—1)m+k(m+ k)(x+ 1)2
2 22 2 P 2k x )
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Again from (1.1) with p =2m+ 1, and noting that

(1.7) x—%:a"+ﬂ”:l,n for odd 7,

1
(1.8) x+;:a"+ﬁ"=Ln for even n.

we have, from (1.7), (1.8), and Lemmas (iii) and (iv),
Theorem 2:

3 nilgriy( g+ K 2x
Fogin = Fn}%(*D 2k Jn> g0

A well-known formula follows as a corollary by taking #» = 1; since Z; =1, we have

Corollary 2.1:
L(q+k
‘F;q+1 = Z(QZk )
k=0

Qur final theorem is similarly derived from the following two lemmas.

Lemma (v):
1L w31 iyl 3yt 1Y & (m+k-1 izk_l
S O ey

Lemma (vi):

k-1
2m1 1 ) ( (23 1 ) ( 3 1) ( ) m+k(m+k l)( 1)2
; +—— |+ + Fo | X+ — 1 X+— .
(’C ] 23 P Z( ) 2k -1 X

Using Lemmas (v) and (vi) along with (1.1) gives
Theorem 3:
n +k-1
By = FZ( 1)¢ “)(‘“")(q k1 )lz" L n>0,g>1

Again taking n = 1 gives us a well-known formula as a corollary.

Corollary 3.1:
q
_ g+k-1
'EQ"ZQ(Zk—l)'

The reader may notice that we appear to have one theorem missing. Namely, a theorem that
expresses £, as a polynomial F,. However, to obtain such a formula we would need to be able
to express the LHS of Lemma (v) exactly in powers of (x+<) for odd » in (1.1), and the LHS of
Lemma (vi) exactly in powers of (x—+1) for even n in (1.1), neither of which is possible.
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