EVEN DUCCI-SEQUENCES

Anne L. Ludington-Young
Department of Mathematical Sciences, Loyola College in Maryland, Baltimore, MD 21210
(Submitted June 1997-Final Revision July 1997)

Ducci-sequences are successive iterations of the function
D(X) :D(xla x27 cees xn) = (lxl _lea |x2 —-x3l’ "'alxn _xll)'

Note that D:Z" — Z", where Z" is the set of n-tuples with integer entries. Since the entries of
D(X) are less than or equal to those of X, eventually every Ducci-sequence {X, D(X), D*(X),
..., D/(X),...} gives rise to a cycle. That is, there exist integers 7 and j for which 0<i < j and
D/(X)=D'(X). When i and j are as small as possible, we say that the resulting cycle, {D'(.X),
..., D/7(X), ...}, is generated by X and has period j—i. IfY is contained in a cycle of period &,
then D/(Y)=Y ifand only if k| j.

Introduced in 1937, Ducci-sequences and their resulting cycles have been studied extensively
(see [1]-[7]). Tt is well known that for a given cycle all the entries in all the tuples are equal to
either O or a constant C (see [2] and [4]). Since for every 4, D(AX) = AD(X), we can assume
without loss of generality that C =1. Thus, when studying cycles of Ducci-sequences, we can
restrict our attention to Z7, the set of n-tuples with entries from {0, 1}. In addition, we can view
the operation associated with D as addition modulo 2 since, for x,y € {0,1}, |x—y| = (x+ )
(mod 2).

Most of the work on Ducci-sequences has focused on the case when » is odd or a power of
2. Here we consider the case when n=2°-q, where s >1 and g is odd with ¢ >1. We will show
that associated with an n-tuple X are 2° different g-tuples that completely determine the behavior
of X. In particular, we will show that an n-tuple X is contained in a cycle if and only if each of the
2¢ associated g-tuples is in a cycle. Further, the period of the cycle generated by X is determined
by the periods of the cycles generated by the 27 associated g-tuples.

To motivate the notation that will be introduced shortly, consider the following representa-
tions of a 12-tuple X:

X = (xy, Xy, X3, X4, Xs, Xg, X7, Xg, Xg, X9, X1, X12)
=(x,0,0,0,x,0,0,0,x,0,0,0)+(0, x,,0,0,0, x,0,0,0, x;, 0, 0)
+(0,0,x,,0,0,0,x,,0,0,0, x,,,0)+(0,0,0,x,,0,0,0, x5, 0,0,0, x.,,).
We see that associated with X are the following four 3-tuples:
(%1, X5, %5), (xa, Xg, X%10), (X3, X7, X11), and (xg, Xg, X;2).

When we form these smaller tuples, we will say that we compress the original tuple. Conversely,
we can begin with these four 3-tuples and expand them to a 12-tuple by inserting zeros and
adding.

Since we are interested in even tuples, we will often need to work with powers of 2. To sim-
plify notation, we will write 2° as 2"s whenever this expression appears as a superscript or sub-
script.
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Let X be an n-tuple where n=2°-q with s>1. Forie{l,2,...,2%}, the compression func-
tions C, ,n: Zy —> Z] are defined by C, ,.(X) = (c;), where

€ =Xy

2t
For i €{l,2,...,2°}, the expansion functions K .,:Z{ — Z] are defined by E, ,.(¥)=(e;),
where
{e}. =y, Whenj=i+A1-2°forA=0,1,..,9-1,
e;=0 when j #i (mod 2°).
The observations below follow immediately from the definitions of the compression and
expansion functions:

2"s

X =) E; 10,(C, 37,(X)) for X €Z}, where 2°|n; €))
i=1

C o (E ,(¥))=Y for Y € Z], where n=2-q; 2)

C.2(E; ,(1))=(0,0,...,0) for Y € Z], where n=2-q and i # j; 3)

Cj,z(Ci, 2s(X)) = Ci+( j=1)-2%s, 2A(s+1)(X) for X e€Z], where 2t |n; )

Ei, 2AS(Ej,2(1’)) = E‘i+(j—1)-2’\s, 2/\(s+1)(Y) for Y Equ , Where n= 2s+l . q . (5)

We use these observations to express D*"*"™(X) in terms of D" (G 2n(XD)).

Theorem 1: Let X be an n-tuple, where 2|n. Then

DZ(X) = ZlEi,Z(D(Ci,Z(X)))'

Proof: Let X =(x,,x,,...,x,). Then
D(X) = +x,, X, +X3, X3+X4, X4 +Xs,..., X, 1 +X,, X, +X,),
DX (X) = (34X, X, + Xy, X3+ X, X+ X, .0, X, +Xp, X, +X,).
On the other hand,
C o (X)) = (%), %3, X5, ..., X,,_)),
D(Cy 5(X)) = (q +X3, X3 +%s,..., X,y +3),
E ,(D(C (X)) = (x;+%x3, 0, X3+ X5, 0, ..., X, +X,, 0).
Similarly,
E, ,(D(C5(X))) = (0, x,+ x4, 0, X, +%g, ..., 0, X, +X,).
Thus
DX(X) = Ey 5 (D(C, 2(X)) + Ey ,(D(Cy (X)) O
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Theorem 2: Let X be an n-tuple, where 2|n. Then
2
D(X) =3 E, ,(D"(C ,(X))).
i=1

Proof: By Theorem 1, the result holds for m=1. Assume it holds for m and consider m+1.
Now D*™(X) = D*(D*"(X)). Thus

) 2
D2(m+l)(X) — D2 (Z E,,z(Dm(q,Z(X)))J = Z_:Ej’z (D(Cj,z (Zi: E),2(D"'(q,2(X)))JJ) (6)
Using observations (2) and (3), (6) simplifies to

DXmI(X) = E, y(D(D"(Cy (X)) + E; o (D(D7(Cy 2(X))))

2
=2 E ,(D™(C 2(X))). O
i=1
Theorem 3: Let X be an n-tuple, where 2°|n with s >1. Then
2Ns
D? X)) = in,lAs(Dm(q,T‘s(X)))’
i=1

Proof: By Theorem 2, the result holds for s=1. Assume it holds for s and consider s+1.
Using the induction hypothesis, we have

2"s
DD m(X) = DEVCN(X) = 3 E, 5 (D™(C, 2 i(X)))
i=1
20s (7)

2
= 21 E}, 2%( E_]',2(Dm(cj,2(ci, 2’\x(X))))J .
i= Jj=1

The last equality in (7) follows from Theorem 2. Using observations (4) and (5), (7) simplifies to

2%s 2

DZA(M).M(X) = Z Z Ei+( j-1)-2%s, 2“(s+1)(Dm(Q+( j-1)-27s, 2’\(s+l)(X )))

i=1 j=1

27(s+1)

= ,21,Ei,2A(s+1)(Dm(Ci,2A(s+1)(X)))- g
Corollary 1: Let X be an n-tuple, where 2°|n ;with s>1. X is contained in a cycle if and only if
C; 2n,(X) is contained in a cycle for i €{], ..., 2°}.
Proof: Suppose X is contained in a cycle of period £; that is, DF(X)=X. Then
DYsF(X)=X.
Using (1) and Theorem 3, we see that
C,20(X) = G 0 (D¥H(X)) = DH(C, 20,(X))

fori e{l,...,2°}. Hence for each i, C; 5,,(X) isin a cycle.
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Conversely, suppose that, for each 7, C, ,,(X) is in a cycle of period k;. Let m=lcm(k,, k,,
s kgng). Since D™(C; 40, (X)) = C; 405(X), by Theorem 3 and (1), D***"(X)= X. Hence, X is
inacycle. O

For odd », an n-tuple X is contained in a cycle if and only if the sum of the entries of X is
congruent to 0 modulo 2 (see [4]). Thus by Corollary 1, for n=2°-g, where s>1 and ¢q is odd
with ¢ > 1, an n-tuple X is contained in a cycle if and only if for each i €{1, ..., 2°} the sum of the
entries of C; y~,(X) is congruent to 0 modulo 2. Although the terminology is different, this result
appears in [4]. In a moment we will begin to consider how the period of the cycle containing X is
related to the periods of the cycles containing C; y»(X), i=1,...,2°. First, we prove a rather
technical corollary that we will need later.

Corollary 2: Let X be an n-tuple, where 2°|n with s>1. Then
G, (DO (X)) = G 27 (X) + Crignsny, 205(X)
fori=12,...,2"

Proof: Let n=2°-q=2""'-2q. By Theorem 3,
27(s-1)

DYED(X) = Y E, an 1y (D(C 2o (X))):

i=1

For ZeZM andi=1,2,..,2",
Ci, 2As(Ei, 2/\(s—1)(Z)) = Cl, 2(2),
C; ang(E; 2n(5-1(Z)) = (0,0, ..., 0) when j#i.
Hence C, 5., (D*¢ (X)) = C, ,(D(C; yn-1y(X))). Now
G, 2/\(5—1)(X) = (%, Xit27(s-1)> Xir2:27(s-1)> Xi+3-27(s=1)> =+ +> xf+(2q—1)-2A(s-1)) >

D(C, s (X ) =(x, + Xip2n(s—1) T Xia2:27(s-1)> Xiv2-2°(s-1)> -+ > Xir(2g-1)-27(s-1) T %)

Ci, 2As(D2A(H)(X )) = Cl, 2(D (Q,ZA(x—l)(X)))
= (3 F Xp2n(s=1> Xi2-27(s=1) T Xia3.27(s1)> -5 Xir(2g=2)-27(s=1) T X (2g-1)-27(s=1))
= (x;, Xi42-27(s=1)> *++> xi+(2q—2)-2/‘(s—l)) + (xi+2"(s—l)’ Xit3-27s=1)> > xi+(2q——1)~2’\(s—l))
= G 2ns(X) + Ciangsany, 205(X). O
We now begin considering how the period of the cycle containing X is related to the periods

of the cycles containing C, 5. (X), i=1,...,2°.

Theorem 4: Let n=2°-q, where s>1. Suppose X is an n-tuple which is contained in a cycle of
period k. Let k; be the period of the cycle containing the g-tuple C, ;o (X), i=1,...,2°. Then
k=2"-lem(k, k, ..., k,»;) for some 0<?<s.

Proof: Let m=1lcm(k,, k,, ..., ky»,). As noted in the proof of Corollary 1, D*™*™(X)= X.
Consequently, £|2°-m.
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We now show that m|k. Since D*(X) =X, it follows that D***(X)= X. As we showed
in the proof of Corollary 1, D* (G, 275(X)) = C 4 (X). Since k; is the period of the cycle con-
taining C, (X)), k|k fori=1,...,2°. Consequently, m|k. Since m|k and k|2°-m, we conclude
that £ =2'-m for some 0<t<s. O

Theorem 5: Let n=2°-q, where s>1. Suppose X is an n-tuple which is contained in a cycle of
period k =2'-m, where m is odd and 0< <s. Then

m+1

Ciaare, ey (X)) =G (X)) +DT (@, 21y (X))
fori=1,...,2".

Proof: Since 0<t<s,1<t+1<s,and 2'*|n. Thus by Theorem 3,

D2At.(m—l)(X) - Dz/\(H,l).mz;l(X)
27(t+1) (8)

= 121: E; 2A(z+1)(Dm_2_l(Q,2A(r+1)(X )))
By hypothesis, D*"""(X)= X. Since X = D¥"""(X) = D*"(D¥""D( X)),
Ci, 2A(r+1)(X) = Cf,2A(1+1)(DZAt(DZAt'(m—l)(X)))
By Corollary 2,
Ci, 2'\(t+1)(D2At(DZA[.(m—I)(X))) = Cl 2A(r+1)(D2AtA(m_l)(X)) + Ci+2Ar, 2A(r+1)(D2At'(m_l)(X))

fori=1,...,2". Thus

C XD = Gy D D)+ ooy ey D V(X)) ©
Using (8) to find the two terms on the right-hand side of (9), we can rewrite (9) as
C () = DF(C ey )+ DF (G, ey (X)) (10)
Applying D7 to (10) gives
DmT_l(Q,zA(m)(X)) = D"(C gngay (X)) + D"(Crazne, 2nan(X)). (11)

By hypothesis, D*""™(X)= X . Hence D*"*""(X)= X. Thus, using Theorem 3 and (1),
Cj, 2A(t+1)(X) = Cj, 2A(r+1)(D2A(t+1).m(X)) = Dm(Cj,Z’\(r+1)(X))
for j=1,...,2""!. Using this to simplify (11) and rearranging terms gives the desired result. O

We now prove the converse of Theorem 5. To do so, we will need the following well-known
result: when 7 is odd, the period of a cycle of n-tuples divides n- (29" —1), where ¢(n) is Euler's
phi function [3]. Actually, a great deal more is known about the period, but this is all we require.
Specifically, when n is odd, the period of each cycle of n-tuples is odd.

Theorem 6: Let n=2°-q, where s>1 and g is odd with ¢ >1. Suppose X is an n-tuple that is
contained in a cycle. Let m=lcm(k,, k,, ..., k,»,), where k; is the period of the cycle containing
Ciong(X) fori=1,...,27. Ifthere exists 7, 0< 7 <, such that
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m-1
Ciizn, 2 (X)) = C, 2"(t+1)(X )+D7(C, 2y (X ) (12)
fori=1,...,2', then D*"""(X)= X.

Proof: Since q is odd, each k; is odd and hence m is odd. Further, since D% (C; ,»(X)) =
C‘i, 2/\s(x), Dm(q, 2/\_‘.(X)) = q,ZAS(X) fOI' i= 1, ceny 2s. ThUS, lf t+1= s,

Dm(cz 2A(t+1)(/n) = Ci,2A(t+1)(X ).
On the other hand, if » =7+1 < s, then
G2 (X) = G (X)) + gy, 20 (X) + Ciggny, 205(X)
+ 0+ Cypan(s-p-11-2r, 205 (X)-
This implies D"(C; 5,,(X)) =C, 3, (X); e, D"(C, 2A(r+1)(X)) =G 3n4(X). Hence
Ci, 2A(x+1)(D2A(t+l)'m(X)) = Dm(Cx 2"(t+1)(X )) = C, 2A(r+1)(/n,

so D¥*Dm(xy = X' We now use this to show that, in fact, D*"™(X) = X .
As in the proof of Theorem 5, we consider D?"*™(X). Using (8), we have

G2y DY X)) = DE(C, (X)) (13)
Likewise, using (8) and (12), we have
Ci+2At, 27(t+1) (DzAt'(m_l)(X)) = Dm% (Ci+2/\t, 2’\(t+l)(X))
= D% (C, ey () + DE(DF(C, 5 ()) (14)
=D (C, 2/‘(t+1)(X)) + G, angeany(X).
Note that (13) and (14) hold for i =1, ..., 2*. Now, by Theorem 3, we have
G, 2°(t+1) (DZA(HD.(WD(X ) = Dm—l(C'i,ZA(t+l)(X))' (15)
Likewise, using Theorem 3 and (12), we have
Ci+2Az,2A(r+1) (DZA(HD‘(m_D(X )) = Dm—l(CmAx, 2A(z+1)(X ))
=D mhl(Ci, sy (X )+ DMT?\(C: 2A(t+1)(X))~
Note that (15) and (16) hold fori =1, ..., 2. By Corollary 2,
G, 2A(t+1)(D2At(Z)) = G ane+ (D) + Ciang, 2n ey (2). (17)

We let Z = D* D" D(x) in (17), note that 2' +2"1-(m—1)=2""1-m—2', and use (15) and
(16) to get

(16)

N, “m— A ”l_‘l
C ey DTV THX)) = DT (G grany(X)). (18)
Now we let Z = D" 0*D'm=2"( X} in (17). This gives us
Ci, 2A(r+1)(D2A(t+l)lm(X )) = Ci,2’\(t+l) (DZA(HD'm_ZAI(X ))

27 (t+1)-m—27t (19)
+ Q+2At,2A(t+l)(D (X))
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We rewrite (19) using (18) and the fact that C, ,.,,,(D¥ “""(X)) = C, 3n(uny (X))

m-1 A A
Ci, 2A(r+1)(X )=D7 (C, 2A(z+1)(X)) + C, 2/\(t+1)(D2 (hom=2 ‘(X))
or
A Tm=IN m=1

Giaane, 20y DT VX)) = DT (C gy (X)) + G rgrany(X). (20)

Comparing (13) to (18), we see that
Corany (DT (X)) = C, 2y (DT (X))
fori=1,...,2', and comparing (14) to (20), we see that
Cisare, 2n(es) (DN (X)) = Cf+2Az,2A(z+1)(D2A(t+l)'m~2A'(X )

fori=1,...,2". Hence D*""™2"(X)=D¥ D™ 2"(x) This, in turn, implies that D*"""(X) =
DZA(H-I)'m(.X) =X. 0

Thus we have completely characterized the period of a cycle of n-tuples. We summarize the
results of the last three theorems in the following corollary.

Corollary 3: Let n=2°-q, where s>1 and ¢ is odd with g > 1. Suppose X is an n-tuple which is
contained in a cycle of period £. Let m=lcm(k,, k,, ..., k,~,), where £, is the period of the cycle
containing C; 5, (X). Then k& =2'-lcm(k, k,, ..., k;,) for some 0 < <s if and only if

m+l
Ci+2Ar, 2A(r+1)(X) = Cz 2/‘(t+1)(X )+D7 (Cz 2A(r+1)(X))
fori=1,...,2", where tis as small as possible. If no such ¢ exists, then £ =2°-m. O

We now show that there is a cycle for each possible period. Although there are many ways
to do this, we will continue to use the compression functions.

Theorem 7: Let n=2°-q, where s>1 and q is odd with ¢ >1. Suppose there is a cycle of g-
tuples of period m. Then, for 0<¢ <s, there exists a cycle of n-tuples of period 2‘-m.

Proof: For 0<r <s—1, suppose there is a (2°-¢)-tuple 4 that is contained in a cycle of
period 2" -m. By hypothesis, this holds for s=1. Consider the (2°-g)-tuple X = E, ,(4). Now
C,(X)=4 and C, ,(X)=(0,0,...,0). By Corollary 1, X is in a cycle. By Theorem 4, the
period of the cycle containing X is either 2" -m or 2-(2"-m). Assume the period is 2"-m. For
r>0,

Z:IEI',Z(Ci,Z(X)) =X =D"""(X)= ZlE,-,z(DzA("l)'"'(Q,z(X)))

Thus, D*"D"™(C, ,(X)) = C ,(X); i.e, D*"™D™(4)= 4. This implies that 4 is in a cycle with
period less than or equal to 2"'-m. This contradiction shows that the period of the cycle con-
taining X is 2-(2" -m) =2"*'-m when r > 0. On the other hand, if » = 0, then

(D™ (X)) = DT (C, ,(X)) = DT (4)

and
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Cz,z(Dm-l(X)) = DMT_I(Cz,z(X)) =(0,0,..., 0).
Since
2 (D"(X0) = Cp (D" (X0) + G, ,(D"(X)) = D7 (A) % A =C, (),

we see that D™(X) # X. Hence the period of the cycle containing X is 2-m when » = 0. There-
fore there are cycles of (2° - g)-tuples with period 2" -m for 1<t <s.

We now show that there is a cycle of (2°-g)-tuples with period m. Suppose there is a
(2*7'-g)-tuple B that is contained in a cycle of period m and for which each Coon-y(B), i=1, ..,
2571 is also contained in a cycle of period m. By hypothesis, this holds for s=1. Consider the
(2% -q)-tuple

m+l

Y=E, ,(B)+E,,(B+D7?(B)). (21)

Now C, ,(Y) =B and C, ,(Y)=B +DMT+I(B); C,,,(Y) is also in a cycle of period m. Thus Yisin a
cycle. We want to use Corollary 3 to show that the period of the cycle containing Y is m. Note
that

m+l

C (X)) = CM -1y (B) when i is odd,
Con(¥)= Cl anpB+DT (B)) wheniiseven.
By assumption, when i is odd, the period of the cycle containing C; 5»(Y) is m. To show that this
is also the case when i is even, it suffices to show that the period of the cycle containing
m+l

G, 2A(H)(B +D"7(B)) ismfor j=1,...,2°7'. Since gcd(m, 2°™") =1, there exist integers g and
for which
m+1 1

+h251 =
gm 5

Either g or A is positive, but not both. Suppose g >0 and #<0. Then
B=DE"(B) = DN (D (BY),
which implies
_ m+l
2’\(s—l)(B) D h(C 2"(s—-l)(D (B)))
Hence, C; 2A(s_l)(D (B)) is 1n the same cycle as C; ,n,py(B). Since this cycle has period m, the
cycle containing C; 2A(s_l)(D (B)) also has perlod m. In a similar manner, it can be shown that
this is also the case when g <0and #>0. Since the cycle containing C, )r(Y), i =1,...,27, has
period m and since (21) holds, Corollary 3 implies that the cycle containing ¥ has period m. O

For a given n, the maximal period of cycles of Ducci-sequences is denoted by P(n). By Cor-
ollary 3, if n=2%-q, where s>1 and q is odd with ¢ > 1, then P(n) divides 2°- P(q). We now
show that, in fact, P(n) =2°- P(q). This result appears in [2]; the proof there uses matrices and
the fact that the cycle which has maximum period is generated by the n-tuple (1,0,...,0,0). We
offer a new proof here based on the compression functions. The result follows immediately from
the proof of Theorem 7.
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Theorem 8: Let n=2°-q, where s> 1 and g is odd with ¢ > 1. Then P(n) =2°- P(q).

Proof: Let A be a g-tuple that is contained in a cycle of period P(q). Then the proof of
Theorem 7 shows that the (2°-q)-tuple X = E, ;5 (4) = E, ,(E, ,(... £ ,(X))) is in a cycle of

period 2°- P(q). O
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