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Ducci-sequences are successive iterations of the function 
D(X) = D(xhx2,...,x„) = (\xl-x2l |x2-x3 | , . . . ? |x„-x1 |) . 

Note that D\Zn -> Z", where Zn is the set of ft-tuples with integer entries. Since the entries of 
D(X) are less than or equal to those of X, eventually every Ducci-sequence {X, D(X), D2(X), 
...,DJ(X),...} gives rise to a cycle. That is, there exist integers i and j for which 0< i < j and 
Dj(X) = D{X). When i and j are as small as possible, we say that the resulting cycle, {Dl{X)7 

..., Dj~l(X),...}, is generated by X and has period j-i. If 7 is contained in a cycle of period k, 
then DJ(Y) = Y if and only if k\j. 

Introduced in 1937, Ducci-sequences and their resulting cycles have been studied extensively 
(see [l]-[7]). It is well known that for a given cycle all the entries in all the tuples are equal to 
either 0 or a constant C (see [2] and [4]). Since for every X, D{XX) = XD{X), we can assume 
without loss of generality that C = l. Thus, when studying cycles of Ducci-sequences, we can 
restrict our attention to Z2, the set of w-tuples with entries from {0,1}. In addition, we can view 
the operation associated with D as addition modulo 2 since, for x,y e {0,1}, \x-y\ = (x + y) 
(mod 2). 

Most of the work on Ducci-sequences has focused on the case when n is odd or a power of 
2. Here we consider the case when n = 2s • q, where s>\ and q is odd with q > 1. We will show 
that associated with an ^i-tuple X are 2* different g-tuples that completely determine the behavior 
of X In particular, we will show that an w-tuple X is contained in a cycle if and only if each of the 
2s associated ^-tuples is in a cycle. Further, the period of the cycle generated by Xis determined 
by the periods of the cycles generated by the 2s associated g-tuples. 

To motivate the notation that will be introduced shortly, consider the following representa-
tions of a 12-tupleX: 

X = (x1? x2, X3, x4, x5, x6, x7, x8, x9, x10, xn, x12) 

= (x1? 0, 0, 0, x5, 0,0, 0, x9,0,0,0) + (0, x2,0, 0,0, x6, 0,0, 0, x10, 0,0) 
+ (0, 0, X3,0, 0, 0, x7,0,0,0, xn, 0) 4- (0, 0, 0, x4, 0, 0, 0, x8, 0, 0, 0, x12). 

We see that associated with X are the following four 3-tuples: 
(x1? x5, Xg), (x2, x6, x10), (x3, x7, xn), and (x4, x8, x12). 

When we form these smaller tuples, we will say that we compress the original tuple. Conversely, 
we can begin with these four 3-tuples and expand them to a 12-tuple by inserting zeros and 
adding. 

Since we are interested in even tuples, we will often need to work with powers of 2. To sim-
plify notation, we will write 2s as 2As whenever this expression appears as a superscript or sub-
script. 
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Let X be an w-tuple where n - 2s • q with s > 1. For / e {1,2,..., 2s), the compression func-
tions Ci2*s

: Z£ -> Zf are defined by Cu2*s(X) = (£/), where 

For i e{l,2,...,25}, the expansion functions i^ JA, : Z?-» ZJf are defined by Eit2*s(Y) = (ej)9 

where 
\ej=yx+\ wheny = /+A-25forA = 0,l,...,qr-l, 

I ey. = 0 when 7 ^ / (mod 2*). 

The observations below follow immediately from the definitions of the compression and 
expansion functions: 

* = 5X2*,(C;.2*,W) for X <=Z2", where 2 > ; (1) 
2AS 

I' 
;=1 

q. 2(£,. 2(7)) = 7 for 7 e 2 | , where n = 2-q; (2) 

G,2(Ej.2(X)) = (0,0,..., 0) for 7 s Z | , where « = 2-^ and z>y; (3) 

Cj.2(CUJ«,{Xj) = q + ( i . , ) , , , w ( I ) for X GZ2", where 2*+11»; (4) 

Ei,r,(Ej.i<X)) = E»<j-r)-2W*)<n for Y eZq
2, where « = 2s+i-q. (5) 

We use these observations to express D2*sm(X) in terms ofDm(Ci2*s(X)). 

Theorem 1: Let Xbe an w-tuple, where 2|». Then 

z>2(X) = £ £u(z)(q2 (X))). 
/=1 

Proof: Let X = (x1? x2,..., xn). Then 

D(X) = (x1 + x2, x2+x3, x3 + x4, x4 + x5,...,xw_1+xW3 x„+xi), 

D2(X) = (xl+x3, x2+x4, x3 + x5, x4+x6,...,xw_1 + x1, x„ + x2). 

On the other hand, 

M.2V*) = ( X l? X3> X5? •••> Xn-l)> 

D(Ch2(X)) = (xl + x3, x3+x5?...5x/7_1 + x1), 

^ 2 ^ ( C i 2 f f l ) ) = (^i + % 0, x3 + x5, 09...9x^l+xu 0). 

Similarly, 

^ 2 W Q I 2 W ) ) = (0) *2+*4> 0, X4+X6,...,0, X„+X2). 

Thus 

£2(X) = EU2(D(Cl2(X))) + EX2(D(C2,2(X))). D 
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Theorem 2: Let Xbe an w-tuple, where 2\n. Then 

D2m(X) = Y,Eu2(Dm(Cia{X))\ 
/=i 

Proof: By Theorem 1, the result holds for m = 1. Assume it holds for m and consider m +1. 
NowD2(w+1)(X) = i)2(i)2w(X)). Thus 

i92^)(X) = D2 f t ^ 2 ( z r ( q 2 ( J 0 ) ) ] = t ^ . 2 b k 2 ( t £ , 2 ( i ) l c , 2 ( X ) ) ) 
v=i J j=i V V V/=i 

Using observations (2) and (3), (6) simplifies to 

D2^+1\X)=Eh2(D(ir(Cl2(X)))) + E2t2(D(D-(C2a(X)))) 

w 

JJ 
(6) 

2 

I 
1=1 

= l £ u ( ^ + 1 ( Q 2 ( J 0 ) ) . o 

Theorem3: LetXbe an w-tuple, where 2*|w with $>l. Then 
2A* 

^ , m ( x ) = ^E^XD-iQ^XX))). 
i=\ 

Proof: By Theorem 2, the result holds for s = 1. Assume it holds for 5 and consider s +1. 
Using the induction hypothesis, we have 

J?W(X) = jD(2^)-(2m)(X) = £ £ . 2 A i ( / ) ^ ( q 2 A j ( X ) ) ) 
2As 

I-
z ' = l (7) 

The last equality in (7) follows from Theorem 2. Using observations (4) and (5), (7) simplifies to 
2As 2 

D (X) -2w2^J^/'+0-l)-2A5,2A(5+l)V^ (S+0-l)-2A^2A(^+l)(^))/ 
i=l /=1 

2A(s+l) 
= X^\2^*+l)(^(Q,2*(*fl)W))- D 

;=1 

Corollary 1: Let Xbe an w-tuple, where 2s \n ;with s>\. Xis contained in a cycle if and only if 
Cu2^S(X} is contained in a cycle for j e {1,..., 2'}. 

Proof: Suppose X is contained in a cycle of period k; that is3 Dk{X) = X. Then 

D^s'k{X) = X. 

Using (1) and Theorem 3, we see that 

Ct^s(X) = Cu2,s(D^s'k(X)) = Dk(Ch2.s(X)) 

for i G {1,..., 2s). Hence for each i, Q 2A5( X) is in a cycle. 
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Conversely, suppose that, for each j , CU2AS(X) *S m a c v c l e of period kt. Let m - lcm(&1? k2, 
..., k2,s). Since l)M(q2^(X)) = C;-2A,(X),'by Theorem 3 and (1), D2^m(X) = X. Hence, Xis 
in a cycle. • 

For odd n, an w-tuple Xis contained in a cycle if and only if the sum of the entries of X is 
congruent to 0 modulo 2 (see [4]). Thus by Corollary 1, for n - 2s -q, where s > 1 and q is odd 
with q > 1, an w-tuple X is contained in a cycle if and only if for each i e {1,..., 2*} the sum of the 
entries of Ci2^s(X) is congruent to 0 modulo 2. Although the terminology is different, this result 
appears in [4]. In a moment we will begin to consider how the period of the cycle containing X is 
related to the periods of the cycles containing Ci2*s(X), i = 1, ...,2s. First, we prove a rather 
technical corollary that we will need later. 

Corollary 2: Let Xbe an w-tuple, where 2s\n with s > 1. Then 

CU2,S(D2^-\X)) = q,2a*)+Q+n5-D,^W 
for/ = 1,2,..., 2'-1. 

Proof: Letn = 2s-q = 2s-1-2q. By Theorem 3, 

For ZeZ? and i = \,2,...,2s-1, 

c ^ f e W 2 ) ) = (°> °> •••' °) when J *L 

Hence C,^,{I^^\X)) = C^2{p{qA^l){X))). Now 

M , 2 A ( s - l ) ( ^ 0 ~ (X/5 X J + 2 A ( S - 1 ) > X/+2-2A(>-l)> Xi+3-2A(s-l)> ••• ' Xz+(2g-l)-2A(s-l))> 

Z > ( Q 2
A ( 5 - 1 ) ( ^ ) ) ~ (*/ + X /+2A(s-l) +Xz+2.2A<>-1)> ^ H ^ ' X s - l ) * •••> X2+(2g-l)-2A(>-l) +Xi)> 

Ch2,s(D^-\X)) = C^DiC^^iX))) 

- (xi + XH-2A(s-l)> X/+2-2A(s-l) + X /+3-2A(>-l )> •••> X/+(2^-2)-2A(^-l) + X 2 + ( 2 ^ - l ) - 2 A ( ^ - l ) ) 

~ \Xi> Xz+2-2A(s-l)> •'•>Xi+(2q-2)-2*(s-l)) + \Xi+2/Xs-l)> Xi+3-2*(s-l)> •••? X/+(2g-l)-2A(.y-l)) 

~ Q 2A^(^0 + Q+2A0-1), 2AX^0- 0 
We now begin considering how the period of the cycle containing X is related to the periods 

of the cycles containing CJ 2A;y(X), / = 1,..., 2s. 

Theorem 4: Let n - 2s • q, where s > 1. Suppose X is an w-tuple which is contained in a cycle of 
period k. Let kt be the period of the cycle containing the g-tuple Ci2^s{X), i = l,...,2s. Then 
k = 2* •lcm(&1? k2,..., k2^s) for some 0< t <s. 

Proof: Let m = lcm(k1? k2, . . . , ^ A , ) . As noted in the proof of Corollary 1, D2Asm(X) = X. 
Consequently, k \ 2s • m. 
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We now show that m\k. Since Dk{X) = X, It follows that D2*s'k(X) = X. As we showed 
In the proof of Corollary 1, D*(q2^(X)) = Cit2*s(X). Since kt is the period of the cycle con-
taining CU2*S(X)> ki\k f o r ' = *> • • • > v - Consequently, m\k. Since m\k and k\2s -m, we conclude 
that k = 2*' m for some 0 < t < s. • 

Theorem 5: Let n-2s -q, where s>l. SupposeXis an w-tuple which is contained in a cycle of 
period k = 2* >m, where m is odd and 0 < t < s. Then 

fori = l,...,2'. 

JRroo/- Since 0 < f < s, 1 < f +1 < s, and 2?+1|w• Thus by Theorem 3, 

D2^m-l\X) = D2A{t+l)'^{X) 
2A(f+i) , m . . (8) 

By hypothesis, D2A'-m(X) = X. Since X = Z)2A'm(X) = D2"'{D^Hm~l\X)), 

q,r((+.,w=q.a w^'c^"^ w»-
By Corollary 2, 

for/ = ! , . . . ,2 ' . Thus 

q^+i)W=q,2^)(^2 A ' - ( m-1 ) (^))+q+2^,2^+i)(^2 A ' - ( m-1 ) (^))- (9) 
Using (8) to find the two terms on the right-hand side of (9), we can rewrite (9) as 

Q f 2 W ^ = £ ¥ ( Q , 2 W ^ ) + ^ (10> 
Applying D"1 to (10) gives 

^ ( q 2 w x ) ) ^ w ^ (11) 

By hypothesis, D2^'m{X) = X. Hence D2^t+l)'m(X) = X. Thus, using Theorem 3 and (1), 

Cy,2^+i) W = Cy,2.(f+1)(D2A(r+1)-w(X)) = Dw(C;,2,(f+1)(X)) 

for 7 = 1,..., 2t+l. Using this to simplify (11) and rearranging terms gives the desired result. • 

We now prove the converse of Theorem 5. To do so, we will need the following well-known 
result: when n is odd, the period of a cycle of w-tuples divides «-(2^(n)-l), where 0(n) is Euler's 
phi function [3]. Actually, a great deal more is known about the period, but this is all we require. 
Specifically, when n is odd, the period of each cycle of w-tuples is odd. 

Theorem 6: Let n = 2s -q, where s> 1 and q is odd with q> 1. Suppose Xis an n-tuple that is 
contained in a cycle. Let m - lcm(i1? k2, ...,k2*s), where kt is the period of the cycle containing 
Cu 2*S(X) for i = 1,..., 2s. If there exists t, 0 < t < $, such that 
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C/+2Af,2A(H-l) W ~ Q,2A(H-1) W + D 2 (Q,2A(f+l) W ) (1 2) 

for / = 1,..,, 2 ' , then £>2A'W(X) = X . 

Proof: Since g is odd, each £, is odd and hence m is odd. Further, since Dki(Ct 2 A , ( I ) ) = 
q 2 A , (x ) , Dm(Ci^s(X)) = Cu2,s(X)fori = l,...,2\ Thus, if f + l = j , 

On the other hand, if r = t +1 < s, then 

CU2^r(X) = Qj2
AX^0 +Q+2Ar,2AX^) + Q+2-2Ar,2AX^0 

"• h Q+[2A(s-r)-l]-2Ar, 2A A^O-

This implies D"(Cu2,r{X)) = Q; 2.r(X); i.e., 27"(C,>r(,+1)(Jf)) = Q^t+1)(X). Hence 

q2^+ i ) (^2 A ( f + 1 ) -m(^)) = D™(Ch2.it+l)(X)) = C,^M)(X), 

so D2^'+1)m(X) = X. We now use this to show that, in fact, D2*tm(X) = X. 
As in the proof of Theorem 5, we consider D2*tm(X). Using (8), we have 

Likewise, using (8) and (12), we have 

= ^(q,2, ( t + 1 )(^))+^(^(q2, ( ( + 1 )(X))) (14) 

= D 2 (Qf2A(r+l)(^0) + Q,.2A(r+l)(^0-

Note that (13) and (14) hold for / = 1,..., 2\ Now, by Theorem 3, we have 

q 2 W £ 2 A ™ ^ (is) 
Likewise, using Theorem 3 and (12), we have 

c;+ 2^2 W ^ A ( ' + 1 H " " I ) (*) ) = v*~\Ciwi.,+i)(X)) 
, ( 1 6) 

= Dm~\Ch 2A(f+1)(X)) + D^(C, 2,(t+1)(X)). 

Note that (15) and (16) hold for i = 1,..., 2'. By Corollary 2, 
Q, 2A(f+1) \P (^)) = Q 2A(f+l) \£) + C;+2Af, 2A(r+l) (Z) • (17) 

We let Z = D2^'+1)<m-l\X) in (17), note that 2' +2t+l •{m-\) = 2'+l-m-2t, and use (15) and 
(16) to get 

Now we let Z = D2^'+1>m-2"'(X) in (17). This gives us 

Q. W^^w)=c;,2A(,+ 1 )(^2 A ( r + 1 ) m-2 A ,(^)) 
(19) 

+ q+2A
I,2A(,+i)(^A('+1)-m-2ArW). 
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We rewrite (19) using (18) and the fact that Q,2A(f+1)(D2A(r+1)'m(X)) = C,w2«0+1)(X): 

q,2,(,+1)(X) = J D ^ ( q . 2 , ( t + 1 ) ( ^ ) ) + q 2 A ( f + 1 ) ( ^ ( ( + i ) - 2 ^ ( x ) ) 

or 

Q+^,2^+1)P2A( '+1 )-m-2A'(^))=JD¥(q,2^( (+i)(x))+q,2^+1)(^). (20) 
Comparing (13) to (18), we see that 

Q W^'-""*V))= q (̂(+1)(^2A(,+1)m-2A'(^)) 
for i = 1,..., 2\ and comparing (14) to (20), we see that 

Q+2Af,2A(f+l)C^ (^0) = Q+2Af,2A(H-l)V^ (^0) 

for i = 1,...,, 2\ Hence D^'^XX) = I ) 2 ^ 1 ^ - 2 ^ ^ ) . This, in turn, implies that D2^'m{X) = 
D2*(t+l>%X) = X. D 

Thus we have completely characterized the period of a cycle of/i-tuples. We summarize the 
results of the last three theorems in the following corollary. 

Corollary 3: Let n - 2s • q, where s > 1 and g is odd with q > 1. Suppose Jf is an /i-tuple which is 
contained in a cycle of period k. Let m = 1cm (&1? &2,..., i2Aj), where &, is the period of the cycle 
containing Q 2*s (^0 • Then k = 2t • 1cm (&1? k2,..., k2^s) for some 0 < t < s if and only if 

Q+2/"t,2/K(t+l)(^0 = Q,2A(t+l)(^) + ^ 2 (Q,2A(H-1)(^0) 

for i = 1,..., 2r, where ^ is as small as possible. If no such t exists, then k-2s-m. D 

We now show that there is a cycle for each possible period. Although there are many ways 
to do this, we will continue to use the compression functions. 

Theorem 7: Let n = 2s -q, where s> 1 and q is odd with q> 1. Suppose there is a cycle of q-
tuples of period m. Then, for 0 < t < s, there exists a cycle of w-tuples of period 2{ • m. 

Proof: For 0 < r < s-1, suppose there is a (2*_1 -g) -tuple A that is contained in a cycle of 
period 2r «/w. By hypothesis, this holds for s = 1. Consider the (2s -^-tuple X = E^2{A). Now 
C1?2(X) = A and C2,2(J0 = (0,0,..., 0). By Corollary 1, X is in a cycle. By Theorem 4, the 
period of the cycle containing X is either 2r -m or 2-(2r -m). Assume the period is 2r -m. For 
r > 0 , 

±Eu2{Ch2(X)) = X = D^m(X) = t^aC/^^-CQ.aW)). 

Thus, D2A(r-1)w(Cu(X)) = CU(X); i.e., D2A(r-1)w(^) = 4 . This implies that A is in a cycle with 
period less than or equal to 2r~l-m. This contradiction shows that the period of the cycle con-
taining X is 2 • (2r • w) = 2r+1 • m when r > 0. On the other hand, if r - 0, then 

Cl2(D-\X)) = D^(Ch2(X)) = D^(A) 
and 
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C2a{D""\X)) = D-(CX2{X)) = (0,0,..., 0). 

Since 

cl2(Dm(X)) = cU2{ir-\x))+c2A(ir-\x)) = D^A) * A =cl2(x), 
we see that Dm{X) ^ X. Hence the period of the cycle containing X is 2-m when r = 0. There-
fore there are cycles of (2s -q)-tuples with period 2f -m for 1 < t < s. 

We now show that there is a cycle of (2*-g)-tuples with period m. Suppose there is a 
(2s~l • q)-tuple B that is contained in a cycle of period m and for which each Ci2*(s-i)(B), ' = 1, •••, 
2s~l, is also contained in a cycle of period m. By hypothesis, this holds for s = 1. Consider the 
(2*-g)-tuple 

7 - £ u ( 5 ) + £2 j2(5 + i ) ^ ( 5 ) ) . (21) 

Now Q 2(7) = 5 and C2 2(7) = 5 + D^"(5); C2 2(7) is also in a cycle of period m. Thus 7 is in a 
cycle. We want to use Corollary 3 to show that the period of the cycle containing 7 is m. Note 
that 

Q,2^00 = Q±i,2-(S-i)(B) w h e n j i s odd> 
Q,2**(Y) = Cif 2A(,_1}(5 + D^(5 ) ) when / is even. 

By assumption, when i is odd, the period of the cycle containing Cu2^s(Y) is rn. To show that this 
is also the case when i is even, it suffices to show that the period of the cycle containing 
C/f2A(,_i)(5 + Da^"(5)) is m for j - 1,..., 2s~l. Since gcd(/w, 2s~l) = 1, there exist integers g and h 
for which 

i - i . m + \ g-m + h-2s~l = 
z, 

Either g or h is positive, but not both. Suppose g > 0 and /i< 0. Then 

5 = Dgm(B) = D-h'2^"l\Da^(B)), 

which implies 

< W „ ( 5 ) = ZT*(C,. ̂ ^ (£^ (5 ) ) ) . 
Hence, Cj 2^s_Y)(D~ir(B)) is in the same cycle as Cj^^B). Since this cycle has period m, the 
cycle containing Cj 2^s_l)(D~I~(B)) also has period m. In a similar manner, it can be shown that 
this is also the case when g < 0 and h > 0. Since the cycle containing Q 2*S(Y), / = 1,..., 2' , has 
period m and since (21) holds, Corollary 3 implies that the cycle containing 7 has period m. D 

For a given w, the maximal period of cycles of Ducci-sequences is denoted by P{n). By Cor-
ollary 3, if n = 2s - q, where s > 1 and g is odd with q > 1, then P(??) divides 2* • P(#). We now 
show that, in fact, P{n) = 2s • P(q). This result appears in [2]; the proof there uses matrices and 
the fact that the cycle which has maximum period is generated by the ft-tuple (1,0,..., 0,0). We 
offer a new proof here based on the compression functions. The result follows immediately from 
the proof of Theorem 7. 
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Theorem 8: hQtn = 2s-q, where s> 1 and q is odd with q>\. Then P(n) = 2s• P(q). 

Proof: Let ^ be a g-tuple that is contained in a cycle of period P{q). Then the proof of 
Theorem 7 shows that the (2*-^)-tuple X = Eia^s{^) = El2{Eh2(.,.Eh2{X))) is in a cycle of 
period 2s- P(q). • 
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