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1. We cons ider polynomials f (x) such that 
n 

(1) fn + 2(x) = (x+2n+p + l ) f n + 1 (x ) - (n2+pn+q)fn(x) (n = 0, 1, 2, . . . ), 

where 

(2) fQ(x) = 0, f^x) = 1 . 

It foLlows at once that f (x) is a polynomial in x of degree n-1 for 
n k 1. The p a r a m e t e r s p, q a r e a r b i t r a r y but we shall a s s u m e that 

(3) p 2 - 4q / 0 . 

Let a, p denote the roots of the equation 
2 

(4) x - px + q = 0 . 
In view of (3), the roots a, p a r e dis t inct and 

(5) a+P = p, ap = q . 

We shall cons t ruc t a generat ing function for f (x): 

(6) F(t) = F(t,x) = 2 f
n ( x ) t n /n i 

n=0 
It is eas i ly verif ied that (1), (2) and (6) imply 

(7) ( l - t ) 2 F " ( t ) - [ (x+(p+l) ( l - t ) ]F '{ t ) + qF(t) = 0 , 

where the p r i m e s indicate differentiation with r e s p e c t to t. 
It is convenient to define an ope ra to r . 

(8) A = ( l - t ) 2 D 2 - (p+l)D + q (D = d/dt) . 

Thus (7) becomes 

(9) A F(t) = xF ' ( t ) . 
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C o n s i d e r 

A ( l - t ) ~ a ~ k = | ( a + k ) ( a + k + l ) - ( p + l ) ( a + k ) + q [ ( l - t ) " a " k . 

M a k i n g u s e of (4) we find t h a t t h i s r e d u c e s to 

(10) / \ ( l - t f a ~ k = k ( 2 a - p + k ) ( l - t ) - a " k . 

T h u s , if we pu t 

00 (aKxk 

< H > *" < ' • * > * ! k i ( 2 a - P + n V-* 
k=0 k 

w h e r e 

(a), = a ( a + l ) . . . ( a+k-1 ) , 

we g e t 

oo (a) x k + 1 

A * . ( t . a ) = 2 - kKZa-p + lK ( 1 - t } 

k=0 k 

We h a v e t h e r e f o r e 

(12) A 4> (t, a) = x <D «(t, a) 

and in e x a c t l y t he s a m e w a y 

(13) A <t> ( t , p) = x <&'(t, P) . 

It fo l lows f r o m (11) t h a t 

oo ^ (a) x k » ( a + k ) n 

* ( t ' a ) = E ' kTTZa^TT)- E - H T ^ t R 

k=0 n=0 

, v k 
00 ^n j c ( a) M x 

E t V ^ v ; n + k 

nT Z-f k ! ( 2 a - p + l ) 
n=0 k=0 

If we put ^ 
~ ( a ) . i x 

n+k (14) * n ( x . a ) = ^ k ! ( 2 a - p + l ) , 
k=o k 



1966 TO FIBONACCI NUMBERS 45 

then we have 

(15) * (t, a) = £ $ n ( x , a ) t n / n : . 
n=0 

Note that (14) impl ies 

(16) 0 n (x , a) = (a ) n • jF j l a+n ; 2a-p+l ; x) , 

where F , denotes a hype rgeomet r i c function in the usual notation. 

2. If we make use of (12) and (15) we find without much difficulty 
that 4> (x, a) sa t isf ies the r e c u r r e n c e 

( 1 7 ) 0 n+2(Xs a ) = ( x + 2 n + P + 1 ) $ n + 1 ( x > a)-(nZ+pn+q)^n(x, a) (n > 0) . 

C lear ly $ (x, p) sa t isf ies the same r e c u r r e n c e . Thus any l inear 
combination 

q, (x) = A $ (x, a) + B ^ (x, p) , 

where A, B, a r e independent of n but may depend on x, a, p, will 
a l so satisfy (17). 

We choose A, B so that 

(18) ip Q(x) = 0, ^ ( x ) = 1 . 

This r e q u i r e s 

AC = 0 Q (x , P), BC - - $ 0 ( x , a) , 

where 

(19) C = * 1 ( x , a)0Q(x, P) - ^ 1 ( x J p ) < ^ 0 ( x , a) . 

It is c lea r by compar i son of (17) and (18) with (1) and (2) that 

* n ( x ) = f n ( x ) (n= 0, 1, 2, . . . ) • 

We have therefore 

A (x, a )« (x, p) - A (x, P)*n(x, a) 
(20) y x ) = T-B y ^ y — 
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with C defined by (19). 
Thus by (6) and (15) 

(21) F(t) = C"1 U ( t , Q ) ^ 0 ( X , (3) -cD(t ,P)^ 0 (x , a) J , 

so that we have obtained a generat ing function for f (x). 

3. In addition to the polynomial f (x) we may cons t ruc t a second 
solution g (x) of (1) such that 

(22) g()(x) - 1, gx(x) = x+p + 1 . 

Thus g (x) is a polynomial in x of degree n. By exact ly the same 
method we have used above, we find that 

<£ (x, a) A (x, P) - A (x, P)0 (x, a) 
(23) g (x) = - 2 - B i 2 i + (x+p)f (x) . 

n c 

If we put 

(24) G(t) = G(t, x) = J2 gn<x) t n A ! 
n=0 

it follows that 

(25) G(t) = -2 
# ( t , ^ ( x , P) - <D(t, P)</)1(x,a) 

x+p 
C 

U ( t , a)*Q(x, P) - cj>(t,p)^0(x, a) 1 

2 If the coefficient n '+pn+q occur r ing in (1) is posit ive for all 
n > 0 then by a known r e s u l t [ l ] we can a s s e r t that the polynomials 
g (x) a r e orthogonal on the r ea l line with r e spec t to some weight func-
tion. The same r e m a r k appl ies to the f (x). It would be of i n t e r e s t 
to explicit ly de te rmine these weight functions. 

4. We have a s sumed in the above d i scuss ion that a and p a r e d i s -
tinct. When a and p a r e equal we may rep lace (1) by 

(26) f ^.(x) = (x+2n+2a+l)f , _ (x) - (n+a)2f (a) (n = 0, 1, 2, 
n+2 n+1 n 



1966 T O F I B O N A C C I N U M B E R S 

We now put 

(27) *n(x) = £ -^ 
00 <Q>n+k k 

ITET x 

k=0 

00 00 ( a ) x 

(28) <&(t)=£ *n(x)t / n i = E ~k^T~ t1"1)" 
n=0 k=0 

It i s e a s i l y v e r i f i e d t h a t 

(29) 4> , , ( x ) = ( x + 2 n + 2 a + l ) 0 (x) - ( n + a ) 2 0 (x) (n = 0, 1 
n+c. n+1 n 

and t h a t 

(30) A * ( t ) = x4) l( t) . 

A s a s e c o n d s o l u t i o n of (26) we t a k e 

(31) *nW=f; T ^ ( W a > - 2 ° k ) x 

w h e r e 

(32) cr /Q) = 1 + 1 + . . . + X 
kx ' a a+1 " " # a + k - 1 

<r = cr' (U 1 1 + — + . . o + — . 
k k* ' 2 * ° k " 

We o m i t the p roo f t h a t $ (x) d o e s i n d e e d s a t i s f y (26) . 

It i s c o n v e n i e n t to put 

(33) V ( t ) - ^ ^ n ( x ) ^ ^ • 
n=0 

It c a n be v e r i f i e d t h a t ^ ( t ) a l s o s a t i s f i e s (30) . 

If we now put 

* ( x ) * (x) - 0\,(x)<f (x) 
(34) f (x) = - J ^ J l - ^ -. J n (n = 0, 1, 2, . . . ) 

t h e n we h a v e 
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(35) fQ(x) =.0, fx(x) = 1 . 

Thus f (x) is a polynomial of degree n-1 in x for n > 1 and is the 
unique solution of (26) that sa t i s f ies (35). 

S imi lar ly if we put 

0 (x)$ (x) - iff (xU (x) 
(36) g (x) = 2 \ . ' * Y _ ^ L _ ^ + (x+2a+l)f (x) 

then 

(37) gQ(x) = 2, g l ( x ) = x + 2a+l . 

Thus g (x) is a polynomial of degree n in x and is the unique solu-
tion of (26) that sat isf ies (37). 

Explicit formulas for the generat ing functions <t>(t) and ¥ ( t ) can 
now be stated without any difficulty,, 

Here again it would be of i n t e r e s t to explici t ly de te rmine the 
weight functions connected with }f (x) f and |g (x) \ , r e spec t ive ly . 
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