
ELEMENTARY PROBLEMS AND SOLUTIONS 
Edited by A.P. Hillman 

University of New Mexico, Albuquerque, New Mexico 

Send all communicat ions regard ing E l emen ta ry P r o b l e m s and 
Solutions to P r o f e s s o r A. P . Hil lman, Depar tment of Mathemat ics 
and Sta t i s t ics , Univers i ty of New Mexico, Albuquerque, New Mexico. 
Each problem or solution should be submitted in legible form, p r e f e r -
ably typed in double spacing, on a separa te sheet or sheets in the for-
ma t used below. Solutions should be rece ived within two months of 
publication. 

B - 8 2 Proposed by Nanci Smith, University of New Mexico, Albuquerque, N.M. 

Descr ibe a function g(n) having the table: 

n | 

g (n) | 

I 0 1 2 3 4 5 6 7 8 9 10 
| 0 1 1 2 1 2 2 3 1 2 2 

11 

3 

12 . . . 
2 . . . 

B - 8 3 Proposed by M.N.S. Swamy, Nova Scotia Technical College, Halifax, Canada 

Show that F2 + F2_,_. = F2 , + F2 + 4F2 . n n+4 n+1 n+3 n+2 

B - 8 4 Proposed by M.N.S. Sivamy, Nova Scotia Technical College, Halifax, Canada 

The Fibonacci polynomials a r e defined by f. (x) = 1, f^x) = x, 

f n + 1 (x) = x f n ( x ) + f n _ 1 ( x ) J n > 1 . 

If z = f (x) + f (y), show that z sat isf ies r r r J r 
z , A - (x+y)z l o + (xy-2)z l 0 + (x+y)z + z = 0 . 

n+4 v y' n+3 3 n+2 J n+1 n 

B - 8 5 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Find compact expres s ions for: 

(a) FZ
2+rZ

4 + Tl+... + F * n 

(b) F^ + F2 + F 2 + . . . + r 2 n _ 1 

90 
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B - 8 6 , Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Show that the squa res of every thi rd Fibonacci number satisfy 

y n + 3 - 1 7 y n + 2
 + 1 7 Vu -y n

 = 0 • 

B - 8 7 Proposed by A.P. Hillman, University of New Mexico, Albuquerque, N.M. 

Prove the identi ty in 

n n n 

r [ ^ r - n (Vk)] v<n
2
+1> + £Xj • 

k=0 j = 0 _ ^ j=0 

S O L U T I O N S 

A N N- T U P L E I N T E G R A L 

B - 7 0 Proposed by Douglas hind, University of Virginia, Charlottesville, Va. 

Denote x by ex(a). Show that the following express ion , con-
taining n in t eg ra l s , 

1 1 1 1 1 
I ex ( I ex( I ex(. o . i ex( / x dx)dx). . . dx)dx)dx 
0 0 0 0 0 

equals F , , / F 1OJ where F is the n- th Fibonacci number . n n+1 ' n+2 n 
Solution by John Wessner, Melbourne, Florida . • . 

Let I denote the n- th such in teg ra l . Then 
n 

I r = J x dx = 1/2 '. 
0 

Let us a s s u m e that I , = F / F L1, in which case n-1 n n+1 

I n = / x F » / F » + 1 d x = { ( F n / F n + 1 , + l } - 1 

0 

IP 4- TT \ /XT \ ~ - TT /T, 

n+1 * = | ( F + F 4-1 ) / F 4-1 f = F _L7/F 

{ n n + 1 " n + 1 ; n+2' r 
which was to be shown. 

Also solved by R.J. Hursey, Jr; M.N.S. Swamy; Howard L. Walton; David Zeitlin; and the proposer 
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B - 7 1 Proposed by Douglas hind, University of Virginia, Charlottesville, Va. 

- 2 ' - 3 - 4 Find a + a + a + . . . , where a = (1 - 5) /2 . 

Solution by John W. Milsom, Slippery Rock State College, Slippery Rock, Penna. 

- 2 - 3 - 4 2 - 1 - 2 
If S = a + a, + a + . . . , then a S - 1 + a + a + . . « . - . 

Subtracting the f i rs t equation from the second, 

a 2 S - S = 1. + a"1 

S = ( l + a " r ) / ( a 2 - 1) 

S= l/[a(a - 1)] . 

Using a - (1 +V5T/2, we find that S = 1. If you use a = (1 + 5)/2 = 
= 6/2 = 3, as the problem r e a d s , the r e su l t is S = l / 6 . 

Also solved by R.J, Hursey, Jr; Sidney Kravitz; M.N.S. Swamy; C.W. Trigg; Howard L. Walton; 
John Wessner; David Zeitlin; and the proposer. 

A D D I N G R A B B I T S ? 

B - 7 2 Proposed by J.AM. Hunter, Toronto, Canada 

Each dis t inct Letter in this s imple a lphamet ic s tands for a p a r -
t icu lar and different digit. We al l know how rabbi t s link up with the 
Fibonacci s e r i e s , so now evaluate our RABBITS. 

RABBITS 
BEAR 

RABBITS 
AS 

A SERIES 

Solution by Charles W. Trigg, San Diego, California 

By the f i r s t column from the left, 0 < R < 5. By the seventh 
column, 2S + R = 10k, so S / 0, and R is even. That i s , Jl = 2 or 
4. 

By the fourth column, 3B + .1 = R, so B is odd. 
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With these and the obvious re la t ions from the other columns we 
can proceed to es tab l i sh the values of the l e t t e r s in the o rde r given in 
the table below: 

R B A S E T I 
2 7 4 9 6 3 3 

8 2 
4 1 9 8 2 6 5 

Since the f i r s t two se t s contain duplicate digi ts , the third set is 
the unique solution. Thus 

4 9 1 1 5 6 8 
1 2 9 4 

4 9 1 1 5 6 8 
9 8 

9 8 2 4 5 2 8 

That i s , RABBITS = 4911568, which j u s t g o e s to show what 2 rabbi ts 
can do. 
Also solved by Murray Berg; Rudolph W. C as town; Sidney Kravitz; John W. Milsom; 
Azriel Rosenfeld; and the proposer. 

D O U B L E SUMS 

B - 7 3 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Prove that 
n n 2n+r-2 m 

k=0 j=0 m=0 p=0 

where ( ) = 0 for n < r„ 

Solution by David Zeitlin, Minneapolis, Minnesota 

The given identi ty is valid only for r < n '+ 1. Since 

[n/2] n n 
Fn_! = 2 f'ih. £ Fk= F n + 2 - 1, and £ £ ) F k + m = F 2 n + m . 

j=0 k=0 k=0 
we have 

2n+r-2 

i + £ 
m=0 

2n+r-2 

p=0 rri=0 
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while for r <_ n + 1, we have 

k=0 j=0 k=0 

Also solved by the proposer. 

F I B O N A C C I P O L Y N O M I A L S 

B - 7 4 Proposed by M.N.S. Swamy, University of Saskatchewan, Regina, Canada 

The Fibonacci polynomial f (x) is defined by f, = 1 , £? - x, 
and f (x) = xf 1 (x) + f ~(x) for n > 2. Show the following: n n-1 n-2 te 

n 
(a) x Y f (x) = f M + f - 1 . 

r = l 

(b) f , , . = f ,. f ,. + f f . 
m+n+1 m+1 n+1 m n 

[ ( n - l ) / 2 ] 
n - j - l ^ x n - 2 j - l 

j=o. 

Donacci numbe 

[(n-l)/2] 

where k is the g rea t e s t in teger not exceeding k. Hence show that 
the n - th Fibonacci number 

j=0 

Solution by David Zeitlin, Minneapolis, Minnesota 

(a) Assuming the re la t ion to be t rue for n = n, we have 

n+1 

" L r w " ^ n + 1 ' Vin+1 ' x
n 

x J ] f (x) = xf ,. + (f ,, + f - 1) 
r = l 

W ^ n - f l " 1 • 

and the r e su l t now follows by ma themat i ca l induction. 
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(b) Using formula (6) in my paper , "On summat ion formulas for 
Fibonacci and Lucas n u m b e r s , " this Quar te r ly , vol. 2, 1964, No. 2, 
p„ 105, we have (since L = 0) 

f' + f • y oo 
/, v m+1 m J v^ r n 
( 1 ) z— = E f

m + n + i y > 
1 - xy - y n^o 

f °° 
{ 2 ) T = E f

m + i f
n + 1 y > 

1 - x y - y n=o 

f • y £ 
(3) 2 L J _ = E f f y11 • 

, 2 M m n J 

1 " Xy " y n=0 
Since (1) = (2) + (3), the r e su l t follows by equating coefficients of y 
(c) We note that 

oo 
_ y - v 4 /^w11 

n 

2 - E y*>y 
U x y - y n=o 

and r eca l l that 

1 
oo 

1-2tz+z ~ 
n=0 

E U (t)zn , 

where U (t) is the Chebyshevpolynomial of the second kind defined by 

[n /2] 
(4) Un(t) = £ (-1)J ( y ) ( 2 t ) 

j=o 
2 

with i = - 1 , we see that for z = iy and t = x /2 i , we have 

oo 1 T-̂  .n TT ,x . n 
x - x y -y n=o 

and thus f (x) = i U (x/2i) , the des i r ed resu l t , using (4). 
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Since F = f (1), we obtain n n 

|>-l)/2l 
*n = £ ("t1). • 

/1/so solved by the proposer. 

D E R I V A T I V E S O F F I B O N A C C I P O L Y N O M I A L S 

B - 7 5 Proposed by M.N.S. Swamy, University of Saskatchewan, Regina, Canada 

Let f (x) be as defined in B-74. Show that the der ivat ive n 
n-1 

f (x) = Y\ f (x) f (x) for n > 1. n " r n - r 
r=l 

Solution by David Zeitlin, Minneapolis, Minnesota 

If we differentiate with r e spec t to x the identity 

oo 

-2 = E f
n(-)y . 

l-x?-y n=o 
we obtain 

52 ^ = 1 - ^ ) ^ 1 1 : yx)yn) 
n=0 1-xy-y n = Q 

n 

= Z [ £ fr(x)fn-rW] y" 
n=0 r=0 

If we equate coefficients of y , we obtain 
n 

f (x) = L f (x)f (x) 
n A-' r n - r 

r=0 
n-1 

= Z f r (x)fn_r(x) (since fQ(x) = 0) . 
r=l 

Also solved by Lawrence D. Gould and the proposer. 

XXXXXXXXXXXXXXXX 


