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1. Introduction 

In dealing with e l ec t r i ca l ladder ne tworks , A. M. Morgan-Voyce 
defined a set of polynomials by: 

bn(x) = x Bn_1(x) + bn_x(x) (n > 1) 

Bn(x) = (x + 1) B n - 1 ( x ) + b n - 1 ( x ) (n> 1) 

(1) 

(2) 

with, 
(3) bQ(x) = BQ(x) = 1 

These polynomials b and B have a number of very fasc i -J n n J 

nating and in te res t ing p r o p e r t i e s , and is the subject m a t t e r of this 
a r t i c l e . A few p rope r t i e s of these have been studied by Basin. 

F r o m (1) and (2) we see that 

(4) b = B - B . 
n n n~l 

(5) and, x B = b ,, - b 
n n+1 n 

Substituting (4)'in (1) we have that B sat isf ies the difference equa-
tion, 

Bn(x) = (x + 2) Bn_x(x) - Bn_2(x) (n > 2) 

with 

(6) BQ(x) = 1, and B ^ x ) = x + 2 

F r o m (1) and (2) it can eas i ly be der ived that b (x) a l so sat isf ies the 
same difference equation, namely, 

b (x) = (x + 2) b , (x) - b ?(x) (n > 2) 
n n-1 n-2 

with 

(7) b (x) = 1, and b ^ x ) = x + 1 

73 
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The d i f f e r e n c e e q u a t i o n (6) m a y be e x p r e s s e d a s the c o n t i n u a n t , 

x+2 1 0 . . . 0 

(8) B (x) n 

1 x+2 1 0 

0 1 x+2 1 

0 

0 

1 

0 1 x+2 n (n > 1) 

a n d h e n c e we m a y s t u d y the p r o p e r t i e s of B by u s i n g t h o s e of the 

c o n t i n u a n t s . We s h a l l l i s t b e l o w on ly s u c h of t h o s e p r o p e r t i e s of B (x) 

w h i c h we w i l l u s e in s t u d y i n g b (x) a n d in d e r i v i n g r e l a t i o n s b e t w e e n 

the p o l y n o m i a l s b (x) and B (x): sr j n n 

(9) B , = B m + n m B - B , n m - 1 B n - 1 

(10) 

(11) 

B , = B 2 - B 2 . 2n n n - 1 

J 2 n - 1 B , (B - B 7 ) n - 1 x n n - 2 ' 

(12) 

(13) 

(14) 

(x + 2) B 9 , = B~ - B" 9 v ' 2 n - l n n - 2 3 2 

n 
B B , x l 

n r - h + 1 
B B 

n - 1 

n - h + 1 

B , , - B n+1 n 

B h - 2 

1 

B n - r - 1 

(15) 
n - 1 

E Bn( x ) = E (B 
dx 

B i ) r n - l - r ' 

2 . R e l a t i o n s b e t w e e n b (x) a n d B (x), a n d p r o p e r t i e s of b (x): 
n n n 

F r o m (5) a n d (7), 

(16) x B (x + 1) b - b • n n n - 1 

A l s o we h a v e , 
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(17) B ,. - B . = b \ _ + b 
n+1 n-1 n+1 n 

F r o m (4) and (5), 

(18) b - b = x (B + B _) 
n+1 n-1 n n-1 

By success ive ly subst i tut ing 0, 1, 2, . . . for n in (5) and 
adding we have, 

n 

< 1 9 > X £Br= bn+l - 1 

0 

S imi lar ly from (4) we may deduce that, 

(20) V b = B 
L»J r n 

0 
Now, 

b ,_ = B , -B , 1 = (B B - B , B , ) - ( B B . -B , B J) m+n m+n m+n~l m n m - 1 n-1 m n-1 m - 1 n-Z 

= B (B - B J - (B , - B 9) B , 
m n n-1 n-1 n-2 m - 1 

Hence, 

(21a) b •= B b - B . b -
m+n m n m - 1 n-1 

Interchanging m and n we have, 

(21b) b , = b B - b . B . 
m+n m n m - 1 n - i 

Hence, 

(22) b B - B b = b , B , - B , b , x ' m n m n m - I n-1 m - 1 n-1 

We will see la ter that this is a pa r t i cu la r case of the m o r e genera l 
re la t ionship (29). 
Putting m = n in (21), 

(23) b^ = b B - b ..B , 
Zn n n n-1 n-1 

Putt ing m = n+1 in (21), 
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(24a) b 9 x l = b X 1 B - b B ' 
x ' 2n+l n+1 n n n - 1 

(24b) = B . . b - B b . 
n+1 n n n - 1 

F r o m (7) we h a v e 

(x + 2) b 9 , , = b 9 , 9 + b 9 2n+l 2n+2 2n 

b ^ B L1 - b B + b B - b _B , n+1 n+1 n n n n n - 1 n - 1 

H e n c e , 

(24c) (x + 2) b 9 , . = b , _ B , . - b B , 
x ' - x ' 2n+l n+1 n+1 n - 1 n - 1 

A l s o f r o m (12), 

(x + 2) B 9 , , = B 2 , , - B 2 , ' 2n+l n+1 n - 1 

H e n c e , 

(x + 2 ) ( B ? , 1 - b 9 , , ) •= B , , (B , . - b , , ) - B , (B , - b • ) ' 2n+l 2n+l n+1 n+1 n+1 n - 1 n - 1 n - 1 

H e n c e , 

(25) (x + 2) B 0 = B._ L 1 B - B . B -' 2n n+1 n n - 1 n - 2 

F r o m (23) and (24) we d e d u c e t h a t , 

(26) b 9 - b 9 . = b 2 - b 2 

2n 2 n - l n n - 1 

S u b t r a c t i n g (12) f r o m (25), 

(x + 2 ) ( B 9 - B 9 J = B (B , , - B ) - B 9 ( B . - B 9 ) v /v 2n 2 n - l n n+1 n n - 2 ' n - 1 n - 2 ' 

H e n c e , 

(27a) (x + 2) b 0 = B b _,__ - B 9 b . 
2n n n+1 n - 2 n - 1 

(27b) = b B - b _B 
n n+1 n - 2 n - 1 

We w i l l now d e r i v e a r e l a t i o n s h i p b e t w e e n the p o l y n o m i a l s b (x) 

a n d B (x), c o r r e s p o n d i n g to t h e r e l a t i o n (13) for B : 

C o n s i d e r t he e x p r e s s i o n , 
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b B - B, 9 b 
n-h+1 r h-Z n - r - 1 

(B , x l - B . )B - (B , 
x n-h+1 n -h ' r x n - r - 1 n ~ r - 2 ' h-2 

(B , , , B - B B, 9) 
n-h+1 r n - r - 1 h-2 

= B n B r - h + l ' B n - l B r - h + l 

(B B - B B, 9) 
n -h r n - r - Z h-Z 

from (13) 

= (B - B , )B , , . = b B , x l n n - 1 ' r -h+1 n r-h+1 

Hence, 

(28a) b B , ,. = b , , , B - B, 9 b n r-h+1 n-h+1 r h-2 n - r - 1 

Simi lar ly , 

(28b) 

Hence from (28a) and (28b) we get the re la t ion, 

r n-h+1 h-2 n - r - 1 

Changing r to m, h-2 to m - 4 , and n to m + n + l - r in the above 
re la t ion, 

(29a) 

b B , x l = B , , . b - b, 9 B , 
n r-h+1 n-h+1 r h-Z n - r - 1 

B b n ,, - B, 0 b n = b B , .- - b, 0 B , 
r n-h+1 h-Z n - r - 1 

B b - B b = b B - b B 
m n m - r n - r m n m - r n - r 

Using the re la t ion (4) in (29a) we der ive the cor responding re la t ion 
for B (x) a s , n 

(30a) B B , m n-1 B B T = B B , 
m - r n - r - 1 n m - 1 

B B 1 
n - r m - r - 1 

These re la t ions may be wr i t t en neat ly in the form of de t e rminan t s : 

(29b) 

(30b) 

and 

B 

B 

B 

B 

n 
B m - 1 

n- 1 

B 
m - r 

b m - r 
B m - r 
B n - r 

B i n - r 
b 

n - r 
m - 1 - r 

n - 1 - r ! 
Now putting h = 2, and n = r+1 in equation (28) we get, 

(31) b B - b , . B . = 1 r r r+1 r - i 
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Putt ing m = n - 1 , and r = n-1 in (29b) we get, 

(32) B b . - b B , = 1 
x ' n n-1 n n-1 

F r o m (31) and (32) we see that b (x) is p r ime to b , (x), B (x) 
n ^ n-1 n 

and B , (x) for in tegra l value's of x. Also, for in tegra l values of x, 
B (x) is p r i m e to B , (x), b (x) and b .-.(x). 

n
x ' ^ n - l x ' nx ' n+1 

By success ive ly substi tuting 1, 2, 3, . .„ for n in (10) and add-
ing, we have 

n 

1 

V B ? = B2 - B2 = B2 - Bf L-J 2r n 0 n C 

Hence, 
(33) 

(34) 

(35) 

(36) 

(37) 

b ' (x) n 

Simi 

Le t 

= B1 
n 

= B n 

.larly, , using ( 1 1 ) , 

n - 1 

£ 
0 
n E 
0 

n-1 E 
0 
2n E 
0 

EB2r 
0 

= B 2 

n 

(23), (24) and (26) we der ive : 

B 2 r+1 

B 9 
2r 

b 2 r+ l 

( " l ) r b r 

us now find an express ion 

- B' n-

- 1 B 0 

n - 1 

. i - L 
0 

n-2 *EB 
0 

B : 
r 

(B 
r n 

B i n- 1 - r 

= B B . n n-1 

= b B n n 

= b B , n n-1 

= b 2 

n 

for the der ivat ive of 
n - 2 

y B B , 
A—t r n - Z - r 

0 
n-2 

, - B o) = B , b n + Y^ - r - 1 n - r - 2 ' n-1 0 L*t 
0 

b (x): n 

B b . r n - r - 1 
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n - 1 
(38) ,w = E B b 

3 . E x p l i c i t p o l y n o m i a l e x p r e s s i o n s for B (x) a n d b (x): 

We c a n e s t a b l i s h by i n d u c t i o n t h a t , 

n 

B (x) = V ( c k x k ) , 
n -*—̂  n 

k=0 
w h e r e , 

(39) k , n + k + l , 
c = ( i ) n n - k ' 

Now 

(39) b (x) = B (x) - B , (x) = V nx nv n - 1 L»J 
, n+k+ l . * n+k . 
{ n - k ' ' * n - k - l ' 

n+k, k x - z a> 
0 

T h e r e f o r e w e h a v e 

b (x) = V (dk 
n L-J n 

k k, x ) 

k=0 
w h e r e , 

(40) k /n+kx d = ( , ) n n - k * 

The e q u a t i o n s (39) a n d (40 a r e e x p l i c i t p o l y n o m i a l e x p r e s s i o n s 
for b and B , and show t h a t t h e y a r e of d e g r e e n . n n J 

We s h a l l now d e r i v e a f o r m u l a for 

/ 
B (x) dx : 
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F r o m (39), 

\l3n(x) dx = ^2 <cn x k + V k + 1 ) + c / > 
n 

k k+1 

0 
k+1 Now the coefficient of x for the express ion B ,, - B , i s , 

r n+1 n-1 
k+1 k+1 ,n+k+3. ,n+k+L . , , x k 

- J_i " c i = ( i ) " ( i ->) - ( n + l ) c 

n+1 n-1 n -k xn-k-2 n 
k+1 - (n + 1)(coefficient of x in j B (x) dx . ) / • 

Hence, 

/ « (41) / B„(x) dx = n + i ^ 1
n " 1 + c 

It may a l so be es tabl ished that over the in te rva l (-4, 0), B (x) 
n 

and b (x) a r e orthogonal polynomials with r e spec t to the weight func-
tions V4 - <x + 2>2 and V { x + 4)/-x respectively-

It may a lso be seen from (6) that, 
(42a) B (x) = S (x+2) 

n n 
and hence, 
(42b) b (x) = S (x+2) - S . (x+2) , 

n n n-1 

where S (x) is the Chebyshev polynomial . 

4. Conclusions: 

The a r t i c l e deals with the p r o p e r t i e s of a set of polynomials b (x) 
and B (x) defined by (1), (2) and (3)„ Even though they a r e re la ted to 
the Chebyshev polynomials , the author bel ieves that B (x) and b (x) 
a r e of use in the study of ladder networks and hence dese rve a study of 
this na tu re . 
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