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The following is an in te res t ing theorem concerning the f i rs t 2n 
Fibonacci n u m b e r s : 

Theorem 
Give any set of . n + 1 Fibonacci numbers se lected from the set 

F , , F~, . . . , F~ , it is always poss ible to choose two e lements from 
the n + 1 Fibonacci number s such that one divides the o ther . 

This theorem will be proved using the following two theo rems : 
Theorem 1: 
Give any set of n + 1 in tege r s se lected from the set 1, 2, . . . , 

2n, it is always possible to choose two e lements from the n..+ 1 in te -
ge r s such that one divides the o ther . 

Proof: 

We shall use induction. The theorem is t r iv ia l ly t rue for the 
case n = 1. Assume it t rue for n = k. If n = k+1, we m u s t prove 
that any set of k+2 in tegers selected from the set 1, 2, . . . , 2(k+l) 
contains two e lements such that one divides the o ther . If the k+2 in-
t e g e r s a r e contained in the set 1, 2, . . . , 2k, then by the inductive 
hypothesis , the theorem is t r u e . Similar ly , if k+1 of the in t ege r s 
a r e contained in the set 1, 2, . . • , 2k, and the other in teger is e i ther 
2k+l or 2(k+l), the same reasoning applies as above. If only k of 
the in tegers belong to the set 1, 2, . . . , 2k, then the other two in te -
g e r s mus t be the numbers 2k+l and 2(k+l). Consider any set of k 
number s from the set 1, 2, . . . , 2k and the in teger k+1. By the 
inductive hypothes is , we can find two number s from this set such that 
one number divides the other . Since k+1 does not divide any number 
but itself, in the set 1, 2, . . . , 2k, at best it is divisible by another 
e lement of the set . Any number that divides k+1, though, divides 
2(k+l). Thus, any set of k e lements chosen from the set j 1, 2, . . . , 
2k | and the e lement 2(k+l), contains two numbers such that one num-
ber divides the other . Therefore , the set of any k in tegers from the 
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set 1, 2, . . . , 2k , plus the number s 2k+l and 2(k+l), a l so con-
tains two e lements such that one divides the o ther . 

Theorem 2: 
If F is the n Fibonacci number (F , = 1 , F = 1), then n l L 

F , ,v = (F , F ) [ l ] „ ( (a, b) is the g r ea t e s t common divisor of the 
in tegers a and b. ) This is a widely known theorem, eas i ly proved. 

It follows that if any set of n+1 Fibonacci num ber s F , F , 
a l a 2 

. . . F , is chosen from the set F , , F 9 , . . . , F 9 , the re exis t two 
a n+ l l L Z n 

e l ements of the n+1 Fibonacci number s such that one number divides 
the other . Fo r cons ider the number s a , , a~, . . . , a ,, . By theorem 
1, we can find two number s a., a, from these n+1 in tegers such that , J k & 

a. a, . Thus (a., a, ) = a.. It follows that F , , = F = (F , F ) 
j ' k j ' k' j (aj9 ak) a.. a..' a ^ 

by theorem 2. This means F | F , and the theorem is proved. 
a . 3.1 
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The Fibonacci Bibl iographical R e s e a r c h Center d e s i r e s that any 
r e a d e r finding a Fibonacci r e f e rence , send a ca rd giving the re fe rence 
and a brief descr ip t ion of the contents . P l e a s e forward al l such in-
formation to: 

Fibonacci Bibl iographical R e s e a r c h Center , 
Mathemat ics Depar tment , 

San Jose State College, 
San Jose , California 


