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The purpose of this a r t i c l e is to invest igate analytic extensions 
of F and L to the complex plane. We shall begin by consider ing 
a pa r t i cu la r extension. Later we will consider a l t e rna te ex tens ions . 
We begin with the following notation 

a = ( l + i / 5 ) / 2 and (3 = (1 - V ? ) / 2 . 

Since (3 < 0 we adopt the convention (3 = e (-P). 
With these conventions, we shall make the following definitions: 

The Fibonacci Function, F(z) = 1 / i/5~ (aZ - pZ) 

The Lucas Function3 M z ) = a + P 

Note that F(n) = F and L(n) = L , where n denotes an in teger . 
\ n n a 

I Pe r iod ic P r o p e r t i e s of F(z) and L(z) 

Theorem 1. a is per iodic with per iod Z?Ti/lna = p 0 

_ z + p a z Ziri z 
Proof. a J r u = a e .= a . 

? 2 
Theorem 2. p is per iodic with period 2 7T/(ln a + ?r )( 7T - i l na ) = p . 
Proof. Since - lna = ln( -p) , we have 

pz + PP = p z e 2 7 r i = pZ . 

Theorem 3. F(z) and L(z) a r e not periodic0 

Proof. Deny! Assume F(z) has per iod o> . F(0) = 0 = F(co) 
impl ies a ^ = p w . 
Thus F ( z + 0 ) ) = 1 / / ? Q W ( Q Z - PZ) . 

Hence a w = 1, so Re(co) = 0. Then p w / 1 unless a> = 0. 
The proof for L(z) is s i m i l a r , 

II Zeroes of F(z) and L(z). 
Theorem 4. The ze roes of F(z) a r e 

4k7Tlna/(41n2a + 7T2)( - ?r/21na + i ) . 

37 
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P r o o f . Note t h a t t h i s t h e o r e m i m p l i e s t he on ly r e a l z e r o of 

F (z ) i s 0 . 

F(z ) = 0 i m p l i e s (a/(3) = 1 = e , k a n i n t e g e r . 

S e t t i n g z = x + iy and c o l l e c t i n g r e a l and i m a g i n a r y p a r t s and 

e q u a t i n g , the r e s u l t f o l l o w s . 

The m o d u l i of t he z e r o e s a r e | Z k | 7 r / v / 4 1 n a + V 

T h e o r e m 5 . The z e r o e s of L(z) a r e 

2(2k + 1) l n a / ( 4 1 n 2 a + 7T2)( - 7 r /21na + i) = z^, 

w h e r e k i s a n i n t e g e r . 

P r o o f . Note t h a t t h i s t h e o r e m i m p l i e s , L(z) h a s no r e a l z e r o e s 0 

i»r -4- i (2k+l)7r i , , , 
W r i t e - 1 = ev ' and p r o c e e d a s a b o v e . 
The m o d u l i of the z e r o e s a r e | 2k+ l | TT/ 

O b s e r v e t h a t a l l of t he z e r o e s of L(z) a n d F ( z ) a r e on the r a y 

® = A r c t a n ( ( -21na ) /7 r ) ~ - 2 0 ° . 

III Behavior of F(z) and L(z) on the real axis. 

Theorem 6. On the real axis, the only real values of F(z) and L(z) 

are at z = n (an integer), that is, F and L . \ to /> n n 

_. r „. _ z x Qz -xlna + TTxi 
Proofo Since y = 0, a = a , p = e ; 

Im F(z) = Im L(z) = 0 yields 

i / /T -xlna . - 1/ y5 e sm TT x = 0 or 

-xlna . ~ 
e sm 7Tx = 0. 
Hence x = k, k an integer. 

(It is not too difficult to show that the only lattice points with real im-

ages for F(z) are on the real axis. ) 

IV Identities Satisfied by F(z) and L(z). 

Many of the identities of F and L carry over to F(z) and 

L(z). We shall list a few of them. They are easy to verify, 

a. F(z+2) = F(z+1) + F(z) c. F(z+1 )F(z-1) - F2(z) = eW1Z 

b. L(z+2) = L(z+1) + L(z) d. L2(z) - 5 F2(z) = 4e?r iZ 
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e. F(-z) = -eWlZ F(z) 

f. F(z)L(z) = F(2z) 

g. F(z+w) = F(z - l )F(w) + F(z)F(w+l) 

h. F(3z) = F3(z+1) + F3(z) - F 3 (z -1 ) 
i. L imF(x) /F(x+l ) = 

X—> 00 

LimF( iy) /F( iy+l ) = - p 
y->oo 

In genera l , (-1) in an identity for F and L c a r r i e s over to 
7T iz 

e . The ident i t ies which do not c a r r y over to F(z) and L(z) a r e 
those which only make sense for in tegra l a rgument . That i s , those 
which involve binomial coefficients, e tc . 
V Analytic P r o p e r t i e s of F(z) and L(z). 

Note that our convention for (3 impl ies ln(3.= Wi 4- ln(-(3). It 
is thus immedia te that F(z) and L(z) a r e holomorphic in the plane 
(entire functions). 

F r o m the Taylor formula, we have for any finite z, 

oo 
F(z) = 1 / / 5 2 j [ ( l n k a ) a W - ( l n k p ) p W ] / k l j ( z -w) k and 

k=0 

L(z)' = I | [ ( l n k a ) a W + ( l n k p ) p W ] /k! } ( z -w) k . 
k=0 

Note the r e su l t s when these a r e used with w = 0 and z = n or with 
w = n-1 and z = n. 

F n = I A / 5 X [ ( l n k a ) a n - 1 - ( I n ^ P ^ 1 ] /k ! . 
k=0 

This i s , I bel ieve, a new rep resen ta t ion for F . The Hadamard 
n 

Fac tor iza t ion theorem can be used to exp re s s L(z) as a canonical 
producto As in theorem 5, let z, r e p r e s e n t a ze ro of L(z). Renum-
ber z, as follows: 

k 



40 EXTENSIONS OF RECURRENCE RELATIONS Feb . 

k = - 1 , 0, - 2 , 1, - 3 , 2, . . . 
n = 1, 2, 3, 4, 5, 6, . . . 

Now z < z ,, and z = 0(n). It is easy to see that L(z) is 1 n ' ~" ' n+1 ' ' n ' 
of o rde r and genus 1 and we have 

L(z) = e fl (1 - z / z ) e n , where 
n=l 

oo 
c = - 2 l~lnd - l / z ) + l / z 1 . L ' n n J 

n= l 

We s h a l l now d i s c u s s e x c e p t i o n a l v a l u e s of F (z ) a n d L ( z ) . S ince F (z ) 

a n d L(z) a r e e n t i r e f u n c t i o n s w i t h e s s e n t i a l s i n g u l a r i t i e s a t oo, by 

P i c a r d ' s t h e o r e m , t h e y m u s t t a k e on e v e r y v a l u e , e x c e p t p o s s i b l y o n e , 

and in f in i t e n u m b e r of t i m e s . 

L i m L ( x - i x ) = L i m F ( x - i x ) = 0 

x -£> oo ' x '-> oo 

T h u s 0 i s a n a s y m p t o t i c v a l u e for F (z ) a n d L(z ) . 

L i m L(x) = L i m F(x) =ooand oo 
X - > 0 0 X - > 00 

is an asymptot ic value for F(z) and L(z). 
Ahl fo r shas shown that en t i re functions of o rder P have at mos t 

2P asymptot ic values [ l ] . F u r t h e r , if an in tegra l function has z as 
an exceptional value, then z is an asymptot ic value [2~] . Now 0 is 
not an exceptional value for F(z) or L(z); P a r t II, Hence F(z) and 
L(z) have no finite exceptional va lues . 

Thus the Fibonacci P r i m e Conjecture is t r iv ia l in the complex 
plane; that i s , there a r e an infinite number of Fibonacci images which 
a r e dis t inct p r i m e s . It is conceivable that a knowledge of the d i s t r i -
bution of p r i m e images might yield a resolu t ion of this conjecture , a l -
though this p roblem is probably m o r e difficult than the conjecture itself. 
P o i s s o n ' s formulae for r ea l and imag ina ry p a r t s of F(z) might be 
useful, but the in tegra l s a r e ho r r ib l e F r e s n e l type in tegra l s ("3] . 

A cha rac te r i za t ion of the point set cor responding to Im F(z) = 0 
should p re sen t an in te res t ing problerru Graphs of | z | R e F ( z ) = 0. |. , 
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| z I ImF(z) = 0 | , | z I I F(z) I = M J in some neighborhood of the origin 
should yield in te res t ing d i a g r a m s . 

VI Al ternate Extens ions . 
There a r e an infinite number of extensions of F and L to 

n n 
en t i re functions in the complex plane. If the functional equation 

G(z+2) = G(z+1) + G(z); G(0) = 0, G(l) = 1 , 

is used as a s tar t ing point, it appea r s that ve ry little can be e s t a b -
l ished. However it is poss ible to obtain extensions which a r e r ea l at 
eve ry point of the r e a l ax i s . Consider , for example , 

F x ( z ) = 1 / \ / 5 [ a Z - s i n ( ^ ± i 7 r ) ( -P)2] . 

Note that F , (z) sa t isf ies the re la t ion, 

F ^ z + l J F ^ z - l ) - F1
2(:z) = sin (2z + l) ir /Z . 

F , (z) is an en t i re function and has ze roes on the negative r ea l axis 
and F , (n) = F , n an in teger . 

Another type of extension i s , 

„ . . Zwiz _ . x . 
F ? (z) = e F(z) + sm ir z 

P r ac t i c a l l ynone of the above t h e o r e m s hold for a r b i t r a r y extens ions . 
The following const ruct ion s e e m s to indicate that F could be ex-
tended to a per iodic ent i re function in the complex plane. Consider 
the rec tangle , R, in the complex plane bounded by 

(1,0) , (1 ,1) , ( -1 ,1) , (-1,0) . 

Select a function, F-(z) , subject to the following conditions: 

a. F3(0) = 0 . 

b . F 3 ( - l+ iy ) + F3(iy) = F 3 ( l+ iy) ; . y e [0 , l ] 

c. F3(x) = F3(x+i); x e [ - 1 , 1 ] 

d. F 3 ( - l ) = F 3 ( l ) = 1 

e. F^(z) , analytic on R . 
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Extend F3(z) ver t ica l ly by per iodic i ty and hor izontal ly by the func-
tional equation, F~(z+2) = F~(z+1) + F~(z)0 The extension would be an 
en t i re function with per iod i and F~(n) = F , n an in teger . 

REMARKS 

Selection of a p roper extension for F(n) should, via the mach -
inery of Analytic Function theory, put a powerful wrench on the F ib -
onacci P r i m e Conjecture . 
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CORRECTIONS 

"Binomial Coefficients, the Bracke t Function, and Composit ions with 
Relat ively P r i m e Summands" by H„ W. Gould, Fibonacci Quar te r ly , 
2(1964), pp. 241-260„ 

Page 241. The second p a r a g r a p h should begin: "Indeed this r e su l t is 
equivalent to the ident ical congruence (1 - x ) P = 1 - x P ( m o d p ) 

! I 

Page 245. In Theorem 3 it is n e c e s s a r y to r equ i r e a. > 0. 

Page 257. Line after re la t ion (48), r ep lace "out" by "our" . 

Page 251o Line 9 from bottom, for " a s " read "an". 
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