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Theorem, Any one of two non-identical infinite reduced arithmetic 
progressions has an infinitude of prime members the corresponding members 
of which in the other arithmetic progression are composite. 

Proof. Be 
(1) ax + b, (a,b) = 1, x = 1 , 2 , 3 , . . . 
/ON . j / JX -i i o o a ^ c or b ^ d 
(2) ex + d, (c,d) = 1, x = 1,2,3,-** 
two non-identical infinite arithmetic progressions. We may suppose, without 
loss of generality, a ~ 1, c — 1, since if, say, a ^ 1, we can consider 
the progression -ax - b, the members of which have the same absolute val-
ues as the corresponding members of (1). Suppose, contrary to the assertion 
of the theorem, that one of the progressions, say (1), has only a finite number 
of prime members the corresponding members of which in the other progres-
sion are composite. Thus, there is a positive integer N such that N >) d J 
in case a = c, and 

in case a ^ e, and such that, for any positive integer x ^ N, ex + d is a 
prime if ax + b is a prime. ByDirichlet, (1) has an infinitude of prime mem-
bers. Hence, there is a positive integer x0

 > N such that ax0 + b is a prime, 
whence, by the assumption, also cx0 + d is a prime. If a = c, then b £ d, 
and ax + b ^ ex + d for any x. If a ^ c, then ax + b - ex + d only for 
x = (d - b)/a - c). Since x0

 > N ~̂ (d - b)/(a - c) we have ax0 + b ^ cx0 + d. 
Thus the arithmetic progression a(cx0 + d)x + (ax0 + b), x = 1, 2, 3, • • • , is 
reduced. Hence, by Dirichlet, there is a positive integer xt such that a(cx0 

+ d)xj + (ax0 + b) is a prime. Now put x2 = (cx0 + d)x1 + x0. Since c ^ 1, 
x0

 > N ^Id I, x1 ^ 1, we have x2
 > x0 > N. Thus ax2 + b = a(cx0 + d)xt + 

(ax0 + b) is a prime with x2 ^ N, while cx2 + d = c(cx0 + d)x1 + (cx0 + d) = 
(cx0 + d)(cx1 + 1) is evidently composite with x2 > N, since both cx0 + d, 
being a prime, and cxt + 1, with c ^ 1, xt ^ 1, are integers > 1 . The 
contradiction to the assumption thus obtained proves the theorem. 
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