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As mentioned in an e a r l i e r paper 5 my i n t e r e s t in the Fibonacci s e r i e s 

s t emmed from the observat ion (in 1959) that the p r e f e r r e d ra t ios developed in 

the r e s e a r c h of my colleague., EL El lner s and l a t e r included in Depar tment of 

Defense Handbook H109 [ l j s were 1, 2, 3S 5, 8. When the supposition was 

tested^ that al l p r e f e r r e d ra t ios would come from the Fibonacci ser ies^ the 

next ra t io was calcula ted and was found to be 13. Then i t was noted that the 

sample sizes., Acceptable Quality Levels (AQLfs)s and lot s ize ranges of al l 

sampl ing s t andards s ince the or ig ina l work in this field by Dodge and Romig 

£2] were s e r i e s approximately of the type : 

(1) u ^ = u , . + u 
v ; n+2 n+i n 

It s eemed self-evident that , in some way,, the Fibonacci s e r i e s mus t be i n t i -

mate ly connected with some probabi l i ty dis t r ibut ion such as the Binomial e x -

pansion, Through a l i t t le a lgebra ic juggling such a connection was quickly 

es tab l i shed a s follows : 

The method of finite differences^ descr ibed in Chrys ta l [3 ] yields i n t e r -

es t ing r e s u l t s . If success ive differences be taken between adjacent Fibonacci 

n u m b e r s : 

(2) d = u , , - u 
v ; i,n n+i n 

a s e r i e s of f i r s t - o r d e r differences dt n i s generated* In the s a m e way5 a 

s e r i e s of s econd-o rde r differences may be genera ted : 

(3) d = d _,, - d, 
v ' 2,n i, n+i i,n 

H i g h e r - o r d e r differences may be genera ted in accordance with the genera l 

re la t ionsh ip : 
275 
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( 4 ) ^ n = d(k~i)*(n+l) " d(k-l),n 

Taking the Fibonacci series itself, u , to constitute the zero order of 
differences d0 n and if j is some given value of n, and k is the order of 
differences, we get the following table; 

k j 

*o 
dt 

d2 
^3 
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3 
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55 
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3 

2 

14... et< 

377 u 
n 

233 

144 

89 

55 

34 

21 

13 

8 

5 

3 

It may be seen that as k, the order of differences, and j are increased 
without limit, the table of d, and j forms, both horizontally and vertically, 
four Fibonacci series centering on each zero, such that the two series, one 
above and one to the right of each zero are positive in all their terms while the 
series to the left and below each zero have alternate negative terms. In e s -
sence, the latter series constitute the negative branch of the Fibonacci series, 
u . -n 

We can calculate un, n = k +j , from the differences d . as follows: 

(5) „ = d . + k d . + J % ^ d . +
 k * - y - 2> d . + . . . + £ dt. 

Ts+j 0,] 1,] 2! 2,3 3! 3,3 k! k,j 
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where & i s d of the o r d e r k as shown in the table and u. = d .. The 
*>J 3 3 0 , 1 

coefficients of the d, t e r m s r e p r e s e n t those of the Binomial Expansion, 
(a + b) K . 

Example 1, 

Calculate u , + . when k = 7, and j = 3 (u, . = u1 0) 

U7+3 = d0j3 + 7d1?, + ^ p d2}3 + ^ | © d,53 + . . • + | [ d7j3 

= 2 + 7 ( 1 ) + 1M ( 1 ) + I M ( 5 ) 7(6)(5)(4) 
W 2 W 3(2) l U j 4(3) (2) ( 1 ' 

+ 7(6) (5) (4) (3) 7(6) (5) (4) (3) (2) 7[ 
5(4) (3) (2) l x ; (6) (5) (4) (3) (2) l ; 7! [ ^ 

_ 42 210 840 2520 ,5040 , 9 . . - , Q, 
- 2 + 7 + — (1) + — (0) + - ^ (1) + — (-1) + ~ ^ (2) + l(-3) 

= 2 + 7 + 2 1 + 0 + 3 5 - 2 1 + 1 4 - 3 = 55 = u10 . 

The sum of consecutive t e r m s of the Fibonacci s e r i e s i s given by? 

n=j+k-i 

Example 2a 

Calculate the sum of k = 9 consecut ive Fibonacci number s s ta r t ing with 
uj U = 4) . 

n=j-Hk-i n=9+4-l=l2 9 x 8 .„. . 9 x 8 x 7 ... , 9 x 8 x 7 x 6 ,.., 
£ u

n= E un=9(3)+-T-(2)+-Tlri-(l)+ 4 x 3 x 2 (1) 
n=j n=4 

9 x 8 x 7 x 6 x 5 . , 9 x 8 x 7 x 6 x 5 x 4 9 x 8 x 7 x 6 x 5 x 4 x 3 
5 x 4 x 3 x 2 W 6 x 5 x 4 x 3 x 2 {) 7 x 6 x 5 x 4 x 3 x 2 ^ 

9 x 8 x 7 x 6 x 5 x 4 x 3 x 2 9[ , „, 
8 x 7 x 6 x 5 x 4 x 3 x 2 l ) . 9! ( } 

= 27 + 72 + 84 + 126 + 0 + 84 - 36 + 18 - 3 = 372 

n=i2 
J^ u = 3 + 5 + 8 + 13 + 21 + 34 + 55 + 89 + 144 = 372 
n=4 
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I t i s noted that d. . = d , . such that when i - k = ±p3 dn i s the same n u m -k,3 o,k-j J F 3 ° 
e r i ca l ly and i s posi t ive when p i s posi t ive o r when p i s negative and o d d 

However, d0 i s negative when p i s negative and even. 

Since d0, the z e r o - o r d e r of difference, i s the same as the Fibonacci 

s e r i e s , u , equations 5 and 6 may be wri t ten in t e r m s of u provided ref-

e rence i s made to the p rope r sign of u. , when j - k i s negative* Thus , 

examining the table of d. and j f o rms , i t may be seen that d0 •; = u-j, d1 * 
= d0 -;_! = U4 1 ? etce Hence, equations 5 and 6 may be r e c a s t a s follows: 

k+] 3 3-1 2! 3-2 3! 3-3 k! j - k 

and 

n=j+(k-l) 
k! (8r T u = k u . + ^ | r ^ u . + ^ ^ u . + . . . + ^ u . , . „ 

v ; LJ n 3 2! ]- i 3! j =2 k! j - ( k - i ) 
n=j 

^Provided the sign of u. , i s : 

Pos i t ive when j - k i s posi t ive 

Pos i t ive when j - k i s negative and odd 

Negative when j - k i s negative and even. 

Also, u0 = 0o 

Example 3, Let j = 3 and k = 7. Calculate u , + . = u10 

,7x6 ,7x6x5 , 7 x 6 x 5 x 4 7x6 x 5 x 4 x 3 

u1 0 - u 3 + 7u2 + -F-u1 + - T F r u 0 + - r x 3 x 2 *-i + -TTTZTirr* 
7 x 6,x 5 x 4 x 3 x 2 7!_ 
6 x 5 x 4 x 3 x 2 U~3 7! U~4 

= 2 + 7(1) + 21(1) + 35(0) + 35(1) + 21(-1) + 7(2) + l(-3) 

= 2 + 7 + 21 + 0 + 3 5 - 2 1 + 1 4 - 3 = 55 = u10 

Example 4. Let j = 3 and k = 7, Calculate 

n=j+(k-i) 

T. u 
n=3 

n=3+7-i=9 

= E u 
n=3 
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V * ,1 - 7n 4- 7 x 6 „ 4. 7 x 6 x 5 „ , 7 x 6 x 5 x 4 M 7 x 6 x 5 x 4 x 3 
E U n - 7 u 3 + - 2 - ^ 2 + - 3 ^ y - u 1 + 4 x 3 x 2 U 0 + 5 x 4 x 3 x 2 ^ 

7 x 6 x 5 x 4 x 3 x 2 7[ 
6 x 5 x 4 x 3 x 2 U~2 7! U~3 

= 7(2) + 21(1) + 35(1) + 35(0) + 21(1) + 7(- l ) + 1(2) 

'= 14 + 21 + 35 + 0 + 21 - 7 + 2 = 86 

= u3 + u4 + u5 + u6 + u7 + u8 + u9 

= 2 + 3 + 5 + 8 + 13 + 21 + 34 = 86 

NB. The n u m b e r s in pa ren theses in Examples 3 and 4 a r e the numer ica l va lues 

appropr ia te for u._, with signs as provided above, 

I t i s ag reed that the above equations do not provide the l ea s t labor ious 

way of calculat ing u o r S u but they do show that t he re i s a re la t ion between 

the Fibonacci s e r i e s and the Binomial . 
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