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1. INTRODUCTION 
Let k be a posi t ive integer* We define the number s F (k) and N (k) 

„(k) + F . (k) (n > k) , n - l n - k ' 

by means 

(1.1) 

(1.2) 

of the r e c u r r e n c e s 

F (k) -n 

N . (k) = n -k 

F 

k 
= £ ^ ( ^ N n i<W (n ^ k ) > 

i=o V J / J 

with the init ial conditions 

(1.3) F (k) = n + 1 (0 < n < k) , 

(1.4) Nn(k) = ( k n n ) ( 0 < n < k ) , 
Note that ^ ' 

(1.5) F n ( l ) = N n ( l ) = 2 n , 

(1.6) Fn(2) = F n + 2 , 

(1.7) Nn(2) =• 3 .2 n _ 1 , 

where F . denotes the usual Fibonacci number (F0 = 0, F j = 1) . 

Given posi t ive in tegers m and k, put m - pk + r (1 < r < k) and 

let T(k, m) denote the number of a r r a y s 

(1.8) n u • • • n!knl9 k+i 9 ° e nu p\^nu p k+i • • • n l m 

n 2 , k+i ' ' ° n2> pkn2, pk+i ° " ' n2m 

p,pk p,pk+i pm 

np+l?pk+l " ' ° p+i, m 

w h e r e n1A is e i ther 0 or 1 and 

235 
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(1.9) n.. > n. . , , > 0; n.. > n._,_, . > 0 , 
i] i,]+i ' 13 ~ 1+1,3 -

For example, T(2,5) and T(2,6) are the number of arrays 

x x x x x x x x x x x 
x x x x x x x 

X , X X , 

where each x is either 0 or 1 subject only to the conditions (1.9). As a 
further example, we have T{2,3) = 5, the arrays being 

1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 
1 , 0 , 0 , 0 , 0 . 

Indeed, we find that 

(1.10) T(k,n) = Fm(k) (m,k = 1,2,3, — ) . 

The numbers N (k) also occur in connection with triangular arrays of 
zeros and ones. We prove that 

(LID N ao = - £ |V j + Dk - I ] ( P 3 + Dn , 
j=o L J 

(1.12) £ Nn(k)xn = k ^ - 1 , 
n^o x - (1 - x) 

where p denotes a primitive k root of unity. 
Finally, we have included some one-line arrays which can be enumerated 

in terms of the numbers F (k) and N (k). 
n n 

The author wishes to thank Professor Carlitz for his aid in the prepara-
tion of this paper. 
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2. THE NUMBERS F (k) n 
F o r given posi t ive in tegers m and k, let T(k,m) denote the number 

of a r r a y s (1.8) subject to the conditions (1.9), 

To evaluate T(k,m), we f i r s t note that if nmi = 1 in (1,8), then n ^ = 

''' = n i , m - i = 1 anc* t h e r e a r e T(k,m - k) a r r angemen t s of the resu l t ing 

ma t r ix . On the other hand, if n l m = 0, then n 2 m = • • • = np+ 1 J i n = 0 and 

t h e r e a r e T(k, m - 1) a r r a y s poss ib le . This evidently yields 

(2.1) T(k ,m) = T ( k , m - 1) + T ( k , m - k) (m > k) . 

In the next p lace , it follows at once from (1.8) and (1.9) that 

(2.2) T(k,m) = m + 1 (1 < m < k) . 

Th is evidently completes the proof of 

T h e o r e m 1. The number of a r r a y s (1.8) subject to the conditions (1.9) is 

given by 

(2.3) T(k,m) = F m ( k ) (m,k = 1 , 2 , 3 , - - - ) . 

As an immedia te co ro l l a ry of (2.3) we have 

T h e o r e m 2. Let q, (n;p) denote the number of par t i t ions of n into at 

mos t p p a r t s , success ive p a r t s differing by at l eas t k. Then 

M 
(2.4) £ qk(n;p + 1) = F (k) , 

n=o 

whe re m = kp + r (1 < r < k) and M = m(p + l ) - k 

Indeed, using the generat ing function f"2l 

lm(m+i) 

2-f qi(n;m)x 
n=o 

tA 
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we eas i ly verify that , for k = 1, (2.4) r educes to (1.5). However, Chaundy 

£ l j has noted that , for k > 1, the generat ing function for q, (n;p) i s not 

known. 

30 THE NUMBERS N (k) n 

Given posi t ive in tegers m and k, put m = pk + r ( l 4 r 4 k) and, 

for 1 4 j 4 k, let N.(m,k) denote the number of a r r a y s 

(3.1) n t l • • • n l j k + 1 • • • nljPk-M • • • n l m 

n j i """ n j ,k+i • • • n j ,pk+i " *' n j m 
nj+k,k+i ' ' " nj+k,pk+i ° ' ' n j+k,m 

nj+pk,pk+l • ° • n j+pk,m » 

where n ^ is e i ther 0 o r 1 and the ny a r e non-negat ive in tegers subject to 

the conditions (1.9). F o r example , Ni(5,2) and N2(5,2) a re the number of 

a r r a y s 

X X X X X X X X X X 

X X X X X X X X 

X X X X X X 

X X X X 

X , X , 

respectively,, 

It follows from (3.1) and (1.9) that 

(3.2) N.(m,k) = ( . J | (1 4 m 4 k) , ("V1) 
(3.3) N.(m,k) = N.(m - l,k) + N.__ (m,k) (2 4 j 4 k; m > k) , 

(3.4) Ni(m,k) = Ni(m - l,k) + NR(m - k,k) (m > k) . 

The proof of (3.2) is not difficult; (3.3) and (3.4) a r e proved in exactly the s ame 

way as (2.1). 
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Using (3.3) with j = k, we see that 

Nk_1(m,k) = Nk(m,k) - N k (m - l,k) , 

and, in genera l , 

(3.5) Nk_.(m,k) = £ ( - l ) r 0) N k (m - r ,k) (1 < j < k - 1) 

Compar ing (3.4) and (3.5), we obtain the r e c u r r e n c e 

r=o \ / 
(3.6) N k (m - k,k) = £ (-D r / N k ( m " r ' k ) ' 

r=o 

which should be compared with (1.2). 

F o r k• = 1,2 the r e c u r r e n c e (3.6) is easi ly handled. Indeed, it follows 

from (3.2) that (3.6) is in agreement with (1.5) and (1.7). Note that (1.7) and 

(3.5) imply 

(3.7) Ni(m,2) = 3°2 m " 2 (m > 2) . 

To solve the r e c u r r e n c e (3.6) for genera l k, we make use of some r e -

sul ts f rom the calculus of finite differences [3J . Let p denote a p r imi t ive 

k root of unity and note that the cha rac t e r i s t i c polynomial of the r e c u r r e n c e 

is 

(x - l ) k - 1 , 

whose roo t s a r e p - 1 (j = 0 , 1 , 2 , • • • , k - 1). Thus t h e r e a r e constants A0 , 

Aj , • • • , A k - 1 such that 

k - i 
(3.8) Nk(n,k) = Z A V - D n . 
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We show that 

(3.9) *j = E [(p"5 + 1)k " x ] (0- j - k " 1] ' 

first noting that we may extend the recurrence (3.6) and define N, (0,k) = 1. 
To prove (3.9), we have, for 0 4 r 4 k - 1, 

E r<P-i + Dk - i l (pj + Dr = E ( J ) E ( t
r ) E pj(t"s) 

j=o L J s=o V / t=o \ z I j=o 

-'£(00Mk+*r)-
which, using (3.2), implies (3.9). 

It follows from (3.8) and (3.9) that 

(3.10) Nk(n,k) = \ g [ (p" j + l ) k - l ] (pj - l ) n , 

so that 

(3.1D N k ( n ) k ) ^ E ( ^ E (j) . 
s=o \ / r=s(mod k) \ / 

If we define generating functions 

(3.12) F , (x ) = f; N(n,k)xn (1 < j < k) , 
J JJ,= 0 j 

then it is clear from (3.2) and (3.3) that 

(3.13) (1 - x J ^ F y f e ) = Fkl(x) 0 = 2 f 3 , - - - , k ) 
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Moreover , us ing (3.4), we have 

F k k ( x ) = x - k ( l - x)F k i (x) - * * * _ - / ) 

Compar ison with (3.13) then yields 

(3.14) F. (x) - (x - 1)(1 - x) 
x - (1 - x) 

(3.15) F. .(x) = (X " , 1 ) ( 1 " X ) , (1 L j 4 k) . 
k J x - (1 - x ) k 

We s u m m a r i z e the r e s u l t s of th is sect ion by stat ing 

Theo rem 3. Let N.(n,k) denote the number of a r r a y s (3.1) subject to 

the conditions (1Q9). Then N.(n,k) sa t i s f ies (3.6), (3.10), and has generat ing 

function (3.15). 

48 SOME ONE-LINE ARRAYS 

Let S, (nj) denote the number of one- l ine a r r a y s 

(4.1) n1n2n3n4«"0 , 

where the n. a r e non-negat ive in tegers , subject to the conditions 

(4.2) n. A n . + 1 + k (J = 1, 2, 3, • • •) . 

It is c l ea r f rom (4.1) and (4.2) that 

Sk(n) = 1 (n < k) , 

n -k 

r=o 
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which impl ies 

Sk(n) = Sk(n - 1) + Sk(n - k) (n > k) . 

Thus an easy induction es tab l i shes 

Theo rem 4„ The number of a r r a y s (4.1) subject to the conditions (4.2) 

is given by 

(4.3) Sk(n) = 1 (1 4 n 4 k) , 

(4.4) Sk(n) = Fn_k(k) (n > k) 

In pa r t i cu l a r note that (4.3) and (4.4) yield 

(4.5) S2(n) = F n (n = 1 ,2 ,3 , • • • ) 

Returning to the number s F (k), we see from (1.1) and (1.3) that 

n 
(4.6) 

r=o 
F

nk+j
(k) - 1 = £ Wi*> (14 j -k) 

In the next p lace , for 1 < j < k, let S, .(n*) denote the number of 

a r r a y s (4.1), where the n a r e non-negat ive in tegers subject to the conditions 

(4.7) n r ^ n r + l (r * j (mod k) ) , 

n
r > n

r + 1 <r = 3 (mod k) ) . 

It is immedia te from (3.7) that 

(4.8) Sk . ( l ) = j ( 1 4 j 4 k) , 

n 
(4.9) S

k j j + 1 < n ) = 1 + X S
k j W (1 4 j 4 k - 1) , 
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n-i 
(4.10) Skl(n) = 1 + E Sj.fr) . 

r=i 

We shall show that 

<4-n) Skjfr + 1) = F r t f j - 1 ( k ) (1 < j < k) . 

The proof of (4.11) is by induction, the case r = 0 being in agreement with 
(4.8). 

Assuming (4.11) for r < n - 1, we see from (4.10) that 

V n + ^ = F (n-0k ( k ) + F n k - i « • 

which implies 

(4.D Ski(n + 1) = Fnk(k) 

Using (4.6), (4.9), and (4.12), we obtain successively 

Sk)j+1<n + 1) = 1 + E ^ ^ ( k ) = Fnk+j(k) • 

which proves 
Theorem 5. The number of arrays (4.1) subject to the conditions (4.7) 

is given by (4.11). 
Finally, we can use the numbers N.(n,k) to enumerate certain one-line 

arrays. For 1 < j < k, let R, .(n) denote the number of arrays 

(4,13) n ni n2 n3
 e ° ° , 

where 
(4-14) n r > n r + 1 (r £ j (mod k) ) , 

n r > k + n r + 1 (r = j (mod k) ) 
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It follows that 

[Oct 

(4.15) R. .(] 
kj 

w - ( v ) (0 4 n L k) 

(4.16) R
k j ^ = % R

k | j . i < s ) (2 ^ ] 4 k) , 
s=o 

(4.17) 
n - k 

R (n) = ^ R (s) (n > k) 
s=o 

kkv 

and we deduce 

Theo rem 6. The number of a r r a y s (4.13) subject to the conditions (4.14) 

i s given by 

(4.18) Rk j(n) = N.(n,k) (1 < j < k) . 

F o r convenience of r e fe rence , we give the following tab les of F , (k) n+kv 

and N.(n,k). 

Wk ) : 

^ N J 
1 

2 

3 

4 

5 

6 

7 

1 

4 

5 

6 

7 

8 

9 

10 

2 

8 

8 

9 

10 

11 

12 

13 

3 

16 

13 

13 

14 

15 

16 

17 

4 

32 

21 

19 

19 

20 

21 

22 

5 

64 

34 

28 

26 

26 

27 

28 

6 

128 

55 

41 

36 

34 

34 

35 

7 

256' 

89 

60 

50 

45 

43 

43 
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N.(n,k): 

j 

1 x 
1 1 
2 

1 

2 

3 

1 ' 

2 

3 

4 

K1 

i i 
2 

2 

3 

3 

3 

4 1 
4 

4 

4 

1 

1 2 

H2 
3 

2 

3 

4 

2 

3 

4 

5 

2 

4 

3 

6 

3 

6 

10 

3 

6 

10 

15 

3 

8 

6 

12 

4 

10 

20 

4 

10 

20 

35 

4 

16 

12 

24 

8 

18 

38 

5 

15 

35 

70 

5 

32 

24 

48 

18 

36 

74 

10 

25 

60 

130 

6 

64 

48 

96 

38 

74 

148 

25 

50 

110 

240 

• 7 

128 

96 

192 

76 

150 

298 

•60 

110 

220 

460 

8 

256 

192 

384 

150 

300 

598 

130 

240 

460 

920 

5. ADDITIONAL PROPERTIES 

The above table of values for N.(n,k) suggests the formulas 

(5.1) i <-ui (?) Nk_ (n,k) 
0 (2 k, n > k) , 

2Nk(n - k, k) (2 K k, n > k) , 

(5.2) N
n + r ( n + km - r,k) = Nn_r(n + km + r, k) (n A r) 

(5.3) N (km + r , k) - 2N _ ^ k m + r , k) 

To prove (5.1), we have, using (3.5) and (3.6), 

]=o V / 
Nk_.(n,k) E < - « r ( r ) N k < t t - r ' k ) k | " 1 < - 1 > r , " J ( k I r ) 

r=o 

^k+i k - i 
= (-D^1 E ("I)" fc) Nk(n 

r=o \ / 

= (1 + ( - l ) k + 1 )N k (n - k,r) , 

j=0 

r,k) 

which implies (5.1). 
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In the next place, it follows from (3„5) and (3o10) that 

(5.4) N (n,k) = £ [ V + D k " l l (PT + l ) n + j " k P" j r (1 4 j 4 k; n A k) 
k - l 

r=Q 

so that 

k - l 
(5.5) N <n,k) = £ M E ( n ; A ( l A j - k ; 

J s=o V / r=s+j (mod k) \ / 

It is clear from (5.4) that 

N + r (n + km - r,k) = ^ \ V + D 2 1 ^ - (P* + l ) 2 n + k m - r ] p - s < n + r > 
n s=o L 

= V f"(p"s + D211"1"1^111 _ / p - s + 1)2n+km-rl ps(n+r) 
s=o L 

= E1 r ^ s + D 2 n + k m - ( p s + D 2 n + k m - r i p-sfo-r) 

which completes the proof of (5.2). We remark that (5»3) is an immediate cor-
ollary of (5.2). 

Note that (5.2) requires only that n ^ r. This follows because (5.4) is 
valid for all non-negative j„ 
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