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1. INTRODUCTION 

In 1963, both Moser and Car l i tz [11 ] and Rollet t [12 ] posed a p rob lem. 

Conjecture 1, The only squa re Fibonacci n u m b e r s a r e 

F 0 = 0, F_i = F i = F 2 = 1, and F l 2 = 144 . 

Wunderl ich [14 ] showed, by an ingenious computational method, that for 

3 < m < 1000008, the only squa re F is F1 2; and the conjecture was proved 

analytic ally by Cohn [ 5 , 6, 7 ] , B u r r [ 2 ] , and Wyler [ 1 5 ] ; while a s i m i l a r r e -

sult for Lucas number s was obtained by Cohn [ 6 ] and Bro the r Alfred [1]„ 

Closely assoc ia ted with Conjecture 1 is 

Conjecture 2. When p is p r i m e , the sma l l e s t Fibonacci number d iv i s -

ible by p is not divis ible by p2„ 

It is known (mostly from Wunderl ich?s computation) that Conjecture 2 

holds for the f i r s t 3140 p r i m e s (p < 28837) and for p = 135721, 141961, and 

514229* Clear ly , Conjecture 2, together with C a r m i c h a e P s theorem (see [ 4 ] , 

T h e o r e m XXIII, and [ 9 ] , Theo rem 6), which a s s e r t s that , if m ^ 0, with the 

exception of m = 1, 2, 6, and 12, for each F t h e r e i s a p r i m e p , such 

that F i s the sma l l e s t Fibonacci number divis ible by p (whence F is not 
m J ^ m 

divis ible by p2 and so cannot be a squa re , if Conjecture 2 holds), impl ies 

Conjecture 1; but not v ice v e r s a , If Conjecture 2 holds , then the divisibi l i ty 

sequence theorem ( [ 9 ] , T h e o r e m 1) can be s t rengthened to say that, if p i s 

an odd p r i m e and n ^ 1, then 

(1) <*(p,n) = p or(p) . 

In the notation of [ 9 ] , Conjecture 2 for a given p r i m e p s ta tes that 

F , v i s not divis ible by p2, Th i s , by L e m m a 8 and Theo rem 1 of [ 9 ] , is 

*This work pe r fo rmed under the auspices of the U. S„ Atomic Energy 
Commiss ion . 

The p r e s e n t pape r i s a r e v i s e d v e r s i o n of a r e p o r t w r i t t e n under 
a u s p i c e s of t h e U. 3* AEC w h i l e t h e a u t h o r . w a s a t Brookhaven 
N a t i o n a l L a b o r a t o r y , Upton9 L . ' I . , N . Y. (Repor t N©eAMD/38^ BNL9300). 
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equivalent to 

(2) a(p2) = pa(p) o 

Since v.(p) i s the highest power of p dividing F . , , this is equivalent to: 

(3) v(p) = 1 . 

By Lemma 11 of [ 9 ] , p divides one and only one of F , F , and F , 

namely F > ^ , where \(p) = p - (5/p) and (5/p) is the Legendre index,, 

Thus , if p > 5, s ince \(p) i s not d iv is ib le ,by p , while it is divis ible by 

<*(p), (2) is equivalent to 

(4) F , v i s not divis ible by p2 , 

and inspect ion of the c a s e s p = 2, 3, and 5, shows that the equivalence holds 

for t hese p r i m e s a lso. Final ly, (4) i s equivalent to: 

(5) F F ,, i s not divisible by p2 
p - l p+l J * 

This paper p r e s e n t s ce r t a in r e s u l t s obtained in the cou r se of invest igat ing 

the two Conjectures , the l a t t e r of which i s s t i l l in doubt* 

2. A THEOREM OF M. WARD 

We begin with a t heo rem posed as a p rob lem (published posthumously) by 
Ward [ 13] . A different proof from that givenbelow was obtained independently 
by Car l i tz [ 3 ] . 

T h e o r e m A„ Let 

(6) <fc&) = £ x S / s 
s=i 

and 
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(7) k (x) = (xP"1 - l ) / p ; 

then, for any p r i m e number p — 5, p2 divides the sma l l e s t Fibonacci num-

b e r divis ible by p if and only if 

(8) c ^ ) ( | ) = 2kp ( I ) (mod p) . 

Proof, We shall show that (8) is t r ue if and only if (5) is falseQ We 

shal l use the congruence (see [ 1 0 ] , page 105) that, when 1 — t — p - 1, 

(9) - I f ) = ( - D t 1 (modp) K') 
and F e r m a t T s theo rem (see [ 10] , page 63), that 

(10) if (a,p) - 1, a p - 1 = 1 (mod p ) 

The ident i t ies 

( ID F = •.-^IHTff2)"! 
(12) F ^ i = F ^ + F ^ . 

<14> ^ + ( - l ) n = F n _ i r n + 1 . 

and 

(15) 3F 2 + 2 ( - l ) n = F 2 + F 2 , 
v ' n n - l n+l 

a r e well known (see [ 8 ] , equations (3), (5), (64), (65), (67), and (95) with 

m = l)o F r o m then it follows that (since (1 ±V5)2 = 2(3 ± V5) ) 
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, T \ " 2 Q 

il6) = F 4 n / F 2 n = F f f i . i + F 2 n + 1 = 2F2 + F ^ + F ^ 

= 5F^ + 2 ( - l ) n = 5 F n _ 1 F n + 1 - 3 ( - l ) n . 

Now, s ince p > 5, p is odd and -£(p - 1) i s an in teger . By (6) and 

the factor £ = 6 p [ | ( p - 1)] I is p r i m e to p and makes both fa. v(5/9) (7), 
and k (3/2) into in tegers . Thus, modulo p , by (6), (9), (16), (7), and '(10), 

-i |(t)P<5v.v. + 3 > - 2 } 
= -5"1P[S(P " Ifl '• V . V > /P) + ' (^)P"' ' 2kf 

• ' • 2kp (l) - S < V V / P ) ' 

whe re f and g a r e in tegers p r i m e to p , and F F / p is an integer. 

It follows that (8) is t rue if and only if (F F + 1 /p) = 0 (mod p), and this 

cont rad ic t s (5), proving the theorem,, 

3. ANOTHER CONJECTURE 

We end the paper with an examination of a conjecture , which impl ies the 

f i r s t conjecture (known now to be t rue) , in a r a t h e r different way from Con-

jec tu re 2. The underlying r e su l t i s 

T h e o r e m Bo Let p be a p r i m e , and suppose that t h e r e ex is t s a posi t ive 

in teger M, such that 

(i) for no integer n, p r i m e to p and g r e a t e r than M, is F a squa re 

or p t imes a square ; and 
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(ii) if n i s posi t ive and not g r e a t e r than N, and F is a square o r p 

t imes a squa re , then F, i s ne i ther a squa re nor p t i m e s a square , when k 

is the l eas t in teger g r e a t e r than M, such that k /n is a power of p; 

then no F at all is a squa re o r p t imes a square for m > M* 

Proof. Suppose that (i) and (ii) hold, and that F is a squa re or p 

t i m e s a square . In contradict ion of the theorem, let m > M. Then, by (i), 

m is divisible by p« Let m = pmi , and w r i t e F = AB2C2, F = BC2D, 
J * l m mj 

whe re D divides A and A is 1 or p . This makes F a squa re o r p 

t imes a squa re , and divisible by F . Now, by the well-known identity (see 

[8, equation (35)], o r [9]* equation (8)] ) 

(17) F F = y ( P ) F h " 1 F p " h F, 
m mj X*. I h i m i m i - l h 

we get that 

B(A/D) = BC*D V (A F h ' 2 F P ~ \ Fh + pF*5"1 

A^ I h i mi m i - i h ^ mi-m i - l 

Also, (F - 1, F ) = 1, so B mus t divide p; that i s , B is 1 o r p; y mi mi ^? ^ ' 
and again D is 1 or p . It follows that F , too, is a squa re o r p t imes 

1 J, 

a squa re . Arguing s imi la r ly , we see that, if m = p m , then F is a 
squa re o r p t imes a square,, This will continue until (m ,p) = 1, and then, 

t S 

by (i) 1 ^ m < M. But then, by (ii), if p m = m . i s the l eas t such num-
" S S S —L 

b e r g r e a t e r than M, s ^ t, and F m cannot be a s q u a r e or p t imes a 

square,, This contradict ion shows the c o r r e c t n e s s of the theorem. 

Conjecture 3. T h e r e is no odd in teger m > 12, such that F is a 

squa re o r twice a square,, 
T h e o r e m C Conjecture 3 impl ies Conjecture 1. 
Proof. Conjecture 3 s ta tes condition (i) of T h e o r e m B, when p = 2 and 

M = 12. The only F , with 1 < m < 12, which a r e s q u a r e s o r twice 

squa re s a r e F j = F 2 = l s F 3 = 2, F 6 = 8, and F1 2 = 144. However, the 

cor responding F, a r e F i 6 = 3° 7°47 and F24 = 25 • 32 • 7 • 23, and ne i the r 

is a squa re o r twice a squa re . Thus (ii) holds also, whence the conclusion of 

T h e o r e m B, which includes Conjecture 1, i s es tabl ished. 
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4. PYTHAGOREAN RELATIONS 

We c lose this pape r by a r a t h e r c lo se r examination of Conjecture 3, 

using the ident i t ies (12) and (13), with the well-known resu l t , that the re la t ion 

(18) x2 + y2 = z2 

holds between in tegers if and only if t h e r e a r e in tegers s and t, mutually 

p r i m e and of different p a r i t i e s , and an in teger u, such that 

(19) x = (s2 - t 2 )u , y = 2stu, and z = (s2 + t 2 )u . 

Conjecture 3 leads us to examine the p r o p e r t i e s of Fibonacci n u m b e r s 

F , which a r e squa re s or twice s q u a r e s , for odd in tegers m. We obtain 

the following r a t h e r r e m a r k a b l e r e s u l t s . 

T h e o r e m D, If m i s odd, F i s a squa re if and only if t h e r e a r e 

in tege r s r , s, and t, such that m = 12r ± 1 , s > t ^ 0, s i s odd, t is 

even, (s, t) = 1, and 

(20) F 6 r = 2st , F 6 r ± 1 = s2 - t2 . 

Proof, Since m is odd, put m = 4n ± 1, de termining n uniquely. 

Then, by (12), 

(21) F m = F 4 n ± 1 = F^ n + F 2
n ±i . 

Thus F i s a squa re if and only if F ^ , F2n±i» a ^ d A/F~~ form a Py thagor -

ean t r ip le t . Since (F 2 n , F2 n±i) = 1» u = 1, and this pa i r is (s2 - t 2) and 

2st , while F ^ i = . ( s 2 ± t 2 ) 2 » This gives that s and t a r e mutual ly p r i m e 

and of different p a r i t i e s , with s ^ t > 0. By (12), F ^ i = F 2 + F 2 . Since 

(F , F ) = 1, not both number s a r e even, whence F2 n : t i is e i ther odd o r 

the sum of two odd s q u a r e s , which must be of the form 8k + 2. Since 2st is 

divis ible by 4, it follows that 

(22) F 2 n = 2st , Fm±1 = s2 - t2 . 
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A l s o , by (13), 2st - F ^ F ^ + F n + 1 ) = F ^ F ^ + F n ) . Since this m u s t be 

divis ible 'by 4, and (F , 2 F n _ + F ) = ( F , 2 ) , F mus t be even, so that n 

= 3 r (since F 3 = 2); whence m = 12r ± 1, a s s ta ted in the t heo rem, and (22) 

becomes (20). Finally, s2 - t2 = F 2 + F2 _ i s of the form 4k + 1, being the 

sum of an odd and an even square . Thus s mus t be odd and t even, a s was 

a s s e r t e d . 

Since Conjecture 1 i s valid, i t follows from T h e o r e m D that, if r ^ 2, 

the equations (20) a r e not sat isf ied by any in t ege r s r , s, and 6. 

T h e o r e m E„ If m i s odd, F i s twice a squa re if and only if t h e r e 

a r e i n t ege r s r , s, and t , such that m = 12r ± 3 , s ^ t > 0 , s and t a r e 

both odd, (s, t) = 1, and 

(23) F 6 r = s2 - t2, F 6 r ± 3 = 2 s t . 

P r o of. We p roceed much a s for T h e o r e m De Let m = 4n + la Then, 

by (21), Fm and F 2 n ±i mus t both be odd (since they cannot both be even), 

so that F2 n±i i s even (since one out of eve ry consecut ive t r ip le t of Fibonacci 

n u m b e r s , one i s even, and i t s index i s a mult iple of 3). Thus 2n ± 1 = 6r ± 3 , 

whence m = 12r ± 3 , a s s ta ted in the theorem. I t i s eas i ly ver i f ied that , 

s ince 2n = 6r ± 2 and 2n ± 1 = 6r ± 1, and 

(24) 
F6r+2 + F 6r+l ~ F6r+3» F6r+2 " F 6r+i ~ F

6 r » 

F 6 r _ 2 + F 6 r „ j ; = F 6 r , F 6 r „ 2 - Fg-p.j = - F 6 r _ 3 . 

equation (21) yields that 

2 F 1 2 r ^3 ~ (F6r-t2 + F 6 r : t l ) + ( F 6 r ± 2 " F 6 r ± 1 ) 

(2 5) = F 2 + F2 

6r x
 6r±3 

Thus F i s twice a square if and only if F 6 r , F 6 r i 3 , and V 2 F 1 2 r i 3 fo rm a 

Pythagorean t r i p l e t Clear ly , s ince F 3 = 2 and F 6 = 8, F 6 r i s divisible 

by 8, but F 1 2 r ^ 3 and F 6 r ± 3 a r e divisible by 2, but not by 40 Thus u = 2 

and F 6 r and F 6 r i . 3 a r e of the forms 2(S2 - T2) and 4ST, where S > T > 0, 

(S, T) = 1, and S and T a r e of opposite p a r i t i e s . In fact, 
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(26) F 6 r = 4ST and F 6 r ± 3 = 2(S2 - T 2 ) , 

s ince 4ST is c l ea r ly divis ible by 8. Put S + T = s and S - T = t; then (23) 

holds , and c l ea r ly s ^ t ^ 0, (s , t ) = 1, and s and t a r e both odd, as 

s ta ted in the theorem. 

We finally note that Conjecture 3 holds if, for r ^ 2, the equations (23) 

a r e not sat isfied by any in tegers r , s, and t. 
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1967 can be made from two 2's, three 3fs, four 4!s, five 5!s, 

six 6fs? or seven 7fs with the aid of eighteen toothpicks and 

mixed Arabic and Roman number symbolism* That is, 

! 315*7 = \/1 v/ vi vi \/i v/ = 
11 

j j !!=!!! !',! ill =:viV.v,v 


