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H-131 Proposed by V , E. Hoggatt , J r . , San Jose State Co l lege , San Jose, C a l i f . 

Consider the left-adjusted Pascal triangle. Denote the left-most column 
of ones as the zeroth column. If we take sums along the rising diagonals, we 
get Fibonacci numbers. Multiply each column by its column number and again 
take sums, C , along these same diagonals. Show Ct = 0 and 

n 
c , = T F .F. 

n+i L^ n-j j 
J=o 

H-132 Proposed by J . L . Brown, J r . , Ordnance Research L a b . , State Co l lege , Pa. 

Let F1 ~ 1, F2 = 1, "F : j = F . + F for n > 0, Define the Fib-
I £ * n +2 n + i n 

onaeci sequence. Show that the Fibonacci sequence is not a basis of order k 
for any positive integer k; that is , show that not every positive integer can 
be represented as a sum of k Fibonacci numbers, where repetitions are 
allowed and k is a fixed positive integer. 
H-133 Proposed by V . E.Hoggat t , J r . , San Jose State Co l lege , San Jose, C a l i f . 

Characterize the sequences 
n ~2 

i. F = u + V* u, 
n n Z-^ J 

j = l 
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n-2 n-4 i 
F = u + Y%. + V V u . 

n n L^ j Z^J JL*J ] 
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u i . 

n-2 n-4 i n-6 m i 

„ = »» + EvEEvEEE "J 
j=i i=i j«=i m=i i=i j=i 

F = 

by finding s ta r t ing values and r e c u r r e n c e re la t ions . G e n e r a l i z e 

H-134 Proposed by L. Carlife, Duke University 

Evaluate the c i rcu lan t s 

" n+k *" * n+(m-i)k 

n+(m-i)k n "n+(m-2)k 

F , F i • • • F 
n+k n+2k n 

n n+k n+(m-t)k 

n+(m-l)k n "Jn+(m-2)k 

L n + k L n + 2 k , e e L n 

H-135 Proposed by James E. Desmond, Florida State University, Tallahassee, Fla, 

PART I : 

Show that 

u/«i 
>**• E ( V , r ! d < v • 

d=o 

where j > 0 and [ j / 2 ] i s the g r e a t e s t in teger not exceeding j / 2 . 

PART 2s 

Show that 

F (j+i)n 
[ j / 2 ] / j - d \ j -

n Z - J I d / n 
d=o V ' 

• z d ^ f n + i j d 
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where j > 0 and [ j / 2 ] is the greatest integer not exceeding j / 2 . 

SOLUTIONS 
RECURSIVE BREEDING 

H-89 Proposed by Maxey Brooke, Sweeny, Texas 

Fibonacci started out with a pair of rabbits, a male and a female. A 
female will begin bearing after two months and will bear monthly thereafter. 
The first litter a female bears is twin males, thereafter she alternately bears 
female and male. 

Find a recurrence relation for the number of males and females born at 
the end of the n month and the total rabbit population at that time. 

Solution by F. D. Parker, Sf. Lawrence University 

The number of females at the end of n months, F(n), is equal to the 
number of females at the end of the previous plus the number of females who 
are at least three months old. Thus we have 

F(n) = F(n - 1) + F(n - 3) . 

The number of males at the end of n months, M(n), will be the sum of 
the males at the end of the previous month, the number of females at least 
three months old, and twice the number of females who are exactly two months 
old. Thus 

M(n) = M(n - 1) + F(n - 3) + 2(F(n) - F(n - 2)) . 

The total rabbit population is the same as it would be if each pair of off-
spring were of mixed sex, that is , 

M(n) + F(n) = 2f(n) , 

where f(n) is the n Fibonacci number. 
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DIVIDED WE FALLJ 

H-92 Proposed by Brother Alfred Brousseau, St. Mary's College, California 

Prove or disprove: Apart from Ft, F2, F3, F4, no Fibonacci number, 
F. (i > 0) is a divisor of a Lucas number. 

Solution by L. Carlitz, Duke University 

Put 

Ln = a n + / 3 n , Fn = ( « n - p V ( a ~ P), 

where 

•a = | ( 1 + V5), )8= J ( l - V5) . 

Also put n = mk + r, 0 < r < k. Since 

n , ^n • r . mk o m K , o^ik, r , _r. • a + /3 = a (a - (5 ) + p (a + /J ) , 

it follows from F, L that F, £ L . Since 8 is a unit of Q K / 5 ) it fol-k| n k| r p ^ v ^ 7 

lows that F, L . Nowfrom L = F + F , J we get L < F . for r > 2. k| r r r - i r+i to r r+2 
Hence we need only consider F , I I . However this implies F , I F 

J r+i| r r+i I r - i 
which is impossible for r > 2„ Therefore F, L is impossible for k >̂ 4. 

Also solved by James Desmond. 

OOPS!! 

H-93 Proposed by Douglas Lind, Univ. of Virginia, Charlottesville, Virginia. 
(corrected). 
Show that 

n-i 
F = II (3 + 2 cos 2k 7r/n) 

n k=i 
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n-2 
L = 0 (3 + cos (2k + l)7j/n) 

n k=o 

where n is the greatest integer contained in n/2. 

Solution by M . N . S . Swamy, Nova Scotia Technical College, Halifax, Canada. 

We know from Problem H-64 (FQ, Vol 3, April 1965, p. 116) that, 

F = 
n - i / . \ 

' = n I 1 - 2 i c o s ^ , 
n j=i \ n / 

where i ~ V-T. 
If n is odd, 

F2n+i n ( l ~ 2 i c o s ^ ) 

n . x 2n j 

I I I 1 - 2i cos 2n 
1 x ' n+i 

n v 2n 

m \ n L2iC0SJjL_\ 

1 1 v ^ 1 1 i 

n (i-aooB^) n [i^icos^i-^)] 
j=i > ' k=n+l 

Letting j = (2n + 1 - k) in the second product we get 

F2n+i = n [ l - 2 i c o s ^ n ^ - 2 1 - 8 2^fi)n(1 + 2iC0S 2^1) 

= n ( l + 4 0 O B » ^ L ) = n ( 3 + 2 c o s ^ ) . - . (A) 
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Similarly when n is even, 

2n-i 
F?ri = f i l l - 2i cos J -?2n n ^ l - 2 i c o s ^J 

II I 1 - 2i cos g ) II I 1 + 2i cos | ~ ) . J 1 + 2i cos I J 

= n I 1 + 4 cos2 

n-i 

2n I 

- n/3+-2<x>s3gj •-. (B) 

From (A) and (B) we see that 

k=i X ' 
(G) 

Hence, 

2n-i 
F2n = 

k 
I! I 3 + 2 cos ̂  ) 

n (3 + 2008^) n (3 + cos f J 
i=2,4,...2{TT=T) j^ij3,...,2,(n-2)+i 

Letting i ~ 2k and j = (2k + 1) we have 
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n - i . v n-2 

F 2 n = n | 3 + 2 cos n / 3 + 2 c o s ? f \ n [ 3 + 2 COB i ? L ± i k \ 

: = l ^ •/ k=o V / k= 

F n I l 3 + 2 c o s ^ 
k=o ' 

iH 
Since F 2 n = F

n L n , we have 

^/n[3 + 2coB^«] (D) 

k=0 

Also solved by L. C a r l i t z . 

ANOTHER IDENTITY 

H-95 Proposed by J . A . H. Hunter, Toronto, Canada. 

Show 

FU + ̂ FU = \K^ + (-vkK 

Solut ion by M . N . S . Swamy, Nova Scotia Technical Co l lege , Ha l i f ax , Canada. 

TT = F F + F F 
n - k n -(k+i) -k n+i 

= (^Vk+i + ^ FkVt • 

s ince 

F = (-1)^ F -n v 7 n 

Hence, 

(~ l ) k F , = F R , 4 - F, F ,., * ' n - k n k+i k n+i 
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Also , 

F ,, = F F, + F, F ^ . n+k n k - i k n+i 

Hence we have, 

F 3 , + ( - l ) 3 ^ F 3 , = (F F + F F )3 + fF F - F F ^3 
n+k [ 1} n -k l n k - i * k n + i ' < n k + i \ n + i ' 

Or , 

I = F ' , + ( - l ) k F 3 , =• F 3 ( F 3 , + F 3 ) n+k v ' n -k nv k+i k - r 

+ 3 F n P k F n - h t F k - i < F n F k - i + F k F n - H ) 

- 3 F n F k F n + 1
F k + 1 ( F n F k + 1 - F k F

n + 1 ) 

= F n < F k + i + Fk-i)(Fk+l " Fk-i " Wk- t* 

" ^nVn+i^+i " Fk-i) + 3 F n F k F n + 1 ( F k + 1
 + F k -

= F n L k <Fk+i " F k - i > 2 + F k + i F k - i 

+ 3F F,2F2 , L, n k n+i k 

= L, F 3 (F.2 + F, _,_ F, J - 3F 2 F 2 F _,_ L, + 3 F F 2 F 2 , L. k nv k k+i k - i ' n k n+i k n k n+i k 

Using the identi ty, 

Fl - Wk- i = wk 

we obtain 

1 = L k F n( 2 F k + ("1)k) + VAVn^t " V 
= L. F?(2F 3 + 3 F F , F ) + (-1) F 3 K k kv n n n+l n - r x ; n k 

Now, 
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F3n = F
n

F 2n - i + F2nFn+i 

= F (F2 + F2 ) + (F F + F F _,_ )F _,_ nv n-i n7 x n n-i n n+i7 n+i 

= F3 + F F2 , + F F (F , + F J n n n+i n-i i r n+i n- i 7 

= F3 + F (F2 + 2F F + F2 ) + F F (F + F ) n nx n n n-i n- i 7 n-i nv n+i n-l7 

= 2F3 + 2F 4 F (F + F ) + F 4 F F .4 n n-i nv n-i n7 n-i n n+i 

= 2F3 + 3F F F •, 4 n. n-i n n+i 

Substituting this in (1) we get 

1 = LkFkF3n + ("DM Lk 

Therefore, 

^n-Hc + ^ ^ n - k = '̂[^a + ( " D M ] 

Also solved by Charles R. Wal l . 
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• • • • * 

(Continued from p. 138.) 

All known Fibonacci equations using F are theoretically generalizable 
to equations using F . For some examples, see [ 2] . See [3] also. 
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