
PRODUCTS OF FIBONACCI AND LUCAS NUMBERS 
H. K. FERNS 

Victoria,' BJC., Canada 

Let U denote a Fibonacci or a Lucas number and consider the product x i 

u u eoe u 
xt x2 x n 

We are interested in finding a general method by which this product may be 
"expanded," i . e . , expressed as a linear function of Fibonacci or Lucas 
numbers. 

Beginning with the case in which n = 2 we find that there are four types 
of such products* Using Binet!s formulas It i s easily verified that these may 
be expressed as follows; 

F L = F A + (-1)X2 F 
X i X2 Xi+X2 Xi~X2 

L F = F ^ - (-l)*2 F , 
X i X2 Xi+X2 Xi~X2 

L L = L A +(™1)X2L 
X i X2 Xi+X2 X i -X2 

F F - 1 
ti A - (-D*2 L x i x2 5 L xi+x2 xi-x2 

From these four identities we make the following observations. 
This "multiplication" Is not commutative. 
The product of a mixed pair (i. e. , one factor i s a Fibonacci number and 

the other is a Lucas number) is a linear function of Fibonacci numbers. The 
product of a Fibonacci and Lucas number Is a function of Lucas numbers. 

The coefficient of the second term is (-1)X2 or ~(-l)X 2 according as X2 
comes from the subscript of a Lucas or a Fibonacci number. 

The factor 1/5 occurs when both numbers in the product are Fibonacci, 
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For convenience we denote -1 by € . Now consider € * as playing a 
dual role. As a coefficient of L or F it has the value (-1) *. As an oper-
ator applied to these numbers it reduces their subscripts by 2x.. With this in 
mind, we may write 

F L = (1 + €X2)F ^ = F _,_ + (~1)X2F 
Xj X2 X!+X2 Xt4x2 Xi-X2 

L F = ( 1 -€X 2 ) F _,_ = F A - (~1)X2F 
Xl X2 Xi+X2 Xi+X2 Xj-X2 

L L = (1 + €X2)L A = L A +(-l)X2L 
Xl X2 Xi+X2 Xi4x2 Xi~X2 

F F = (1 - cX2)L ^ = i |L ^ - (-1)X2L 1 
xt x2 xj+x2 5[ Xi+x2 x r x 2 J 

We turn now to products containing three factors such as L L F . 
x i x 2 X3 

For the moment we shall understand that L r L F, means (L L ) 
xi x2 x3 xj x2 F . Then, making use of the above results , we have 

X3 

(L L )F = f"L ,_ + (-1)X2L I F Xi x2 x3 L x i + x2 Xi~x2J : 

= L _, F + (-1)X2 L F 
Xi+X2 X3 X i -X 2 X3 

= F A . - (- if3 F _, + (~1)X2 x 
Xi+X2+X3 Xi+X2-X3 ^ 

X TF _,_ - (-if3 L 1 
|_ Xi-X2+X3 Xi-X2-X3J 

= F • M M - (-1)X3 F . + (-if2 X 
Xi+X2+X3 Xi+X2-X3 

X F • - (-1)X2+X3 L 
- xi-x2+x3 x r x 2 - x 3 

Using € we arrive at the same result, 
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L L F = (1 + €X2)(1 - €X 3)F 
Xi X2 X3 . , V ;JrXi+X2+X3 

(1 + €X 2)F - (-1)X3F 
X!+X2-+X3 Xi+X2-X3 

F - (-1)X3F + (-1)X2F - (~1)X2+X3 X 
• " x i - ^ 2 ^ 3 ' Xi+X2-X3

 K ±} * X r X 2 + X 3
 l 1} X 

X F 
x r x 2 ~x 3 

Since 

(1 + €X 2 ) ( 1 - €X 3 ) = 1 + €
X 2 _ €X3 _ eX2+X3 > 

we could proceed as follows: 

L L F = ( l + €X 2 - e
X 3 - e

X 2 + X 3 ) F 
xi x2 x3 x1+x2-bc3 

X F 
Xi-x2-x3 

We leave it as an exercise to show that L (L F v ) when expanded by 
xi x2 x3 

any of these methods leads to the same resulL 
There are eight types of products* each consisting of three factors. We 

list them below. 

F L L = (1+€X 2 ) (1 + €X 3)F . _, xj x2 x3 xi+x2+x3 

L F L = ( 1 -€X 2 ) ( 1 + €X 3)F A , 
X i X2 X3 * Xi+X2+X3 

L L F = (1 + €X 2 ) ( 1 »€X 3 ) F _, . 
Xi X2 X3 Xi+X2+X3 
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F F F = i ( l™-€X 2 ) ( l -€X 3 )F ^ • 
x t x2 x3 5 Xi+x2+x3 

L F F = i ( l -€X 2 ) ( l -€X 3 ) L _, ^ xi x2 x3 5 Xi+x2+x3 

F L F = 4 ( l +€X 2 ) ( l _€x 3 ) L xi x2 x3 5 v n ' X!+x2+x3 

F F L = i ( l -€X 2 ) ( l + €X3)L ^ M xi x2 x3 5 Xi+x2+x3 

L L L - (1+€X2)(1+€X3)L ./• xi x2 x3 Xi+x2+x3 

The preceding resuJ.ts are the bases for the following conjecture. 
Let Ux. represent a Fibonacci or a Lucas number. Let p be the num-

ber of Fibonacci numbers in a product of both Fibonacci and Lucas numbers* 
Let 

Xi+x2+- ••+xn 

denote a Fibonacci or a Lucas number according as p is odd or even. As a 
x- x,« 

coefficient € l has the numerical value (-1) but as an operator applied to 

Xi+X2+» • • +Xn 

it reduces the subscript of the latter by 2K. • 
Use 

(1 - €^ ) or (1 + € 1) 
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according as s 
product. Then 
according as x. is the subscript of a Fibonacci or a Lucas number in the 

u 
T T u = - ^ r ( 1 ±€X 2 ) ( 1 ±€X 3 ) ••• ( H €Xn)u A M ' 
i * x. jE 1 xi+x2+° • • +xn 
i= l r-L2J 

The proof of this conjecture i s given at the end of this article. The following 
example will illustrate 

F 1 5 F i 2 L 1 0 F 8 = ± ( 1 «€1 2 ) ( 1 + €1 0 ) ( 1 -€8 ) F 4 

= i ( l - €1 2 ) ( l + €i ° ) (F 4 5 -F 2 9 ) 5 U- - €" M ± t fc~MJ?45 - ^ 29/ 

= i ( l - €i 2 ) ( F 4 5 - F 2 9 + F 2 5 » F 9 ) 

= i (F45 - F29 + F2 5 - F9 - F 2 i + F5 - Fj + F_15) 

= | (F45 - F29 + F2 5 - F 2 i + F15 - F9 + F 5 - Fi ) . 

The above rule also applies if the product consists entirely of Fibonacci 
or of Lucas numbers each with the same subscript. For example, 

L x = ^ ^ S x 

= ( l + 4 e x + 6 €2 x + 4 €3 x + * 4 x ) L 5 x 

- L5x + 4 ( - 1 ) X L 3 x + 6 ( - 1 ) 2 X L x + 4 <A X
 + ( " 1 ) t e L - 3 x 

= L 5 x + [4(-l)X + (-1)X] L 3 x + [6(- l ) 2 x + 4 ( - l ) 2 x ] L x 

= L 5 x + 5(- l)XL3 x + 10 Lx 

More generally, if n is an odd integer we have 
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(1 + e^r1 L 
nx 

= L + nx 
* 2 X T 

(n-4)x 

-2)x 

Since 

L_k = (-1)-Lk , 

we get 

LA = L + x nx '(v)-(::ij (Q-2)X (VM^j e2 xL (n-4)x 

*••• *[(QUH±)]fc\ • 
Making use of the identity 

( n \ + ( n ) = (n + 1) 
I ml In - mI \ m / 

the last equation may be written 

L n = L 
x nx 

_, / n \ xT _,_ / n \ 2xT ^ , f n - l ) A 2 J1 

+ {l)€ L(n-2)x + {2} € L(n-4)x + "" + \ — / € 

n~l 
2 

i=0 x ' 

n = 1, 3, 5, 

Similarly, we get the following: 
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£ - 1 
2 •i - E K 1 (") v * J -<-«|x f I ) 

i = 0 «- \ / J 

(n, even) 

n-1 
2 

- i i E <-«<x+1,i (°) w 
2 i=0 

(n9 odd) 

£ . 1 
2 r 

F11 = 
.2 i=0 
4 E <-»htl,i(i)v 2i)x + 2(-l) 

| (x+D /n fi') (ns even) 

The proof of the rule which has been used to express products of Fibon-
acci and Lucas numbers as linear functions of those numbers is a proof by 
induction. 

We have seen that it is true for n = 2 and n = 3. Assume it is true for 
all integral values of n up to and including k. Then, if p is even 

k 

(l) TTux. = "fin (1 * €*2)'" (1 ± €*k) 

i= l 
xj-bt2+» • • +xfc 

Multiplying both members of this equation by L - we get 

TT". i-i ' 5 bi 

S] 
(1± €X2) ••• (1± € k ) X 

y (T, -J- (-1) L 
^ Xi+x2

+' • °+ xk+i x4+X2+-•-Hxk-xk + 1 

f*2 — (1 + €A2) • • • (1 ± € K ) ( l + € K<t i)L. fc+li 
Xi+x2+- - -+x k + 1 
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Next, multiplying both sides of equation (1) by F - we get 

nU F = - * ( i + €
x2) . . . ( i ± €

X k ) L F 

x i xk+l m x i + x2+ 8 • e + xk x k + 1 

- ( H e*2) ••• (1± eXk) X 

5L2. 

X F - (-1) k + 1 F 
Xl+x2+- • • +xk+1 Xi+x2+-• .+xk-xk + 1 

1 ( 1 ±€X 2 ) ^ - ( l ±€X k ) ( l - » € k + 1 ) F _, ^ ^ 
[E] Xi+x2+-•-+xk+1 

Since both of these results agree with that given by the general rule for 
n = k + 1 the induction is complete for the case in which 

U = L 
XffX2+* • »+Xn Xi+X2+« • -+Xn 

We leave the case in which 

U = F 
Xi+X2+» • »+Xn Xi+X2+« • »+Xn 

for the reader to prove. 
We now consider the reverse problem; that i s , the problem of finding a 

general method of expressing 

L , _L and F , , 
xi+x2+* * a + xn XJ-HX2+" • *+xn 

as a homogeneous function of products, each of the type, 

F v F • • • F x . L x , . 1 Lx. • • • L x 
x l x2

 x i i+l xi+2 x n 
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For simplicity let S. denote the sum of all products consisting of i 
i 

factors which are Fibonacci numbers and n - i which are Lucas numbers* 
The number of such factors is9 of course 

For example s 
• ( " ) • 

Sf = F F L L + F F L L + F F L L + 
* Xi X2 X3 X4 Xi X3 X2 X4 Xj X4 X2 X3 

+F F L L +F F L L +F F L L 
X2 X3 X| X4 X2 X4 Xi X3 X3 X4 Xi X2 

For later use we note that 

S n L + S n
1 F = S n + 1 

1 xn+l 1 " 1 V>-1 l 

This follows from the identity 

(H-K;1) 
For the case n = 2 we readily prove (using Binetfs formulas) that 

1 
Fx1 +x2

 = 2 ( L x 1
F x 8

 + F x 1
L x a ) 

1 „2 
2 = ; s | 

t̂-̂  - i ^ ^ + 5 ̂  V 
\ (S2

0 + 5S2
2) . 

Using these two identities as a basis, we develop the following for n = 3 
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= F 
Xi+X2+X3 (X1+X2)+X3 

L ^ F + F ^ L 
Xi+X2 X3 Xj+X2 X3 •if 

2 [2 

2 2 L 

= ±fe + 5 S|] 

(L L + 5 F F )F + 4 ( L F + F L ) L xi x2 X! x2 x3 2 xi x2 xt x2 x3 

L L F + 5 F F F + L F L + F L L 
22 [ Xi x2 x3 xt x2 x3 xj x2 x3 Xi x2 x3 

^ X ^ + X s (Xi+X2)+X3 

2 2 L 

2 2 L 

L. L + 5 F L F 
Xi+X2 X3 Xi+X2 X3 

i(L L +5F F ) L +|(L F +F L ) F 2 xt x2 Xi x2 x3 2 xi x2 xi x2 x3 

L L L + 5 F F L + 5 F L F + 5 L F F 
22 [ x i x2 x3 Xi x2 x3 Xi x2 x3 xi x2 x3J 

So + 5 S2 

Proceeding in this manner we derive the following identities for n = 4 
and n = 5: 

" Xi+X2+X3+X4 2 3 
Si + 5 S3 

F Xi+X2+X3+X4+X5 
= ±\sl + 5 S | + 52S| 

2 4 L 

Xi+X2+X3+X4 23L 
+ 5 Ŝ  + 52 s j 
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x1+x2+x3+x4+x5 
SA + 5SSJ. + 5 2 S | 

F r o m the above r e s u l t s we conjecture the validi ty of the following iden t i -

t i e s which we will p rove l a t e r , 

(2) F xi+x2+- • »+xn n - 1 

n -2 
2 n ^n , _ ^n t _o 0 n , , J 5 S -

St + 5S 3 + 5* S5 + • • • + / n - 1 
v n - 1 

5 2 S n 
n 

(n, even) 

(n, odd) 

(3) L Xi+x2+» • 9+xn 9 n - l !S5? + 5 ^ + 52S? + -
2 g n 

+ 1 n 

n - 1 

5 2 S* n - 1 

(n, even) 

(n, odd) . 

Before proceeding with the proofs of these ident i t ies we cons ider the 

specia l c a s e when x4 = x2 = • • • = x^ = x. F o r th is c a s e we get the following^ 

"nx « n - l M F L*"1 + 5 (*W La" 
\1) x x y3y x x 

+ . •. + 

/ n -2 

s 2 / MB*" 1 ! 
In - I I x 

£d- "I 
,. 2 W xJ 

(n3even) 

(n9odd) 

nx 
1 

, n - l 
n , r- / n \ ^2 _ n -2 j + 51 0 F L x \2j x x 

.2 /n\ F n 
W x. 

\ n - l W L 
/ X X 

(n, even) 

(n, odd) 

Note , in pa r t i cu la r s if n = 2 we get two well-known ident i t ies 

and 
F 2 x = F x L x 

L2x = i H + 5 F ^ • 



12 PRODUCTS OF FIBONACCI AND LUCAS NUMBERS [ Febo 

We have now to prove the identities (1) and (2). The proof is by induction 
on n. Both identities are true for n - 2, We assume they are valid for all 
integral values of n up to and including n = k. 

Then 

(4) F. X!+X2+* " *+Xk k - 1 S ^ + 5 s ! f + 5 2 s | f + < 

(5) L xi+x2+"°+xk k - 1 
k lr « IT 

SQ + 5 S f + 5<J S f + • 

k-2 

5 2 < i k-l_ 
k-1 

K 2 Gk 

5 S k _ 
k 

52SJ* 
k - 1 

5 2 S k 

5 Sk-lJ 

(k, 

(k, 

<k. 

(k, 

even) 

odd) 

even) 

odd) 
Now 

(6) L = L , x 
x1+x2+- • »+xk+xk + 1 = (xi+x2+» • -+xk )+x k + 1 

T T + 5 F F 
[ X l + X 2 + ' • 8 + Xk X

k + 1 Xi+X2+- • »+Xk Xk+1< 

Applying (4) and (5) to the r ight m e m b e r of (6), we get 

(7) L L ^ _,_ L 
xi+x2+— +xk x k + 1 

Jc-1 S?L +5S^L +• 
xk4-l x k + l 

52S^L 
+ { K x k + l 

k - 1 

5 2 s{^ - L k - 1 x, fc+1 

(k, even) 

(k, odd) 
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(8) F F -
Xi+x2+-..+xk x k + 1 2 k - l x k + l x k + l 

k -2 

| 5 2 S k , F 
+ I k " X *k+l 

k - 1 
5 2 S k F k x, 

(k, even) 

(k, odd) 
*k+l J 

Substituting in (6) f rom (7) and (8) and regrouping we get the following: 

Xi+X2+- • '+Xk+I 
= S T 1 + 5 ( S J L +S^F ) 

\ k+1 x k + l / 

+ 5 2 ( s ? L + S ^ F \ + 
\ x k + l x k + l / 

5 2 S k L + S k 

\ k x k+ l k 

k - 1 
2 5 S, F. M k k+1 

- 1 x k + i / 
(k, even) 

(k, odd) 

Hence 

Js+1 , r Js+1 , ,,? Jk+1 5 2 S k + 1 (k + 1, even) 
L Xi+x 2

+ ' - • + x k+ i = S?"r± + 5 ^ " f " 1 + 52sft""L + . - . + 

5 2 Sk*J (k + 1, odd) 

This comple tes the proof of (3). The proof of (2) is s imi l a r , 
• • • * • 

ERRATA FOR 
PSEUDO-FIBONACCI NUMBERS 

EL H. F e r n s 
Vic to r i a , B„C„ , Canada 

P l e a s e make the following changes in the above-ent i t led a r t i c l e appear ing 
in Vol. 6, No. 6: 
p . 305: in Eq. (3), 0 . + 1 should read : C^ . On p. 306, the 6 l ine from the 

bot tom: B ~ k + 1 should reads B k + 1 . On page 310, in Eq, (12), 2 0 2 n should 

r ead : 2X0 ; in Eq, (13), 30 should read : 30 2 + 1 . Equation (17), on 

p . 312: ( X - 2 ) 0 2 x should read : X( X- 2)0 _ r Equation (18s) on p . 313: 
40? should read : 4 0 ? . In l ine 3 , pe 314, 20 o , 0 should r ead 2 0 0 _,_„, and 

1 1 atonr/u ^n+^d 
Eq. (20), p . 315: (-\- 2 ) 0 9 should r e a d X( X - 2 ) 0 9 . 

An • • * * • ^ n 


