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1. INTRODUCTION 

In a recent paper [1] , Brother Alfred Brousseau has obtained a chain 
of formulas of the following kind, 

oo 

-a n 
n=l 

oo 

^ (-if-1 _ 
f j F F F —7 n n+1 n+2 

= 3 

5 
12 

00 

^ F n F n + l F n + 2 ' n= l 

oo 

_ 3y^ (-if"1 

" 2 Z.J F
n

F . n + l F n + 2 F n + 3 F n + 4 
n=l 

\ ^ 1 = .97 40 y ^ (- l ) n 1 

Z - # F F (1 ••• F iA 2640 l l Z - # F F ^ • •• F _ ^ ^ n n+1 n+4 ^T™ n n+1 n+6 

As an application he has computed the value of the sum 
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to twenty-five decimal places* It does not seem to be known whether the sum 
S is a rational number. 

If we define 
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* Supported in part by NSF Grant GP-78558 
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the above special results suggest that generally 

(i .D s k + 1 = ^ + h A , 

where a, , b, are rational numbers. We shall show below that this is indeed 
true and moreover we shall obtain explicit formulas for a, , b, . Also we ob-
tain explicit formulas for the sum 

V ^ ( - i ) k ( n - 1 ) 

X F T 1 ^ ! <k = *' 2' 3> '••) • 
~ n n+l *n+2k-l 

Indeed we shall prove these results in a somewhat more general setting. 
In place of the Fibonacci numbers F we take the numbers u defined by 

v n n J 

u0 = 0, U l = l s u n + 1 = (a+ $ u n - oipan^ (n = 1, 2, 3, • • • ) , 

where a,/3 are distinct, and consider the sums 
oo 

ut =y—>*> 
k JLJ U U 4_1 • • • U n = 1 n n+1 n+2k 

and 

T - V <"& 
k £ f Vn+1 ' ' ' un+2k-l 

We show that 

(1.2) U k + 1 = c k + \ \ » 

where c, , d, are rational functions of a9(3 that are determined explicitly. 
As for T, , we show that 

where cJ , d! are rational functions of a,/3 that are determined explicitly, 
Also it is assumed, in order to assure convergence, that 
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| a | > |j8|, |ar| => 1 . 

2e SOME PRELIMINARY RESULTS 

To begin with9 l e t a9(S denote inde te rmina tes and put 

451 

(2.1) 
n nn 

u = — — f p n a - p v = a + (T 

Then, of c o u r s e , 

(2.2) 
u n+1 n ^ n - 1 

v ,- = (a + j8)v - #/3v 
n+1 r n r n 

Next define 

(2.3) (u)o = 1, (u)n = uju2 . . . u n 

and 

(2.4) 
(u) 

(u). (u) , k n~k 
n 

n - k 

It follows from the definition that 

C lea r ly u v , (u) , If} a re symme t r ie polynomials in a , 0 ; the l a s t as s e r -n n n | K I 
tion i s a consequence of (2.5) 

Le t 
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2k 
(2.6) R (x) =^(-l)jJ2kfM)^U+l)-3kJ 

2k- - ^ - n i 
j=0 

x" , 

2k-l 
(2.7) R2k-! ( X ) 

j=o 

!•/• . (- i) j j 2 k . - 1[«#)*j ( i + 1 H kaJ + 1x j 

Then, by (2.5), 

R2k(x) 
2k 

Y (-l)ha^+1^kJ \j\2k.~ !} + £ 2 M 2 k - lH 
j=o 

2k-l 
2 (VJ^j-HxJ^^^H^J 
j=0 < '' ' 

- (a/3)^J(J+l)(J+2)-(j+l)k^2k-j+lxJ 

2k-1 
V (-i)jj2 k ." iU[^i«+D0+2)-Jk-i^j(j+i)-jk 
j=o ' J ' 

_ /(i+D(j+2)-jk-j ^jO+D-jk-* x ] 

= (a'1 - aVx) 2 (-DJj2Y ^WW-VfiW'^ , 

so that 

(2.8) R?k(x) = (a-1 - a_k^kx)R2k_1(x) 

Similarly, 



1971] REDUCTION FORMULAS FOR FIBONACCI SUMMATIONS 453 

2k+l 

= Y l ( - 1 ) j i 2 k - + 1[i' ( j + : L ) (J+ 2 )- j ( k + 1 ) /3^(J+ 1 )-J( k + 1 )x: i 
R 2 k + l ( x ) 

j=0 

2k+l 
= V * (.DJj-y+Da+^-ilk+D^jO+D-jCk+i)^ 

3=0 

J \2k| _,_ 2k- j+ l \ 2k j 

fh i JJ-M. 
= y (_i)j j 2 k [ x j rj(j+i)(i+2)-jk-j^j(j+i)-jk 

J-(j+2)(j+3)-(j+l)(k+l)+2k-j 

, j8{(j+l)(j+2)-(j+l)(k+l)j 

= y (-l)j j 2 k [ x j [iKJ+D-ik+i pijO+D-jk 
3=0 ' 3 

_ ^i(j+l)-3k+k+2/ 3-lj(j+l)-)k-k 1 

2k 

2k 

i=0 

2k 

and so 

(2.9) 

s=0 

k+1 -k 
R 2 k + 1 ( x ) = (a - aK+lp Kx) R 2 k (x) . 

Combining (2.8) and (2.9) we get 

(2.10) R 2 k (x) = (apr^+ha*-1 - A ) ^ " 1 - akx)B0]r 0(x) (k - 1) 2k-2 v 

and therefore 

*2k 
±h 

(2.11) R9k(x) = (apf^-Vy] (J'1 - ^xHjS3-1 - A ) 
3 = 1 

= M ) 4 k ( k - D - k -^ fW"1 - v2j_1x + (apM 
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with v2. - defined by (2.1). 

The recurrence (2.10) can be generalized in the following way. Let 

f = (XQ, Xi9 X2, . . . ) 

denote an arbitrary sequence and define 

2k 
R2k^ = E ( - i ) j S ? ^ ) f 3 ( j + 1 ) " j k - j . 

Then, exactly as above, we have 

2k-2 
(2.i2) R91tf> = H O — y ; ( -DJJ^ I^^^W-J* -^ 2k(o = ^)-k+i2](-i)jjfj(^ 

• [ W ) k " l x j " V2k-lXj+l + ^ > k x j + 2 ] 

It follows from (2.12) that 

(2.13) R2 k + 2(f) - R2ktf) 

2k 

E H)j(rpj0+1,-jk[^>-WJ+1
 + «v] 

J=o 

3. A SECOND PROOF OF EQ. (2.11) 

It may be of interest to show that (2.11) can be obtained from a known 
result. We recall that 
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(3.1) 
I—A d 

j=0 

455 

k - 1 . „ 

"ffd - qJx) =X)(-1)J['j]^ 
3~° i=o 

j r k i n ^ ( j - i ) x j 

where 

ra-
Replacing q by a/($ , 

(1 - q )(1 - q ) •«• (1 - q J ) 
(1 - q)( l - q2) . . . (1 - q j ) 

( g k - ^ ) t f k - 1 - ^ - 1 ) - - - t f k - i + 1 - ^ + 1 ) ,j2-jk 
(j8 - a)(j32 - a 2 ) . . . (jS3 - a J ) 

. {*}/-* 
Thus (2.1) becomes 

3=0 ~ H 

In p a r t i c u l a r , if k i s r ep laced by 2k, we get 

(3.2) 0 ,-k(2k-l) 
2k 

f t v - <** =z;<-i>M2f[^j(3"i)^o+i)"23kxi 
1-k k Now rep lace x by a p x and (3.2) becomes 

2 k - 1 ^-k(2k-l) f j 1
 (/3J _ J - k + 1 ^ 

j=0 

2k 

=2>'> ^ 2 k i ^ )^ ( j + 1 ) - j k x j 

i=o 
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so that 

2k-1 
R2k(X) = p-wk-v T7 ^ - «J-k+Vx) 

(3.3) 
2 k - l . ._ , . , . . 2k . . , , . , 

j=0 j=l 

at the las t step we have replaced j by 2k - j . 

Now on the other hand, 

k 
TTV - /Acw3 - A) 
j=i 

= ( c ^ ^ T T a - «-J+1^x)d - aVj+1x) 
k=l 

= (a^-Vfld - oJ-k+1(3k-ix)(l - «k"J^-k + 1x) 
j=0 

= (ap)^k-Vfl (1 - ^-k+1pk~^ • F P 1 - «j_k+1i3k";ix) 
j=0 j=k 

2 k - l = W)lW-D JJ (1 _ J-k+lf-i^ 

Substitution in (3.3) gives 

R2 k(x) = ( a / S ) ^ * " 1 ^ fcj-1 " i^xX/S1'1 - A ) 

which i s the first of (2.11). 

4. THE MAM RESULTS 

We consider next the expansion into partial fractions of 
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/ _ ^ A. 
( 4 e l ) — - —_ ST™ - / J- \ j 

(1 - x)(a - t3x)(o?> - j32x) •• • (a - /TKx) T ^ a3 - ^ x 

where A. is independent of x6 We find that 

2k i (aB)^+1)~ik 

( 4 ' 2 ) ( " " » AJ = ( - 1 ) J (u .(u)? , . 
J j v 2k-j 

where 9 as above 9 

n »._• a - /3 

Thus we have the identity 

(4.3) ( g - & X 

(1 - x)(a - Bx) . . . (a2k - /32kx) 

= 1 y > ,i/2kHQ)3FJti+1Hk 

For x = a nBn, the left member of (4.3) becomes 

an(k+l)^nk 
a - 8 u u •• • u l01 ^ n n+1 n+2k 

while the right member becomes 

2k ,fj(j+l)-jk 

'2k *z£ VJ ' «"'J - ^ 
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We have therefore the identity 

(4.4) 
L)9. JLJ J u u ,- ••• u lOI (u)OI JLmd / j i *i+j /D +̂i 

n n+1 n+2k x 2k T T < J ) a J - £ J 

j=0 
Now put 

oo 

<4-5 ) u k = E ^ r v ^ T — (k-o.i.2....) 
*—r n n+1 n+2k 
n=l 

and in particular, for k = 0, 

oo 

(4.6) U = U0 = ] P ^ . 
n=l n 

To assure convergences, we assume that 

\a\ - |0 | , |ar| - 1 . 

Then, by (4.4) and (4.5), 

2k °° 

j=0 n=l 

2k 

I 
2k 
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The coefficient on the right is equal to 

J=° 

fj(j+D-jk 

T ^ hk" 

-^^trH'-vi*^] 
We have therefore 

M ) 4 k (k-D * 
uk ~ ~ M 2 k 

(4.7) 2 k 

U ."TT [(a/3)i_1 - v2 j + 1 + (a/3)j] 

215 j=0 < ' n=l n 

More generally, if we put 

(4-8) uk(x>=Zin? 
00 nk n+2k • j S p x 

- "n "n+1 J '" Un+2k n=l 

and in particular, for k = 09 

—-^ n 
(4.9) U(x) = U0(x) = > IT ' 

n=l 

then as above, 
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2k 

'2k' 

[Dec. 

j=0 < ' 

j ^ k ) , ^ i ja+D- jkv^x n+2k 

2k 

i^E ( - i ) j ! 2 f l^ ) 2 l j ( 3 + 1 ) " j k x 2 M u ( x ) 
' 2 k * 

j=0 

2 k j=o < ' n=l n 

Since 

2k 

j=0 

(-l)JJ2k|(a/S)2J0+l)-3kx2k-j 
x 2 k s 2 k ( x _ 1 ) 

l k 
= (a j 8) -2 k ( k - 1 ) "TT [ ( a ^ ^ x 2 - v x + («/3)j] 

it i s c lear that 

tospVk-l) k r 
u (X) = K p}. r T T ^ I T l^vftvi-1 

k (U)2k 
(4.10) 

U(x)"pt [(a/3)J 1x? - v 2 j l x + (a/5)j] 

2k j 

- i y (-i)j j2k!(^)j«+l)-jk x2k-j y £ . 
^ 4 ? IM 4*Un 

It follows from (4.10) that 
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7 2 k + r (4.11) U,^(x) 
k+1 IU. ,- u, 

x2 - (ap) v , x + a$ 

2k+l 2k+2 

2k+2 

Uk(x) 

where 

ZR+2 r r _lr _1 91 ) 

= - l ^ ; j < W x > - L1 - ( a ® v 2 k + i x + <** >2k(x>j> 
2k j 

i=o 

If we now apply (2.13) to o°2, (x) with 

(4.12) X. = X 
J 

n=l 

we get 

2k } 

3=0 

[ - (^) - k v 2 k + 1 x . + 1 + ^x . + 2 ] 

T h u s , by (4.12), (4.11) r educes to 

x2 - (a/3) k v 2 k + 1 x + at 
u k + i ( x ) u — T H 2k+l 2k+2 

Uk(x) 

2k+2 2k 

(4.13) = ^ y j 2k 
( u ) 9 . ^ L - i ) }[ 

3^2k) , „ ^ j ( j+ l ) - j k 

'2k+2r 3=0 
'>)' 

W) 
-k v 2 k + l 

Vi 
In pa r t i cu la r s for x = 1, (4.13) becomes 
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U, k+1 

1 - ( ^ ) " " k v 2 k + 1 x + afi 

U2k+1 U2k+2 
U, 

(4.14) 

2k 

U ) 2 k - h 2 ^ H I 

(<xp) 
•k v 2 k + l 

5. APPLICATION TO FIBONACCI SUMMATIONS 

We now cons ider the special c a s e 

(5.1) a + p = 1, a$ = - 1 

Then 

(5.2) u = F , n n ' v = L 

the Fibonacci and Lucas n u m b e r s , respec t ive ly . Also U, (x) becomes 

(5.3) 
n=l 

z -Ank n+2k (-1) x 
F F • • • -p 
r n n+1 n+2k 

and in pa r t i cu l a r U, becomes 

(5.4) 
00 

(-I)' 
nk 

^ n n+1 n+2k K 

n=l 

F o r m u l a (4.10) r educes to 
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OO rx-i 

k E (-D 
F F _ , • 

nk n+2k 
x 

n=l n^n+1 Fn+2k ^F'ZK j 

(5-5) 

where now 

2k i=l J J b D D B f n 

(F: 

2k 

9. Z -# 

n=l 

^j(j-l)-jkJ2kl 2 k - j ^ x n 

2k j=0 

:<2kl 2k-j\""^xn 

n=l 

Inf _ n n-1 n-j+1 
J FiF2"--- Fj 

and 

(F)2k = F l F 2 . . . F 2 k . 

In particulars for x = 1, - 1 , (5,5) reduces to 

^ F n r n + r " F n + 2 k " (F)2k J ^ " 1 A * F n n=l J n=l 

(5.6) 2k 

j=0 n=l 

E (-l)n(k+1> = ( - 1 ^ - ^ , f ( ^ 
n = 1

 F n F n + l - " F n + 2 k ' <F>2k | J ^ * ^ Fn 

(5.7) 2k j 

^ j=0 l n=l n 

For example, 
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(-If 
n=l n n+1 n+2 

= -S + 3 , 

~ J ^ F n F n + 1 F n+2 F n + 3 F n + 4 
2 S + i ! 3 S + 18 ' 

(-if 11 Q ^ 17749 

n=l 
Fn Fn4-1 - * * F a_* 6 0 2 8 8 0 0 ' 

n n+1 n+6 

where 

2~d F 
n=l 

We note also that (4.14) yie lds 

(-I)" 
n(k+l) ( " 1 ) k L 2 k + l ^ ( - l ) n k 

~f F n F n + l ' * ' Fn+2k+2 F 2 k + 1 F2k+2 ^ - f F n F n + 1 ' ' " F n+2k n - 1 n=l 

(5.8) 

WJ 

2k 
1 V ^ ( 1)fj(.i-D-ikJ2kj 
i k + 2 ^ ( j ) 

j=0 

(-«k^il + F ^ 1 
1+1 V 2 J 

j+1 j+1 j+2 

For example, 

OO 0 0 

y^ (-Dn , y i _ 3 
^ F n F n + l F n + 2 ^ F n ' 
n=l n=l 

E (-Dr V I , 
trFnFn+r '-Fn+4 3^FnFn+lFn+2 1 8 ' n - i n=l 
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oo oo 

E (-l)n 11 \ ^ 1 = 1 97 = 97 
F F . . . F _ 4 0 Z - # F F _,_••• F ^ 2°3°5°8 40 9600 9 

- n n+1 n+6 Jh™"T n n+1 n+4 
n=l n=l 

in agreement with the special results obtained in [1], 
It should be observed that the formulas of this section depend essen-

tially on ajS = - 1 . Very similar results can be stated for a/3 = 1. Thuss 

in particular we can obtain results like the above for such sums as 

£ - F2nF2n+2 s e ° F2n+4k n=l 

and 

z (-D°k 

' F F * • * F 
, r 3 n 3n+3 3n+6k 

n=l 

6. SOME ADDITIONAL RESULTS 

Returning to the general cases we shall now evaluate the sum 

« T k = E u u ( ? . } . „ ( k = 1 , 2 , 3 , . . - ) 
K ^—f u n u

n + l un+2k-l 
n=l 

Multiplying (4.4) by ^P^/^^k+V we get 

( g i S ) n ( k + 1 ) i y ( 1 ) i W w i ^ 
V n + 1 • * • Un+2k+l ^ 4 ^ 1 M. V j V 2 k + 1 

so that 
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oo 2k 

, n n+1 n+2k+l w 2 k ~ 3 ) 
n=l j=0 

(6.2) 

H f) 
n + j 

~ n+j n+2k+l 

Now consider the sum 

(6.3) A =VJ£^. 
r ^ W r 

11=1 

Since 

u , u - - u u , . = (a(3) u , n+r n-1 n n+r-1 x r r 

we have 

V l V r - l M)a*. r 
V r unVr 

In this identity, take n = 1, 2, • •• , N and sum. Then 

N N N 

u V wf = V — VUn+r"1 

(6.4) 

- n n+r J^"T n *•—r n+r n=l n=l n=l 

r . r 
\ ^ u n - l _ \ ^ UN+n-l 

Since we have assumed that 
[Continued on page 510. ] 


